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Pattern formation and spatiotemporal chaos in the presence of boundaries
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(Received 6 August 1996

Experimentally obtained time averages of disordered spatiotemporal chaotic patterns of electroconvection in
a nematic liquid crystal reveal an ordered structure due to the boundaries of the pattern-forming system. The
instantaneous snapshots and the time averages are characterized in terms of amplitude, wave number, and
correlations in space and time. The averages have a significantly larger correlation length than that of the
snapshots. Time averages reveal a wave number that differs from that of the underlying snapshots. Quantiza-
tion effects within the regime of spatiotemporal chaos are found for the correlation length and for the estimated
angle of coherent zigzag structur¢S1063-651X97)02003-5

PACS numbdis): 47.52+j

[. INTRODUCTION 4-methoxygenzlidene’-butylaniline and visualize these
patterns with a microscope and a charge-coupled-device
Pattern formation is a subdivision of nonlinear dynamics,camera using the standard experimental s€fup2).
where spatial and temporal uniform systems lose stability In our case, EC takes place between two crossed stripes of
under an external stress and patterns with periodic or chaotinO, which form a square capacitor with a volume of
behavior in space and time arise. While the mechanism d550x 550x 24 um?®. The stripes are created from an InO-
pattern formation is reasonably well understood within thecoated glass by a corrosive technique. The spacing
framework of linear and weakly nonlinear theories, the spad=24 um between the plates determines the wavelength of
tiotemporal chaos(STC) arising sufficiently far above the EC pattern. All lengths presented below are scaled with
threshold is the subject of current investigations. this number. A mechanical treatment of the surface fixes the
We define STC with reference {4,2] as a dynamic sys- orientation(directon of the anisotropic nematic liquid crystal
tem with an extensive number of degrees of freedom buin a defined direction parallel to the surface of the glass
with a remaining characteristic wave number. This definition(planar orientation and defines thex axis. The stationary
separates STC from a periodic state on the one hand, andp&riodic pattern is then perpendicular to this direction.
turbulent state on the other hand. Surely, the transition from The image of the 558550 wm? convection cell is digi-
STC to turbulence is continuous, but the tools that are gootized by 352512 pixels with 256 gray steps. These data are
for analyzing fully developed turbulence neglect the exist-reduced to a 256256 array of bytes by software and res-
ence of a characteristic wavelend] and are thus not suit- caled with a previously measured unstructured ground state
able for STC. lo,
The purpose of this paper is to describe a special property
of spatiotemporal chaos in the presence of boundaries. Ac- _ I (row,col)
X . ; K(row,col) =12 ,
cording to recent work$4—6], time averages of spatially o(row,col)
confined STC reveal a higher degree of order than instanta-
neous snapshots. While these experiments deal with isotropic . ) o
systems, we investigate spatially confined STC in an anisd® compensate for inhomogeneous illumination and rescale
tropic system, namely, electroconvecti@®C) in a nematic

liquid crystal[7,8] (see Fig. L Then the patterns that arise

have D, symmetry. To quantify the amount of order, we —~ 20

describe the patterns in terms of amplitude, wave number, o

and correlations in space and time. The spatial correlation % 15t

length is then regarded as a measure of the degree of order of "

the patterns. Because we perform EC in a rectangular con- 210t

vection cell, there are, with respect to the symmetry, two g

kinds of boundary conditions that either suppf@t10] or ~ 5t

suppres$11] pattern formation. Their influence on the onset P

and stability of convection is studied as well. (O ; : :

0O 5 10 15 20

Il. EXPERIMENTAL SETUP AND PROCEDURE x (units of d)

