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Nonlinear saturation of the turbulent « effect
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We study the saturation of the turbuleateffect in the nonlinear regime. A numerical experiment is
constructed based on the full nonlinear magnetohydrodynamics equations that allawsfteet to be mea-
sured for different values of the mean magnetic field. The object is to distinguish between two possible theories
of nonlinear saturation. It is found that the results are in close agreement with the theories that predict strong
suppression and are incompatible with those that predict that the turlukffect persists up to mean fields
of order of the equipartition energy.
[S1063-651%96)51411-X

PACS numbgs): 47.65+a, 05.45+b, 47.27.Eq, 47.5%]

The purpose of dynamo theory is to explain the origin ofa=a0%u=<u2>1/2 [1]. In the nonlinear regimer will de-
magnetic fields in terms of the hydromagnetic conversion obend on(B). Traditionally, a dependence of the form
kinetic energy into magnetic energy. Turbulent motions of a
highly conducting fluid can stretch magnetic field lines, a=ag(1+(B)?/u?)~* 2
thereby leading to the amplification of the magnetic field _ .
[1,2]. Observationally, it is often found that cosmical mag-as been assumed. According to E2). the « effect retains
netic fields have energy densities comparable to the kinetittS klne_matl_c(turbzulen) value even when the energy of the
energy of the ambient medium—equipartition. FurthermoreMéan field isO(u®) — equipartition[S]. This point of view
the scale of variation of these fields is often much larger thafi@s been challenged by several auttiéisvho have instead
the coherence length of the underlying turbulent fl@k It ~ Proposed a dependence of the form
is therefore necessary to explain not merely the process by _ 2/ 2 —1
which magnetic fields can be generated, but how large scale = ag(1+Rn(B)7/u%) ™% @)

fields can be amplified to equipartition strength. This hasrye presence oR., in the denominator of Eq(3) implies
motivated the large scale dynamo problem that deals prey ¢ theq effect becomes suppressed wHéR)|2~u?/R,,.
cisely with the generation of magnetic fields on scales Iargeﬁurthermore, according to E€3), for mean fields of equi-
than the scale of variation of the velocity. partition strength thex effect is no longer turbulent but de-

_ There are several mechanisms for large scale dynamo aganqs on(collisiona) diffusive processes. For two reasons it
tion. The most widely invoked is the effect, which de- s imnortant to distinguish between these alternative formu-
scribes the generation of large scale magnetic fields througfiinns One is that they describe very different underlying
the interaction of(small scal¢ velocity and magnetic fluc-  hp,ygjcal processes. The other is because of the huge values
tuations in flows lacking reflectional symme{]. Most of  x "' prevalent in most astrophysical circumstances; if
these mechanisms have been studied extensively in the kinE—q_ (g) is correct it implies that ther effect is nonlinearly
matic approximatiorilinear regim¢ which is valid when the j,otective and therefore cannot easily be invoked as a
magnetic field is weak. However, little is known about their o chanism for the generation of large scale fields of equi-
behavior in the nonlinear regime that eventually ensues aﬁartition strength. The objective of this paper is to present

the magnetic field strength increases. the results of a series of numerical experiments designed

The « effect expresses a relationship between the averagg,e cifically to distinguish between these two alternatives.
electromotive forceS and the average magnetic fie{@), The evolution of the(incompressible velocity U and

namely, magnetic fieldB can be described by th@imensionless
equations
&=(uxb);= a;j(B);~ Bijkd(B)t -+, D (9— R-1V?)B=Vx (U B) @
t m - ]
whereu andb are thefluctuatingvelocity and magnetic field (3;—R;'V?)U+U-VU=—Vp+JIXB+F, (5)
and the averages are taken over volumes large compared
with the velocity correlation lengtfl]. In the kinematic re- V.-B=V.U=0, (6)

gime this relationship is linear and the tensor can be re-

garded as a statistical property of the advecting field of turwherep is the pressure]=V X B is the electric current, and
bulence. On general dimensional grounds for helicaR, andR, are the kinetic and magnetic Reynolds numbers,
turbulence and with magnetic Reynolds numip>1, respectively. In terms of these equations, the kinematic re-
one expectsy to be independent of diffusive processes —gime occurs when the Lorentz ford& B in Eqg. (5) is neg-
hence the term turbulen& effect—and to be given by ligible and the velocity is determined solely by the forcing
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FIG. 1. Temporal evolution of the kinetic and magnetic energies
and kinetic helicity (insey for a case withR,=R.,=100 and
B,=0. The kinematic phase, during which the field grows expo-
nentially and the back reaction is negligible, end$-a80.

function F. By contrast, in the nonlinear regime the Lorentz
force is dynamically important and the velocity depends on
both F andB.

