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Pattern formation and instability of smectic-A filaments grown from an isotropic phase
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Pattern formation and instability of smec#cfilaments grown from an isotropic phase have been investi-
gated. The evolution and shape equations for the filaments are derived by a variation of the free energy of the
filaments. It is shown from the evolution equation that the length of the filament increases exponentially with
time under a cooling process. It is also shown from the shape equation that the existence of the threshold length
of the straight filaments for buckling and the global properties of the filaments can be predicted. The theoretical
results are demonstrated experimentally in the binary mixture of octyloxycyanobiphenyl with dodecyl alcohol.
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SmecticA liquid crystals(Sm-A LC’s) appear in a variety Pratibha and Madhusudaf]. In this system, the nematic
of shapes on cooling the high temperature isotropjdiquid =~ phase is suppressed for a molar concentratier2{6) of
phase[1]. The shapes have a very complex topology, anddODA, and thel and SmA phases coexist in a fairly wide
exhibit a great deal of thermotemporal evolution. Such selftemperature rangefor example, 42-30°C for 60% of
organizing processes in the Smphase are intriguing, and DODA studied herg The LC cells of dimensions 2010
therefore have attracted a number of stuizsg]. The most MM and of thickness 5@m bounded by glass plates were
interesting example of the processes is the formation of SmPrepared. The surface of the glass plates was not trétited
A filament structures and their thermotemporal evolutionPPServed growth pattern was not affected by the rubbing of
[2,5,7. The SmA phase first appears in the form of fila- the plates The sample temperature was controlled in a hot
ments in various S LC’s as thel liquid is cooled below stage (Mettler FP82HT with a proc_e_ssqr(Mettler FP9.
the |—SmA transition temperatur2—5,7,8. The filaments The growth processes and the equilibrium shapes were ob-

S e . served with a polarizing microscopiikon) equipped with a
grow rapidly in length but not in diameter. During growth, charge-coupled-device video camefS8ony DXC-151A.

the filaments continuously buckle to take on a serpentinq.he images were recorded and fed into an image processor
form, and subsequently become extremely convoluted an%himadzu Nexus600

nearly space filling. The filaments are metastable, and even- 1o cells with 40% of 8OCB were cooled from the
tually transform to compact domailg]. ~ phase at—0.1°C/min, and the cooling was stopped at
Most of the general features of the growth of 3nmuclei 36 4°C in the coexisting region for the observation of equi-
are much different from those of the solidification of con- jiprium Sm-A shapes. Figure 1 shows the initial stage of the
densed matter such as snowflakes and ice cry8alShus  growth sequence of a Se-filament from| phase in the
studies of the formation of SmA-filament structures and mixture of 8OCB and DODA at a cooling rate ef0.1°C/
their thermotemporal evolution are very important for under-min. As stated above, the filament finally collapses forming
standing pattern formation and instability in soft matter orcompact domains at the LC/glass interfa¢@s We have
complex fluid. reported that the compact domains have toroidal structures
We have developed a theory for equilibrium shapes ofuith a ratio of generating radii of Y2~ 1 [7], but in rare
Sm-A nuclei grown from the phase6,7]. Within the frame-  cases a circulaftoroidal) filament whose ring width is al-
work of our theory, a filamentary structure is regarded as anost equal to the diameter of the straight filaments is found.
Sm-A tube with thickness of,— p; , wherep, andp; are the  Figure 2 shows an equilibrium circular Stnfilament grown
outer and inner radii of the tube, respectively. Since the Smfrom an| phase observed at 36.4°C.
A phase exhibits a layer structure in which the average mo- A Sm-A filament of lengthl can be described by a tube
lecular orientation is parallel to the layer normal, the fila-with the outer and inner surfaces,
ments consist of concentric cylindrical Stntayers[2,5,6].
In this paper, we propose dynamical and static theories for a ro=r(S)+ po(Ncos+bsiny),
description of the dynamics and shapes of &rfilaments
grown from thel phase. The evolution and shape equations
are derived from a variation of the free energy of the fila-
ments under cooling processes, and the growth behavior of
the filaments is predicted. The predicted results are compared . > .
with the experimental results in the binary mixture of octy- respect_lvely, wherﬂﬁssl, OF v=2m, I is the axial cu_rve
loxycyanobipheny(80CB) with dodecyl alcoho(DODA). of the fllament,»anah(s) andb(s) are the normal and binor-
The LC material used here was the binary mixture ofmal vectors ofr, respectively{10] (from the experimental
80CB and DODA, whose phase diagram was reported byesults in Fig. 1, it is reasonable to assume that the gadii