A. Experimental set
xpert up FIG. 1. Average(bottom lefy and snapshottop righd of spa-

~ Electroconvection is an electrically driven instability tiotemporal chaotic patterns taken from electroconvection in a finite
in a thin layer of a nematic liquid crystal leading to more- cell. The average consists of 1024 snapshb&\Aand 10 Hz. This
or-less ordered patterns. We use the standard materiabrresponds to a control parameteresf 0.66.
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FIG. 2. Snapshot of a STC pattern at+0.66. The picture FIG. 4. The average of 1024 snapshots of a STC pattern at
shows the entire convection céb50x550 ,um2 (23dx23d)]. €=0.66.
intensity. ThenK is rounded to an integer and stored againOrientation Snapshot ST-image Average
in an array of 256256 bytes for reasons of computational {S(Acol)) o (S(AX))y (S(Ax))¢ (S(Ax))y
efﬁCienCy- <S(AFOW)>CO| <S(Ay)>x (S(At»x <S(Ay)>x

where( ) denotes the average.
B. Numerical data handling Based on these structure functions, the characteristic pa-

rameters amplitude, wave number, correlation time, and cor-

One quantity used to characterize STC is the degree Qf|ation length are determined by al[fit3]. The fit functions
translational invariancécorrelation length of a row or a gre

column of a digitized image of the pattern. This image can
either be a snapshot of the pattéfig. 2) or represent the
temporal development of one horizontal line yat11.5d,
which we call spatiotempordST) image (see Fig. 3. Fi-
nally, the image can be an arithmetical me@anerage of s(At):soﬁ—Ce*(A“T)z,
many snapshot&Fig. 4).

All three kinds of images show similar structures, which
can be analyzed by the same algorithm. This algorithm cal
culates a structure function

S(AX) = Sy— [ Acog kAX) + Bsin(2kAx) e~ (4¥/9?,

The Gaussian-shaped decay is phenomenologically moti-
vated. It fits the data better than a pure exponential decay and
takes care of the reflection symmetry of the structure func-

127 tion with respect to the origin. In particular, we extract the
S(m)=—= > [K(n)—K(n+m)]? with m=0,...,127 amplitudeA, the wave numbek, and the correlation length
1287=0 ¢ from (S(Ax)), and the correlation timer from

(S(At)),. The offsetSy; is needed as an additional fit pa-

from a row (or a column of the rescaled digitized image.

0.20
The structure function contains the same information as the
autocorrelation, but can be calculated much faster by using a 0.15
lookup-table technique. By averaging all colum(es rows W
i ions: 2 0.10
we get the following structure functions: - O
/5]
” . 0.05r Su—exp[—(Ax/£)*][Acos(kAx)+Beos(2kAx)]
3 0.00
1.0
24 |
) —_
- 16 ™
o 2 05
b
8 E
exp[~0.25(4x/¢)°}
ot 0.0 ———

. . . . . 0123458678910
0 5 10 15 20 Ax (units of d)
X (units of d)
FIG. 5. Fit to the structure functioB(Ax) of the pattern shown
FIG. 3. Space-time plofST imageé of a STC pattern at in Fig. 2. The lower plot displays the significance with which the
€=0.66. data are considered by the fit.
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FIG. 7. Phase diagram: the threshold and the wave nuinbér
FIG. 6. Fit to the structure funC“Oﬁ(At) of the pattern shown the onset of convection within a finite cell.

in Fig. 3. The lower plot again displays the significance with which

the data are considered by the fit. the box quantization leads to discontinuous jumps of the

rameter. It provides a measure for uncorrelated noise of th%rm?al wave number, which are accompanied by disconti-
nuities of the threshold voltage.

experimental setup and thus does not contain any relevant The plateaus, where the wave number is almost constant,

information. ave a local tendency towards smaller wave numbers for
Examples of the fitted structure functions in the regime ofj.q y

STC are shown in Figs. 5 and 6. Technical features of the ﬁ\%/c;\r/ee?ﬁ:,?r%bgreqlszr;lii)gat-ir:fb:esc:f;elThgor:tergglfrtéﬁe;ct) ;??he
are that it neglects the first data po8({t0) with regard to the q

