PHYSICAL REVIEW E VOLUME 55, NUMBER 3 MARCH 1997

Influence of three-body forces on the gas-liquid coexistence of simple fluids:
The phase equilibrium of argon
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The effect of three-body classical dispersion forces on the gas-liquid coexistence of argon is explored by
means of a reference hypernetted-chain integral equation and Gibbs ensemble Monte Carlo simulations. We
find that the combination of Aziz’'$J. Chem. Phys99, 4518 (1993] pair interaction with the standard
Axilrod-Teller [J. Chem. Physl11, 299 (1943] triple dipole potential leads to the best prediction of the
experimental coexistence curve. By contrast, when the Lennard-Jones potential is used in conjunction with the
Axilrod-Teller interaction the calculated curve deviates appreciably from the experimental data, far from
improving the reasonable plain Lennard-Jones results. Additionally, the integral equation approach with an
effective state-dependent pair potential to account for the three-body interactions leads to very accurate results
for the thermodynamic and coexistence properties of the fluid. This feature comes to prove that the theory can
be an invaluable tool for studying systems with three-body interactions of the Axilrod-Teller type.
[S1063-651%97)00103-1

PACS numbgs): 61.20.Gy, 64.70.Fx, 05.20y

I. INTRODUCTION with RHNC theory[12,13 and has proven to perform well
for calculating bulk properties of rare gases. The apparent
It is a well-known fact that three-body forces should beimprovement achieved in the coexistence curve presented in
taken into account to fairly describe some experimentaRef. [10] when the LJ is combined with the AT potential
properties of dense simple fluifis—5]. Furthermore, Barker must be treated with reserve, since RHNC predictions for the
et al.[2] showed unequivocally that a realistic pair potential, compressibility factor are found to lay somewhat far from
obtained from spectroscopic data in thas phase, plus a simulation result§10]. This failure is especially notorious
three-body interaction of the Axilrod-Tell€AT) type[6],is  when the integral equation approach is compared with per-
sufficient to reproduce accurately the thermodynamics of arturbation theory{14], suggesting that the evaluation of the
gon, krypton, and xenon throughout a wide range of temthree-body contributions to the thermodynamic properties
peratures and densities. These authors also indicated that theght be inaccurate. However, we will see that the explicit
use of pair potentials based on condensed phase data codt@mula to calculate the triplet pressure used sof 14,11]
lead to errors in the determination of the thermodynamiacontains an error that results in Euler's theorem not being
properties. Only for kryptof4,5] further three-body contri- fulfilled for the triplet contributions to energy and pressure.
butions seem to be needed in the evaluation of the neutroBy correctly recalculating this latter quantity we will show
diffraction structure factor. that the RHNC approach plus superposition approximation
Nonetheless, a comprehensive study of the influence ofields thermodynamic properties more accurate than pres-
the AT interaction on the coexistence properties of rare gasesntly believed.
remains to be done. In this paper we intend to fill this gap In this work we have revisited the original RHNC ap-
relying on two powerful techniques: the Gibbs ensembleproach to assess the influence of three-body interactions on
Monte Carlo (GEMC) method [7] and a reference the gas-liquid coexistence of argon. In our calculations we
hypernetted-chaifRHNC) integral equatiofi8]. In this con-  have used the fact that the AT potential is a homogeneous
nection, a work on the gas-liquid coexistence of argon hasunction of the interparticle separation to check the evalua-
recently been publishd®], in which the effect of three-body tion of the three-body term in the virial equation. It will be
forces is partially incorporated, though completely neglectedeen that now the RHNC approach is even more accurate
in the GEMC calculations. This obviously leads to a coex-than Barker's perturbation theof$4] in this sort of system.
istence curve that agrees with the pure Lennard-JOb&s In view of the good performance of the RHNC approxi-
results of Panagiotopouldg]. Also, in a previous work the mation we have tackled the problem of the phase coexistence
authors studied the gas-liquid coexistence of argon by mearis order to ascertain unambiguously the role of the three-
of the RHNC equatioil0] plus an effective state-dependent body AT interaction in the gas-liquid equilibrium. In addi-
pair potential that is introduced in order to deal with the AT tion to the theoretical approach, we have carried out exten-
triplet interactions[11]. This effective pair potential ap- sive GEMC simulations in which the three-body potential is
proach has been widely used in the literature in connectioexplicitly considered in the acceptance criteria, so that the
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TABLE I. Pressure and internal energy of a fluid whose particles interact through a 6-12 LJ pottiall 20 K, o= 3.405 A and the
Axilrod-Teller triple-dipole potential ¢/ec®=0.072), from Monte Carlo simulations and RHNC and perturbation theories.