@

ri=r(s)+ p;(ncosy+ bsiny),
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(b) (d)

FIG. 1. Growth sequence of a Sfnfilament from thel phase in the mixture of 8OCB and DOD#he molar concentration of 80CB
is 4099 at a cooling rate of-0.1 °C/min.(a)—(c) and(d) are about 166 and 500m wide, respectively.

and p; are constant throughout the filament during theand A, and A; are the surface areas of the outer and inner
growth). As we have shown in Ref6], the net difference in  surfaces, respectively; an@®) the curvature elastic energy
the energy between Sw-and| phases is the sum of the of the SmA filament Fc=(ky/2)f(V-N)2dV+ (2ky,
following three tgrms(l) the volume free energy qhange due +ke) (po— pi) SKAA, where N is the director,K is the

to I—SmA transitionFy = —g,V, vyherego is the difference G5 ssjan curvature defined on the inner surface, and
in the Gibbs 'free energy densities betwelerand SmA ks=2Ki5— Kz~ ks (kj the Oseen-Frank elastic constants
phases, and/ is the volume of the S nucleus;(2) the [11]). By assuming thatp, and p; are small, so that

surface energy of the outer and inner &mt interfaces lpok(s)[<1, wherek(s) is the curvature oF(s) the energy
Fa=v(A,+A;), wherey is the SmA-I interfacial tension o L .
A= ¥(AoTA), wherey is the S teriacial tension, for the SmA filament grown from the phase is then repre-
sented as a line integration,

F=—w<p§—p?>fgods+2w<po+pi>yf ds

+7Tkllf {m(%) +n ﬂ)

1+ 1-k?p?2

where the term (R;1+ks) (po— pi)$KdA; in F- was omit-
ted because the term is constant according to the Gauss-
Bonnet theoreni10]. Since the temperature gradient along a
long SmA filament is expected to exisg, in Eq. (2) is

FIG. 2. Circular SmA filament grown from thd phase in the ~dependent ors [12]. On the other handy is not dependent
mixture of 8OCB and DODAthe molar concentration of 8OCB is On s, becausey exhibits no temperature dependence or a
40%) observed at 36.4 °C. The picture is about 16& wide. weak on€g5].

ds, (2
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The major difference in the growth processes between

solids and SnA filaments is that growth of solids is ob-

served at solid-liquid interfaces, while the filaments grow in

length but not in diameter. For this reason, the lergynd
axial curver (s) of a SmA filament should be considered as

F(s,t) during the growth of the filament, and hence the nor-

mal and binormal vectors should also bgs,t) andb(s,t),

respectively. Thus the problem we are interested in here is
how to express the evolution equation of the filaments in

terms ofr(s,t).

To do this, we introduce a time-independent parameter

u in order to replace the arc lengthwith u. Then F(u,t)
[=r(s,t)] can be seen as a one-dimensiofld) “surface,”
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and thereby we have the first fundamental form of the sur-

face, ds= \/gdu, whereg=r,-r, andr,=4d,r. The curva-
ture  of F(u,t) is expressed as k(s)2=FSS~ FSS
=0 2y fu)—9 3(ruury), where rg=d2r and
ruu=d2r. Since|pok(s)|<1 and|p.k(s)|<1, we can re-
write  In[(1+1—-k%p?)/(1+1-k%p2)] in Eq. (2) as
(pﬁ—piz) k?/4. Then, Eq(2) becomes the Helfrich energy in
1D membrane$l1],

szcf k(s)zds+)\J ds+f n(s)ds, ()

where k= mkq,(p2—p?)/4 is the 1D bending rigidity,
N=mKkqdn(py/p) +27Y(potp) is the 1D tension, and
M=—mgo(p2—p?) is the 1D potential.
The SmA phase grows from thé phase in a diffusion
field of temperaturd’, which satisfies
DV2T=4,T, (4)
whereD is the thermal diffusion constaithe difference in
D between SmA and| phases is neglectdd®]). Sinceg,
can be related td@ via go=AH(T.—T)/T., [12], where
AH is the transformation enthalp¥,. is thel —SmA trans-
formation temperature, angl,, is the molar volume of Sm-