; ! - _wave number is restricted to the central 80% of the convec-
uncorrelated noise of the experimental setup and there is g

n ; .
individual significances(m), with which the data are con- ion cell. It means that the pattern in the center is stretched,

sidered by the fitting brocedure. Data points close to thé/vhile the local wave number near the boundaries follows the
y gp ' P lobal tendency to become larger for increasing frequency.

origin are given a high Signiﬁcance. compared to those dat perfect bifurcation within our system may be regarded as
Eolmtgsr:r':i?; arev\t/)eyc()jnd :Tﬁ c?rrr(]ailf?tlonn Ierr:]gtlapt?] thve Icor- the likely relevant explanation for this effect. At control pa-
Se(r?"n)owithir?q-én ?tSra?i?/e perscgessC?o Qtﬁ(e L?evioisslufei}t?e d rameter values near threshold, the boundaries force a higher
I ; 4 (e ~ 9. Athough ampl!tude of convection in their vicinity compared to the
values of§ and 7. o(m)=e oro - oug amplitude of convection in the center of the cell. The wave
we use empirical functions that do not fit the structure funcyumper of this higher amplitude convection is closer to the
tion for large lag data perfectly, this concept of an iterative fitcritical wave number of the infinite systef6], which in-
with an adaptive significance gives reproducible values oreases with increasing frequency for EC. With respect to the

the fit parameters in question. box quantization effects in our finite cell, an increase of the
wave number near the boundaries will force a decrease of the
IIl. EXPERIMENTAL RESULTS wave number in the center of the convection cell, where the

data of Fig. 7 are acquired. In addition, it seems worth men-
tioning that measurements of average patterns of capillary
To measure the critical voltagé, for the onset of con- ripples show the same wave-number—frequency dependence
vection, we fix the frequency and approach the thresholgh the regime of ST(4], although the underlying physics
from subcritical values of the voltage by increasing the volt-will be completely different.
age in certain steps. We start with a voltag® & and a step
width of 1 V. After each step, we let the system relax 30 s
and then a snapshot of the central 80% of the pattern in the )
convection cell is taken and analyzed. When the amplitude Figure 8 shows the wave numblerof the pattern and its
A passes a fixed value corresponding to a supercritical corROrresponding order paramet8ras a function of the driving
trol parameterez(vz—vg)/vg of about 0.5%, we decrease voltage and a frequency of 10 H®@. is calculated according
the voltage one step and bisect the step width. The processtg [12]
stopped when a desired precision of 0.01 V for the threshold 2
is achieved. This is repeated five times for each frequency. 0=0.6—/A.
Figure 7 shows the threshold, and the critical wave num- kd
berk. as function of the frequency.
As shown in[14,15 in infinite cells,V, andk. are con-  This value is proportional to the director distortion for suffi-
tinuously increasing functions of the frequency. In our caseciently small values of the order parameter and is usually

A. Onset of convection in a finite cell

B. Hysteresis of box quantized wave numbers
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FIG. 8. Order parametd® and wave numbek for increasing } 0.6
and decreasing control parameters in the regime of stationary peri- 2
odic patterns. S
n
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regarded as the natural order parameter of the EC system. In"g
our working regime the proportionality betwedrand®? is 2 05|
no longer valid, but we can at least expect a monotonic re- M4 . . . . .
lation between our order parameter and the director distor- 00 02 04 06 038 1.0
tion. Control Paramter &