kT/e=1.033,p0°=0.65 kT/e=0.746,p0°=0.817
U/NKT Pl pkT U/NKT PlpkT
MC? —4.227(2) 0.161) —7.566(7) 0.564)
MDP —4.221 0.10 —7.560 0.38
Mc¢ —4.229(10) 0.18(B0) —7.534(40) 0.80®0)
perturbatiof —4.224 0.138 —7.555 0.62
RHNC —4.221 0.184 -7.531 0.792

&Taken from Ref[18].
®Taken from Ref[27].
‘Results obtained using 250 particles and three-body cutg# 2.50-.
4Taken from Ref[14].

evaluated coexisting densities reflect the effect of triple in-1l. RHNC THEORY AND GEMC METHOD FOR SYSTEMS
teractions. Based on the short-range features of the three- WITH AXILROD-TELLER THREE-BODY FORCES
body forceqd 10], we have defined a reasonable small cutoff
for the three-body interactions, and thus the GEMC simula- )
tions, although cumbersome, are computationally feasible. The total potential energy of a system made upNof
We will see that the agreement between theory and simulgsPherical particles can be expressed as an infinite sum of
tion is very encouraging for the two models studied in this'ncreasingn-body contributions

A. Interaction model

work. N N
As already mentioned, we have focused on two choices UN:E uy(rij) + z Us(ri Fy,r)+- -, (1)
for the pair potential to be used in addition to the AT triple 1<] i<j<k

: @

interaction. First we have dealt with the standard LJ poten- . ] . .

tial, whose parameters are obtained from second virial coefvhereuy is the n-body interaction potential. In most cases

ficient measuremen{d5]. On the other hand, we have used €rms withn>4 are neglected and therefore only and

the most accurate pair potential for argon available to datéls are sufficient for an adequate description of the system.

which has recently been proposed by ApiS]. This inter- As regards the pair interactions, he_re we have dealt with

action was parametrized in order to fit a complete set ofe Well-known Lennard-Jones potential

spectroscopic properties of argon in thesphase, and there- 12 6

fore it is expected to be a pure and very accurate pairwise Uy(r)=4de (f _<f)

interaction. In both cases we will see that the introduction of r r

the AT potential lowers the critical temperature and the ) )

liquid-side equilibrium densities with respect to the two- Whereo ande stand for the particle size and the well depth

body results, as in RefL0]. Whereas this feature results in a ©f the potential. It is recalled that these parameters are typi-

misrepresentation of the coexistence properties in the LJ plu&lly obtained from experimental second virial coefficient

AT case, the AT potential added to the Aziz's pair interac-measurements. With this prescription thg L.‘J pOte’?“a' IS

tion is found to bring the curve obtained using only Aziz's known fo give reasonable rfesults for gas-_llqmd coexistence

pair potential into perfect agreement with the experimentaPrOpert!es’. altrough _sortr)}enmes a rescaling to the critical

coexistence curve of argon. We will see how these resuItgroﬁgxlﬁsofea;;msegrgo Eéyond the accuracy of the simple

phrowdg (ljnte;restmg mr]:ormatul)_n %bOUt.lt.Ee. crucial role of LJ interaction, one has to resort to properties other than the

t rs\% ﬁazeogr:g:r:ir;;detr?iis;)ggelr Zguflolllg\lfv?. Section I iSsecond virial coefficient, and on this connection one has a

devoted to a brief summary of the RHNC theory in system i%cr)gtio?qtj:g?aeiironm;p:avz(;r-f;rgg;te?igzc'{;?%c?rpa(ggpr:ci)\r/tlopl)?ép-