We choosé- to give a computationally convenient veloc-
ity in the kinematic regime. We let

U = (9 L - (9 1 L 7 . . . . . -
0=( ylﬂ W) ™ FIG. 2. Time histories and time averagéthick lines of
— e . (uxb). The two uppermost panels show theandx components
¥= 3/ sin(x-+ cod) +cody +sint)]. ®) for a case WitrBS: 10" 3. The lower panel shows tlecomponent
and define for a case wittB3=1. Both cases have,,= R,=100. The origin of
the time axis corresponds to the beginning of the measurement pe-
F=(d— R;lVZ)UO. 9 riod, not to the beginning of the calculation.

SinceV-Uy=0 andU,-VUy=V®, in the absence of mag- U~U, and the magnetic field grows exponentially. When
netic perturbations the forcing drives the velocity, [7].  the amplitude of the magnetic field becomes comparable
By constructionUy is periodic inx andy and independent of with the rms velocity the Lorentz force becomes important
z. Its properties have been extensively studied in the contexdnd the exponential growth saturates. In the subsequent dy-
of fast dynamo action and it is known thély has large namical phase the velocity, which is still strongly helical,
regions of chaotic streamlines. Weak magnetic perturbationdiffers substantially fron,. In particular it is important to

of the form note that the velocity field is nove dependent and hence
- fully three dimensional. We can thus effect the decomposi-
B(x,t)=B(x,y,t)expkz (10 tion
grow (initially) exponentially under the action df, [8], U=(U)y+u, B=(B)y+h, 12

where the growth rate depends kmwith a maximum value

of ~0.3 atk=k,=0.57. Accordingly, we solve Eq$4)—(6)  Where(U),, and(B), are thez-independent parts df and
in a periodic domain of size 2X2mwX2mw/k,, so that the B, respectively, and define thetensor through the relation
computational domain exactly contains the fastest growing

(kinematio eigenfunction. (uXb)i=ajj(t)(B);. (13

We assume that the magnetic field is initially of the form .
¢ y Clearly, since(B)=(0,0,B;) only the ;3 components are

B(x,0)=(0,0,Bp) + 6b, (11)  accessible to measurements within the present experimental
setup.
whereBy is a constant andb is a weak, zero-mean random  The « tensor is a statistical quantity typically defined in
perturbation. By use of the divergence theoréB)=B,z  terms of averages over volumes much larger than the veloc-
for all times, where hereafter the angle brackets denote aity correlation length. The averaging is thus carried out over
average over the computational volume. many (simultaneousindependent events associated with the
The typical evolution of this system can be inferred fromvelocity fluctuations. In the present experiment the spatial
Fig. 1, which shows the time histories of the kinetic andscales of the velocity fluctuations are comparable in size with
magnetic energy densities and the kinetic helicity for a cas¢he entire computational domain; we therefore expect
with Bo=0. There is an initial kinematic phase where «;3(t) as defined above to be a strongly fluctuating quantity.
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with the assumption that the turbulence is stationary and has F!G: 4. Time histories of the kinetic helicity and fluctuating
a finite correlation timer so that events separated in time by Kinetic (solid line) and magneti¢dashed lingenergy densities. The

—3
more thanr are once again statistically independent. Clearly"PPe" panel corresponds to a case VBfi=10", the lower to a
this assumption has to be verifiedposteriori case withBg=1. In both caseRR,,=R,=100. The origin of the

The behavior of(uxb) for some typical runs with time axis corresponds to the beginning of the measurement period,