In Fig. 8 there is a subcritical pattern due to an imperfect
bifurcation induced by the lateral boundaries that support FIG. 10. Wave numbek, correlation lengtt¢, and correlation
pattern formation[9,10]. Nevertheless, we determine the time 7 of the snapshots as a function of increasing control param-
threshold by assuming a perfect bifurcation and extrapolatin§ter-
the expected quadratic growth of the amplitude near the
threshold. A discontinuous jump of the wave number and theability diagrams for an infinite EC systefh7]. We inter-
existence of a hysteresis for stationary periodic patterns i§ret the discontinuous jump at=0.07 as being a result of
clearly demonstrated. The subcritical patterns show a conhe Eckhaus instability11,17—2Q in our finite system. The
tinuous change of wave number. We believe that this isymp ate=0.25 is a result of a secondary instability of the
caused by the influence of the imperfect bifurcation, whichngrmal rolls. We have not made any attempt to identify this
provides a finite amplitude at the lateral boundaries and #stability. When comparing with Ref17], the zigzag insta-
strong spatial modulation of amplitude and wave numberyjjity seems to be the most natural interpretation. We note,
especially in the subcritical regime. When increasing thehowever, that our instability occurs at a value of the control
control parameter to the threshold the amplitude will becomeyarameter that is about a factor of 10 larger than the theoret-
more homogeneous througout the convection cell, and thiga| estimate, but is in agreement with other experimental
will lead to a more homogeneous wave number that has tgyestigations[15,18. It seems reasonable to assume that
match the box size. In the case of Figs. 8 and 9, this adjuskyr |ateral boundaries suppress the zigzag instability. A the-
ment process corresponds to a decrease in the wave numkgetical calculation of secondary instabilities for a low-

in the bulk. . . aspect-ratio rectangular cell is not available at the moment.
For illustration, we embed the experimental data iradn

hoc stability diagram(Fig. 9), which is based on numerical
C. Route to spatiotemporal chaos

@ In Fig. 10 we show the wave numbler correlation length

;041 oo _ ) : -

g &, and correlation timer as a function of the driving ac

s 0.3

H voltage at a frequency of 10 Hz. The voltage range from 6 V

A 0.2 to 9 V (theshold 6.2 Yis scanned up and down ten times by

g 0.1 steps of 0.01 V. After each step, the system is allowed to

g 00 *. Eckhaus relax 300 s and one ST image, one snapshot, and one average
0.50 0.55 0.60 are taken and stored. The ST image covers a time interval of

k (units of 2m/d) 32 s and the average consists of 64 snapshots taken 1.3 s

apart. In total we measured 150 h. This gives 3600 stored
FIG. 9. Data of Fig. 8 in arad hoc stability diagram for an  images. During this time, the temperature is held constant to
infinite EC system. 15.0°C+0.1°C.
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FIG. 11. Snapshot ateE 0.4) with a defect structure at the left
lateral boundary. other EC experiment, the transition to STC seems to show a
hysteresig22].

The typical correlation time of the chaotic system seems
To analyze the data set, the structure functions of the tefp follow a power lawr(e)~(e— €q) 5 with €5~ —0.16.
images corresponding to the same voltage and scanning diis empirical finding is similar to results of Ref21],
rection are averaged. Then the relevant parameters are calcjffl€re @ characteristic frequency of pattern fluctuations was
lated by the fit to the autocorrelation. The results for increas—measured’ yielding an exponent of 0.5.

ing control parameter are shown in Fig. 10. We can only speculate about the meaning of It might

If there is no detectable motion in the system, the fit to themd'cate the lower boundary of the range of existence of the

temporal autocorrelation will lead to meaningless values 01STC attractor. The range,<e=0.4 would be the range of
b L . ng coexistence of two different attractors, namely, STC and or-
the correlation timer. In this case, our algorithm would fo-

o . . dered patterns for €€<0.4, and STC and the unstructured
cus on correlation times given by the camera noise and oth

. in th . | hich b edround state forey<e<0. While coexistence of STC with
fluctuations in the experimental setup, which must be congz, gered state is known from spiral defect chas, the

sidered as artifacts of the measurement and are thus omitte@le,istence of a STC state with the unstructured ground state

in Fig. 10. o _ o would seem more unusual.
The first striking point is a discontinuity of the wave num-