,rglggeilr?(::hYslasgg;{oLntve\/reaCt'lonS d pIu'T th]rce(;—body |nteract|r?nserties_ Within the class of potentials that give a correct ac-
> : give details of the GEMC method count of the these types of properties falls the potential

utilized to simulate these systems. Results for the thermOdyrhodel proposed by Azi#16]. It has the functional form

namics of the LJ plus AT system for two states are reported

also in Sec. Il. The prediction of the gas-liquid coexistence 7

curve of argon using both the LJ and the Aziz's potentials —Ap(—ar+prd)_ -2n

plus the ATginteracti%n can be found in Sec. Ill. VSe report Ua(r)=Ae nZS Cant " G2n(pr) | T(p1),

results from RHNC theory and GEMC simulations for both 3

cases. Section lll also includes an in-depth discussion on the

role of the AT potential in the phase coexistence. Finally, inwhere the parameteis, «, 8, C,, andp can be found in

Sec. IV, we present the main conclusions that can be drawfable | of Ref.[16]. The functionsf(R) andg,(R) are in

from this work. turn given by
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gn(R)=[1—e_2'1R/”_0'109?2/“1/ﬁ”, (4) B(r12)=Bus(riz;d), (13)
f(R)=1—R!6% 07TR, (5) with Bys the hard-_sphere brid_ge function, which depe_nds on
the hard-sphere diametdr This parameter may be adjusted
with R in atomic units. by requiring that the free energy of the fluid reaches a mini-

Use of Aziz's interaction will guarantee that one will have mum. Lado, Foiles, and Ashcrdi8] showed that this condi-
the most accurate representation of the low-density systention is equivalent to the relation
When the density increases three-body forces come into

play, which we have incorporated by means of the Axilrod- f‘” B dBus(r;d) ,
Teller triple dipole potential6] 4m o [9(r) =gns(r)] od " dr=0, (12
ri o 35+ 3(112 T19) (Mo T23) (Far- I3)) wheregys is the hard-sphere pair distribution function.

Us(rq,rp,rz)=v

Equations(9)—(11), complemented with Eq(12) to fix
(6) the value ofd, are found to describe correctly the structure
. o S ) and thermodynamics of systems with pairwise additive
where rj; is the vector joining particles and j and  forces [8] and also have been successfully employed to
v=7.32<10"'%J m® for argon. evaluate the gas-liquid coexistence of LJ fluj@d]. When

When treating systems where three-body potentials arghree-body interactions are present, Ed) should be modi-
present, the main problem with integral equation theoriesied so that now

arises from the assumption of the principle of pairwise addi-

55 5
o123

tivity [17], i.e., C(rlz):e*ﬁuz(flz)*ﬁugﬁ(flzﬂ7(f12)*BHs(r12?d)— y(ri)—1,
N
UN:% Uz(rij) - " \where us™ is the effective pair potential given by E).

Equations (8)—(10) represent a more involved system of
Nonetheless, this shortcoming can be bypassed by means @jjuations that has to be solved iteratively for each value of
the definition of an effective pair potential that accounts ford. It was shown elsewherElQ] that the presence of the
the triplet interactions. In this context Attard derived the fol- three-body term does not significantly alter the validity of

lowing form for the effective potentidll1]: Eq. (12) as a criterion to find the minimum in the free en-
ergy. The iterative method of solution has been also de-
uir Y= — f e Bus(rL.12.139) _ 11q(r Fo)dra, scribed in Ref[10] in addition to details to evaluate the
AU )l 19(r199(ra2)drs integral involved in Eq(8).
8 Once a converged solution fgfr) has been obtained the

internal energy and the pressure of the fluid can be evaluated

with 8=1/KT as usual and(r) the pair distribution function by means of22]

of the fluid. Equation(8) is formally equivalent to thé¢hree-
body vertexused by Reatto and T4dd2]. This way of treat-
ing three-body forces has proven to be efficient for the typi-
cal triple potentials used for rare ga$dss,12,18, including 1,

the standard AT potential, but it is found to perform poorly = 57P f Up(r12)g(rp)drdrs
in systems with very strong angular correlations stemming

from three-body forces, as is the case on liquid silicon 1,
[19,20. +§P U3(r12,713,23)93(r 12, 13,1 23)dr 1 drodrs,