FIG. 3. Length of SmA filaments grown from thé phase as a
function of temperature at several cooling rates in the mixture of
80CB and DODA(the molar concentration of 80OCB is 40%

where a=c_pR/()\+|‘|). The straight filaments can be ob-
served in the early stage of the growth as shown in Fig. 1
Such an exponential behavior was explained in terms of a
different model, based on the flow of solidification current
through the filament surfad®,5], while our present expla-
nation is based on the flow of heat current. To show the
validity of the present theory, we experimentally examined
the temperature dependence/0bf the straight filaments at
several cooling rated=ig. 3), because the theory predicts that
dIn//(—dT) is calculated to bec_p/()\+|‘|), and hence
dIn//(—dT) is independent oR. In Fig. 3, we can see that
all the lines on the I vs T plot are straight, and that the
slopes of these lines are almost the sainelependent of
R), yielding the validity of the theoretical predictions.

Growth shapes of Sm-filaments in 3D cannot be deter-
mined by the evolution equatid®) alone. To determine the
shapes, two more equations, which we will show below, are
necessary. We consider a slightly distorted curVefrom
r,r'=r+¢(u)n+ y(u)b, where p(u) and y(u) are suffi-
ciently small and smooth functions. Using the Frenet formu-
las[10]

A LC, we treat1 as a potential. The energy conservation at

the arc elemend s along the SmA filament can be expressed
as JdF=—k*¢VT-dA, where dF=(kk?+\+1)ds,

k*=Dc,, c, is the specific heat of the LC, and the surface

t:)ss: k(s) n,

integral is carried out over the surface of the element. Using

the Gauss theorem,  $VT-dA=[V2Tdv
=V2Tx(p2—p?)ds, and Eq.(4), we have

cpath—\/ig&t[\/g(kckan)\Jrl‘l)], (5)

where ¢, = 7(p5—p?)c, is 1D specific heat of the Si-
filament (i.e., the specific heat per unit length of the fila-

men). This is the evolution equation that governs the growth

velocity of the filament. In the case of a straight @nfila-
ment[F=q(t)u50, Wherezi0 is the unit vector of the growth
direction andq(t) corresponds to the growth of the length of
the filament at a spatially uniform constant cooling rafe
(dT/dt=—R), we obtainq(t)=qg(0)expt) from Eg. (5),

ne=—k(s)rs— (s)b,

(6)
be=7(s)n,

where ng=d¢n, bs=4ab, and 7(s) is the torsion ofr, we
have derived the change in the free energy due to the distor-
tion from Eq.(3) [13],

oF = f {@[ — (M+N)k+ke(2kss+ k3—272k) + BNn-VT]

+ Yl ke(—2kgt— k7o) + Bb-VT]}ds, (7)
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N below thel —Sm-A transition temperature, the sign &f is
changed from positive to negative as the temperature is low-
ered. On the basis of these assumptions, we see from this
phase diagram that a Sh-straight filament is located at
K2 k?=k2=0 (the pointS in Fig. 4 on the»>0 branch in the
initial stage of a cooling process. As the temperature is fur-
ther decreased, the sign af is changed from positive to
negative, and hence the location of the filament moves from
FIG. 4. Phase diagram of Shfilaments displayed on a plot of {0 pointS to a point on the solid curve of the<0 branch
ks vs k2 PointsS and C represent straight filaments and circular j, Fig. 4, meaning that the straight filament begins to buckle.
filaments, respectively. From this behavior, the length of the filament a0 is
regarded as the threshold length for the buckling of a straight
filament.
The global property of such a buckled filament can be
examined from the integration of E(L1) for »<<0, which is

n>0 A

where B=—N/(T,—T)=m(p2—p?)AH/Twm, Ke=dK,
kss—a k, andrs=d47. The equilibrium shapes of Swila-
ments are obtained fromiF =0, which leads to the follow-
ing two conditions:

—(M+N)k+ko(2kss+kK3—272k)+Bn-VT=0, (8)
4y
.. K= ———————.