ber ate~0.3 accompanied by a finite correlation timeof
about 4 s, which indicates a time-dependent pattern. This ) ] )
time dependence is, however, only a transient due to an in- Ip recent experiments, time averages of STC patterns with
sufficient relaxation time after the voltage has been in-2 high degree of order compared to instantaneous snapshots
creased. The transition from one box quantized wave numbéyere found[4—6]. In contrast, we deal with an anisotropic
to another is mediated by the creation and annihilation of'Uid- Thus the averages do not keep the symmetry of the
defects occurring on time scales beyond the relaxation timgontainer, but rather show the redudag symmetry, which
of 300 s. in our case is produced by the anisotropic fluid. Figure 4
The second point is the abrupt onset of irregular motion afiSPlays an example of a time average of 1024 snapshots,
€~0.4, indicated by a finite correlation time~6 s. The t@ken from our experiment &=0.66 andf=10 Hz. This
decrease of correlation time is accompanied by a decreasirffy€rage was created in 1400 s, which corresponds to 700
correlation length. It is an interesting feature that the corre€orrelation timesr for the chosen control parameter. So the
lation length¢ clearly falls below the system side=23d snapshots creating the average are uncorrelated.
when STC arises in the system.
Third, we note that, in contrast to Fig. 7, local and global
tendencies of the wavelength measured in the center of the In Fig. 13 we show the order parametérand the corre-
cell are now identical. The wave number increases with indation length¢ of snapshots and averages, determined from
creasing voltage. It turns out that the corresponding increastae entire patteril00% of the ce)l. This means that the data
of wavelength at the boundaries leads to an unstable patteinclude the local parameter values of the boundary layer as
and defects are created mainly at the lateral boundaries, agell as those of the central regime of the convection cell. As
indicated in Fig. 11. can be seen in Fig. 13, there is a difference between snap-
In Fig. 10 the onset of spatiotemporal chaosat0.4 is  shots and averages fet>0.4. In this range of the control
indicated by a discontinuous jump to a finite correlation timeparameter, STC takes place. Here the averages have a lower
7~6 s. To answer the ensuing question about a hysteresis abntrast and a higher degree of order compared to the indi-
the onset of STC, we measure the correlation times for invidual snapshots. In terms of our fit parameters, the contrast
creasing and decreasing voltage. The results are shown is represented by the order paramefeand the amount of
Fig. 12. There is no hysteresis within the experimental resoerder is described by the correlation lengtH-or a moderate
lution. For capillary ripples, a similar discontinuous jump value of the control parameter within the regime of STC
without hysteresis was already reported in Rél, while a  (e~1), the correlation length of the average is twice the
continuous transition to STC was found in REZ1]. In an-  correlation length of the snapshots.

D. Time averages

1. Correlations and amplitudes
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g 2| o® o o= ing time ensures that the correlation between two subsequent
e D80~ g snapshots is almost zero when considering the assumed
\5 . 2 "u ee Gaussian decay of the temporal autocorrelation. In Fig. 15
Rl B e TR we present the amplitud®, and the correlation lengt, of
the averages as a function of the number of snapshots taken
0 L— . : . into account.
00 02 04 06 08 1.0 Precisely speaking, we use 1024 imag€gs, . . . K.,

FIG. 13. Order parametd® and correlation lengtly of aver-

Control Parameter ¢

which we divide randomly inten groups ofn=1024/m im-
ages. From every group(i=1...m) we calculate the av-
erage imageK?'. Thus each averagé{" consists ofn ran-

ages and snapshots, taken from the entire digitized image. The adomly selected snapshots and none of the 1024 snapshots is
erages consists of 64 snapshots, taken 1.3 s apart.

The ratio &,,/ &, seems to show several plateaus which

used twice. Then we calculate the correlation length

1 m
En=—2, E(KR,

mi=1

we believe to be caused by the box quantization and are due

to the fact that we determine the correlation length across the

whole convection cell along the axis. It vanishes when we where §(K®) denotes the correlation length of the average

extract the correlation length from the central regi(®&
X 96 pixe) of the image(256x256 pixe). The result is
shown in Fig. 14.