U=U,+Us,4

B. RHNC theory (14)

The RHNC integral equation for homogeneous simple P=P,+ P,

fluids consists of the combination of the Ornstein-Zernike

: NKT 1 uy(r
relation[17] -~ mpzj rlzﬂg(rlz)drler

7(r12)=pf c(rgo)[ y(riz) +c(rz)1drqs, 9) 1 .
~v313°P f(r12‘9/‘9r12+r13£9/€9|’13+r23(9/z9l’23)
with the closure

X U3(r12,0 13,6 I15,M13,F23)drdrodrg. 15
Oy — e P+ W= Bord ok 1 (1) 3(r12,113,723)93(F 12,1 13,1 23)dr 1 drodr3 (15

In expressiong14) and (15), g refers to the triple correla-
wherec is the direct correlation functiony=g—c—1isthe  tjon function, which is, in principle, unknown. Nonetheless,
series functio}8,17], andB is the bridge function. Provided it can be estimated by means of a natural extension of Kirk-
By is known, Egs.(9) and (10) form a closed system of wood's superposition approximatigfi1,23
equations for the variables and y. The natural choice for
B, is the use of the hard-sphere fluid as reference system, so g3(r12,r 13,723 =9(r12)9(r13)g(r )€ Als(N2:113:723
that we take (16
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TABLE II.
argon[26].
T (K) pggcm 3 prgcm3 P (kban
91 0.00813 1.372 1.47
100 0.01686 1.314 3.24
120 0.06014 1.163 12.13
140 0.17885 0.943 31.68

By performing the change of variables

2,2 .2
rpt+ris—raos
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Experimental phase coexistence properties ofhand, since the AT potential is a homogeneous function of

the variables 15, 13, andr,s, Euler's theorem applied to
Egs.(14) and(15) leads to
Equations(19) and (20) are easily shown to fulfill this
relation, which can actually be used as a check of the nu-
merical accuracy of the integrations and the internal consis-
tency of the results. In Table | we can compare the present
RHNC estimates for the pressutegether with those for the
energy with simulation and perturbation theory data. We see
that the energy and now the pressure as well are in good

ro,=ris, r1z3=rz, X= T (17  agreement with both Monte Carl@MC) and molecular-
12113 dynamics(MD) results. Also it should be pointed out that the
. RHNC approach turns out to be more accurate than pertur-
the virial operator now reads bation theory[14] if a comparison is made with MC results
performed with 250 particles and a three-body cutoff of
(F120/ 9T 1% 139/ IF 13+ T 239/ 9 23) Us(T 12,1 13,F 23) 30. This evidences that the effective potential and superpo-
= (191 |y 150l IT ) Us(F T hg,X). (18) sition approximations are adequate approaches to deal with

AT three-body forces.

One then finds that the internal energy and the pressure of

the fluid can be rewritten in terms of the new variables as C. GEMC method

We have simulated the gas-liquid coexistence of argon
with the LJ potential and Aziz's potential plus the AT triple
dipole potential using the GEMC methdd]. The major
shortcoming when simulating systems with three-body
forces is the large amount of CPU time required to perform
the runs. Nonetheless, computational times can be brought
down to reasonable values by using an adequate cutoff for
the three-body forces. From the effective pair potential ap-
proach one learns that the AT triple potential has little effect
for intermolecular distances beyond 2.410]. We have
taken this value as an appropriate cutoff and, therefore, only
triplets of particles for whiclr,,,r,3,r,3<2.50 are consid-
ered to evaluate three-body energies. Increasing the cutoff to
3.00 did not result in appreciable changes in the thermody-
namics and consequently no long-range corrections were
used for the triple potential.