These shape equations represent the balance of normal forces
er unit arc length of the filament. It is obvious that a straight . . .
P 9 9 From this equation, we find th&® tends to 0 fors— =,

fllamentr:q(t)u_ao is & solution of Eq_s(81 agd(g) if the indicating that both ends of a buckled filament are straight.
normal and binormal vectors satisfn-VT=0 and  Thjs is consistent with the experimental observation in Fig.
b-VT=0. These conditions are satisfied when the temperag(d). Note that such a feature has often been found in litera-
ture is spatially uniform oraO is parallel to VT (aOHVT ture[3,14], and has been reproduced by computer simulation

means that the straight filament develops alengT [13],  [2].

which is consistent with physical processes of solidification According to the four-vertex theorem, that states that a
[9)). simple closed convex curve has at least four vertité§ we

It can be seen from Fig. 1 that after the length of theshow that a S filament can form a closed curve because
filaments attains a certain critical length, the straight fila-it is obvious from Eq.(11) that the SmA filament has four
ments begin to buckle. Such symmetry breaking is the mostertices fork;=0. Thus it is expected that some straight
important feature in pattern formation processes. To undeffilaments observed in the initial stage of the growth buckle,
stand this, we try to solve Eq$8) and (9) in the case of and the ends of the filaments fuse to form closed curves. In
plane curves, which are consistent with the 2D geometry ofhe phase diagram, this structure corresponds to the foint
Sm-A filaments observed in experimer&5,7]. For a plane  in Fig. 4. The present prediction is confirmed experimentally
curve on thex-y plane, the Frenet formulas E() give  as shown in Fig. ZAsimilar structures have been reported
=0 and abl|z axis. Substituting=0 into Eq.(9), we ob-  [3,4,8). The circular filament developed from a straight cyl-
tainz- VT=0, wherez is the unit vector in the direction. In  inder may be seen in the initial stage of the formation pro-
what follows, we consider the case whdrés spatially uni- ~ cess of focal conic domaiv,8,15.

(12

form for simplicity. Then Eq(8) is rewritten as In summary, we have studied the thermotemporal evolu-
tion of SmA filaments grown from thé phase. We have
—(M+N)K(S) +Ke(2ksst k3)=0. (10)  first derived the free energy of the filaments. Then the evo-

lution and shape equations have been derived by a variation
Its first integration is ki=C;—nk?—ik? ~where of the free energy of the filament. We show from the evolu-
n=—(N+X\)/2k;, andC, is the integration constant. For a tion equation that the length of the filament increases expo-
plane curve having straight line portio@; is zero. The first nentially under a cooling process. The shape equations can

integration is thus reduced to be analytically solved for plane curves. We also show from
the analytical solution that a threshold length of the straight
k3= —K2(5k>+ 7). (1)  filaments for buckling exists, and that the global properties

of the filaments characterized by open and closed curves pre-
We illustrate the behavior d€ as a function ok? in Fig. 4,  dict a filament with both ends being straight, and a circular
where the solid curve represents physically acceptable regioilament, respectively. The theoretical predictions are dem-
because ok?, k2=0. It is evident from the expressions for onstrated experimentally in the binary mixture of 8OCB with
N\ andn that\ increases, whil€1 decreases with decreasing DODA. Finally, we mention that a structural change at a
temperature from thé—SmA transition temperature. These molecular level such as theans to cis transition in alkyl
temperature dependencesnoénd are governed mainly by chains of 80OCB molecules is a possible physical origin of
those ofky; [1] and g, [12], respectively. IfA<|M|| just  the buckling of the filaments, because the change may
below thel —Sm-A transition temperature and>|r| well  modify k;; and hencesn in Eq. (11). This problem is of
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fundamental importance for understanding of pattern formapan Limited for supplying LC materials. This work was par-
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