Rn=Re=100 is illustrated in Fig. 2 which shows the time notto the beginning of the calculation.
histories of thex andz components ofux b) for a case with
B5=10"° and thez component for a case witB5=1. The
superposed thick lines show the time averages up totithe

is clear that even thougfuxb) is a strongly fluctuating
guantity its time average is well defined and can therefore b

lowing points. A key feature of the present experiment is that
the « effect isnonlinearly driven In order to appreciate the

significance of this it is helpful to distinguish between two
separate kinematic regimes in addition to the fully dynamical
prakh . . ?egime. First there is a true kinematic regime in which the
used to computer. From symmetry conS|de.rat|ops.we €X" Lorentz force is negligible on all scales and the magnetic
pectayz and a3 to vanish since the mean field is in tae o0 ion is characterized by the exponential growth of the

directiqn. '_I'his is c_onfirmed by th_e time traces in the Centralfastes;t growing eigenfunction. This corresponds to the period
panel in Fig. 2 which show that indeed thecomponent of t<30 in Fig. 1. In this phase there i® « effect as we have

(uxb)—0 as the length of the averaging becomes large. gefined it, since the velocity=U,, which is z independent;

We  have compftedz a number of cases Withie there are no velocity fluctuations. At later times the ve-
Rm=Re=100 and 10"<Bgy=<1. The calulations were car- |ocity has been modified by the action of the Lorentz force
ried out using a fully dealiased, pseudospectral dsée[9]  and contains fluctuations on scales comparable to or smaller
for detaily. The results are summarized in Fig. 3 where Wethan the vertical extent of the fastest growing eigenfunction.
display thenormalizeda effect, ay=azy/(u?). The solid |t is these fluctuations that can give rise to taeffect. We
and dashed curves are given by expressi@sand(2), re-  may now define an intermediate regime in which the velocity
spectively. In both cases we have simply fitted the value ajs fully dynamical with respect to the small scale magnetic
B5=10* exactly, and for the solid curve we have usedfluctuations, which are of order the equipartition value, but
Rn=100. It is clear that the data are in very good agreemendtill kinematic with respect to the action of the mean field. In
with Eg. (3) and incompatible with Eq(2). The conclusion this regime increasing the amplitude of the mean field does
to be drawn here is that, at least within the framework of thenot greatly affect the value of the effect. For example, in
present experiment, thieirbulent o effect indeed becomes going from 83:10*4 to 83:10*2, the o effect only
strongly suppressed when the squared mean field exceedslaanges by a factor of @ee Fig. 3. For larger values of the
critical value BZ;~U?/R,. Furthermore, thex effect be- mean field the velocity is dynamical with respect to both the
comes a diffusive process & approachesi?. small scale and large scale components of the magnetic field.

It is useful to search for the physical basis for this result.In this fully dynamical regime the turbulenteffect strongly
In order to make progress in that direction we note the fol-decreases with increasilﬁj according to Eq(3).
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It would be erroneous to assume that this strong decreasgycles, distort the mean field first one way and then the other
of the « effect asBcz)Hl is due to a corresponding reduction without giving rise to any net distortion. In other words the
in the vigor of the turbulent fluctuations. This possibility can field lines remembertheir initial position except for the ef-
be ruled out by inspection of Fig. 4, which shows the timefect of (collisional) diffusion. This small diffusive effect
histories of the kinetic helicity and fluctuating energies for manifests itself by the factor d®,, in the denominator of Eq.
two cases wittB3=10"° andB3j=1. Clearly there is hardly (3).
any difference in helicity and turbulent excitation level in  Finally we note that if the conclusions of the present pa-
these two cases that nevertheless differ in efficiency okthe per apply to astrophysical situations, in other words, if Eq.
effect by a factor of nearly 100R;, actually. The conclu-  (3) holds even for very large values Bf,, then thex effect
sion is that the reduction in the effect is due to a change in il be ineffective and simply incapable of generating siz-
the character of the velocity fluctuations and not in theirgpie mean fields. Consequently, models of magnetic field
amplitude. It should be noted that the suppression ofdhe generation based on a straightforward application of the tur-

eﬁect_described by Eq3) i,s en_ti_rel)_/ analog_ous to the Sup- pjent « effect will have to be substantially modified or
pression of the turbulent diffusivity in two-dimensional mag- -1 qoned altogether

netohydrodynamic turbulend¢&0]. For that case it is known

that the suppression of turbulent diffusivity is associated

with the development of a long term memory by the turbu- F.C. was supported by the NASA Space Physics Theory
lence [11]. When B(Z):l the velocity fluctuations are Program and NASA SR&T program at the University of
strongly influenced by Alfve waves that, over successive Chicago. D.W.H was supported in part by the PPARC.
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