GEMC simulations were organized in steps, each one
In expressiong19) and (20) we have dropped the primes consisting of one translational attempt per particle, one at-
from the new variables for simplicity. In EqR0) it is under-  tempt of changing the volume of the boxes, a&fhdnsertion
stood that the two integrals arising from the two terms in EgattemptsN; was tuned to ensure an acceptance ratio of par-
(18) are identical by symmetry considerations. This leads tdicle interchanges that allows for a reasonable rapid equili-
an extra factor of 2 in the triplet contribution to the pressurebration. Due to the small probability of accepting inter-
that is missing in the corresponding expression in RE)]  changes at high densitied\; was set to 500 at low
and, consequently, the results for the triplet pressure pregemperatures. By contrast, only 10 insertion attempts were
sented therein are also affected by this error. On the otheequired at near critical temperatures. Simulations were per-

BUeX 0
N ZZWPJO u(z)(r12)g(r12)rizdr12

r13vx)g(3)

X(rlz,r13,X)rizr§3dr12dr13d>(, (19
BP 2mp 5 IUD(rqp)

—=1-— r rypdr
P T g(ripdry,

3

(f12'r13 X)

X(r12’r13vx)r%3dr12drl3dx- (20

TABLE lIl. Phase coexistence results for argon modeled via LJ potengi&d=(120 K, 0=3.405 A plus AT three-body potential

(vl ea®=0.072) from GEMC and RHNC theories.
GEMC RHNC

TK pggcm? prgem 3 Py (kban P, (kbap pggcm? prgcm 3 P (kban
90 0.013115) 1.30612 2.303) —4.6(10.5 0.0074 1.304 2.3

108 0.0523) 1.18873) 9.7(4) 5.02.0 0.032 1.183 7.1

120 0.1025) 1.0923) 17.64) 13.41.7) 0.059 1.089 13.4
132 0.17013) 0.98312) 27.31.3 25.65.0) 0.102 0.971 18.9
138 0.123 0.887 21.8
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FIG. 1. Gas-liquid coexistence curve of argon from experiment FIG. 2. Gas-liquid coexistence curve of argon from experiment
[26] (black circle3, GEMC data with the pure LJ potenti§¥] [26] (black circles, GEMC data with Aziz's potential plus the AT
(open triangles GEMC data with the LJ plus AT triple potential interaction (open circley and RHNC data with Aziz's potential
(open circley and the RHNC data with the same pair of triple only (asteriskg and with Aziz's potential plus the AT triple poten-
potentials(timeg. The dashed line stands for a scaling law fit of the tial (timeg. The dashed line has the same meaning as in Fig. 1.

RHNC data. . . -
and chemical potential are computed along gas and liquid

Hsotherms, it is possible to find densities for which the con-

formed with 300 and 500 particle samples at low and high>> ! L ;
gitions of chemical equilibrium are fuffilled:

temperatures, respectively. The number of steps needed

equilibrate the system ranged from 2000 to 30 000, increas- Bu(py,T)=Bulpg,T)
ing with temperature. Once the system was thermalized, ’ e
10 000-90 000 further steps were generated to obtain the BP(p; . T)o*=pP(pg,T)o>. (23

coexisting densities and vapor pressures. Typical CPU times

required ranged from 9 to 90 h in a DEC ALPHA 600 5/300.  The RHNC gas-liquid coexistence curve can be fitted to
the usual scaling lawgl0] in order to estimate the critical

temperature and density. The results for the LJ plus AT case
are displayed in Table Il and Fig. 1, while those for Aziz's
potential plus the AT interaction are shown in Table IV and
Using the RHNC approach outlined in the preceding secFig. 2. In both cases RHNC estimates can be compared with
tion, we have evaluated the gas-liquid coexistence propertiehe corresponding GEMC calculations. The most striking
of argon(experimental data are collected in Tablgiod-  feature that can be drawn from this comparison is that the
eled via LJ and Aziz's pair potentials plus the AT triple RHNC theory is virtually exact in predicting the liquid
interaction. We have calculated the pressure along gas arifanch of the phase diagram. Vapor pressures are similarly
liguid isotherms by making use of E¢L5) with the relation  well reproduced. On the contrary, the RHNC equation some-
(21) to determine the three-body contribution. The chemicahow fails in the gas branch of the diagram at temperatures
potential was calculated from the excess Helmholtz free ennear the critical point. Nonetheless, the estimation is almost
ergy A%, perfect throughout the whole coexistence curve when Aziz's
potential is utilized as a pairwise interaction instead of the LJ
BuIN=Inp+A®INKT+ P, /pkT, (22  potential. In short, the RHNC approach applied here proves
to be very accurate for the two cases considered.
which in turn is evaluated from thermodynamic integration By comparing with the experiment, we can also explore
of the pressure and the internal enef@#]. Once pressure the adequacy of the present models to describe argon. It is a

Ill. THE GAS-LIQUID COEXISTENCE CURVE
OF ARGON

TABLE IV. Phase coexistence results for argon modeled via Aziz’s pairwise potda6al(e/k=143.25,0=3.350 A plus AT
three-body potentialif/ eoc®=0.0698) from GEMC and RHNC theories.