K. The amplitude is calculated in a similar way. So every
data point is the result of all 1024 stored images.

= 07
2. Convergence of averages N
In this section we examine how averages arise from snap- ;
shots. At a frequency of 10 Hz and a control parameter of 2 0.8
e=0.66 we take a data set of 1024 snapshots with a sampling E
period of 5 s. Because the correlation time is approximately 4
1.5 s for the chosen control parametsee Fig. 9, this wait- 4 02?
5 20 nunu%nnuaw‘“’:ﬂ"n X8
4 g 15 P
g3 PRI &
\: 2 5 0%0% 3.5 deg
v 0 oo
0.0 04 08 12 16
Control Parameter &

0
0.0 0.4 0.8 1.2 1.6
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FIG. 16. Upper plot: wave numbérof averages and snapshots

in the regime of STC, taken from the central regime of the digitized
FIG. 14. Ratio of correletion lengthé between averages and image. Lower plot: estimated angle, of the oblique structures in
snapshots, taken from the central regime of the digitized images. the regime of STC.
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—_— «— aries and thus lead to STC. If this assumption is correct, a

snapshot would be dominated by patches of oblique rolls
% with the wave numbekg,, because the solution has the
highest probability of being in the neighborhood of one of

inclining coherent structures the two unstable fixed points. We speculate that the route
P < from zig to zag is via a rotation of the pat¢bompare Fig.
17, bottom. The transient normal pattern then has a larger
X wave numberka\,,X=ksnxcos‘pg1 when passingp=0. Be-
cause only this pattern is able to match with the lateral
rotating coherent structures boundaries, the averages will consist of this type of pattern.
Zig < > Zag In Fig. 16 (bottom) we show the angle ¢g
Oscillation =arccosksnx/Kavx). This plot could give a hint about the
angle corresponding to the unstable oblique rolls. The figure
indicates a quantization of the angle@j=3.5° that is be-
lieved to be caused by the finite-size quantization within the
cell.

FIG. 17. lllustration of inclining and rotating patches.

The decay of the order paramef®y, towards a final value

of ®,=4.35° fol]ow; a power law with an exponent of IV. SUMMARY AND CONCLUSION

about—0.8. This is significantly faster than the convergence

rate for a purely stochastic process with an exponent of In order to quantify recent findings about spatial symme-

—0.5. tries in spatiotemporal chaotic patterns, we have performed

experiments of electroconvection in cells with a small aspect

3. Wave numbers of averages ratio. After discussing the characteristics of the onset of con-

vection, we presented quantitative results concerning spa-

tiotemporal chaos. We regard a Gaussian decay to be the

is systematically larger than the wave numbey of the . ; : .

snapshots in the regime of STC. The data shown here ar%dequate function to fit spatiotemporal correlations. It turns

taken from the central part of the image as described abové).Ut that, w!thm_ the regime of STC, the correlation time de
: ; . . Creases with increasing control parameter according to a

In the following we try to give an explanation for the differ- : .

ent wave numbers power law. We are able to quantify the difference between

By visual inspection of the pattern, one has the impressioﬁverages and snapshots in terms of our empirical fitting func-

of fluctuating coherent structures within the regime of STC.tlz?:l')elrr; F::%rrtr'gﬂzgnvlveen htﬁ\;e argi%li:ggt%rr?gi“r;ugseslh Wﬁx?
These structures are reminiscent of oblique rolls and seem @ ’ gihs, an -Inp

. oo I Clple, one could expect a spatial dependence of all these
oscillate between two states as indicated in Fig. 17. We have ; .

; . . numbers. A systematic survey of those effects is currently

made no attempt to quantify this statement. We believe that der investigation
these structures are a manifestation of the two unstable fixed 9 ’
points corresponding to oblique roll solutions with a finite
angle* ¢>0. These oblique rolls are provided by the zigzag
instability [17]. Within an infinite system, they are stable It is a pleasure to thank L. Kramer and W. Pesch for
[18]. In our system, we do not observe stable oblique rollsgnlightening discussions. The experiments were supported

presumably because they create defects at the lateral bourlgly NATO Grant No. CRG 950243.

As shown in Fig. 16, the wave numbley, of the averages
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