GEMC RHNC
T (K) pg(@cm™3  p(gem 3 Py (kbap P, (kbar pg(@cm™3)  p(gem 3 P (kban
90 0.007628) 1.40512) 1.6(5) 52.61.6) 0.0064 1.401 1.2
100 0.016116) 1.3379) 3.103) 36.97.4) 0.0159 1.337 3.0
120 0.072835) 1.1937) 13.75) 70.58.4) 0.0653 1.193 12.9

140 0.17146) 0.98635) 32.67.9 44.7112.6 0.149 0.978 295
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well-known issue(which can be readily confirmed by in- are reproduced. Thus RHNC estimates for the critical tem-
spection of Fig. 1that the LJ pair potential, implemented as perature and density are 153.3 K and 0.530 g émwhich

a unigue interaction in theory or simulation, reproduces reacompare favorably with the experimental values 150.6 K and
sonably well the coexisting liquid densities of argon at low0.536 gcm® [26]. Moreover, both the gas and liquid
and intermediate temperaturl@5]. However, it seems inad- branches of the coexistence curve are well reproduced by
equate as far as the equilibrium gas densities and criticddoth GEMC and RHNC predictions when argon is modeled
properties are concerned. This clearly suggest that some inm this way.

provement in the microscopic model is needed. In this re-

spect, the addition of the AT triple interaction decreases both [V. CONCLUSION

critical temperature and density, as well as the coexisting Two main conclusions can be derived from this work

liquid densities. This was already made apparent in previous. o . .
RHNC calculation$10] and can be unequivocally confirmed Ewst of all, it is shown that th.e. effective PO‘er.‘“a' approach
plus the use of the superposition approximation to evaluate

by Figs. 1 and 2. X ;

When the LJ potential is used as a pair interaction, th he triplet energy and pressure constitute a very accurate tool
introduction of the three-body forces corrects, to a certai OHdNegltr\:élg; thlaeiﬁpso?:}énﬁl-c{%rﬁezelvniatt?oenscz?ttehx; SL:\T?:
degree, the location of the critical point, but fails to repro- tion r y.rt d irl1 rovi : a’ $19] are due to an in-
duce the liquid branch of the phase diagram. This impliesequa on reporte previous pap D
that either the LJ model is a poor pair interaction or it some-CorreCt calculation of the thrge-body contrlbu_tlon to the_ pres-
how includes three-body effects. However, this latter hypoth—SLr‘(;ZC?]ndSr;%tO;Oda:hrorrtggm?%o?f ttr?: e;f:_?it'\iﬁ dpgf)eer;tilsatle?]?:-e
esis seems to contradict the fact that LJ parameters are o : » Ou 4 € 9 d
tained from second virial coefficient measures at low curve.of. argon confirm the ass”m.p“m‘?’] that an gdequate
densitied 15| and therefore there is no reason to think that LJdeSC”ptIon 9f rare gases should include a combmatlo.n of an
parameters are affected by triple correlations. accurate pair potential with the AT three-body interaction. In

On the other hand, if Aziz’s interaction is used instead o FhIS respect, it is not definitively ruled out that further triple

the simpler LJ potential, the prediction of the coexistencénteraCtionS are needed to get an even more realistic descrip-

curve performs its best. Aziz's potential is a very accuratet'on of all thermodynamic properties, but such interactions

pairwise model that fits spectroscopic properties of argon jn st be necessarily small.
the gas phase. Since this potential is a plain and accurate
pairwise interaction, it is unable to reproduce the coexistence
curve by itself, as can be seen in Fig. 2. When Aziz’s poten- This work has been financed by Spanish Direoo®en-

tial is added to three-body forces the critical temperature andral de Investigacio Cientfica y Tecnica under Grant No.
density are lowered to the point that the experimental value®B94-0112.
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