
Molecular origin of ferroelectricity in induced smectic-C* liquid crystalline phases

M. A. Osipov,2 H. Stegemeyer,1 and A. Sprick1
1Institute of Physical Chemistry, University of Paderborn, D-33095 Paderborn, Germany

2Institute of Crystallography, Russian Academy of Sciences, Moscow 117333, Russia
~Received 9 February 1996!

Based on recent experimental results, a molecular model of the ferroelectric ordering in the induced smectic-
C* phase is proposed in terms of a coupling between dipole and quadrupole ordering of chiral molecules. The
analysis of the correlations between the value and sign of the spontaneous polarization and the molecular
structure of a broad variety of chiral dopants indicates that several new experimental results cannot be ex-
plained in the framework of the existing theory of ferroelectric ordering. In particular, the realistic theory is
expected to account for the qualitative difference between the properties of the two different types of dopants
that possess a chiral center either in the flexible chains or in the rigid core, respectively. The general statistical
theory of ferroelectric ordering induced by a chiral dopant in the nonchiral smectic-C host phase is developed
and used to obtain the expression for the spontaneous polarization in terms of the dopant molar fraction,
quadrupole order parameter, molecular chirality, and the geometrical parameters that characterize the relative
orientation of molecular electric and steric dipoles with respect to the molecular rigid core. The different kinds
of polar interactions between chiral molecules, which can be responsible for the appearance of the spontaneous
polarization, are discussed in detail. In the context of this model it is possible to explain qualitatively the
difference in properties between the two types of chiral dopants used in the experiment. The results of the
theory enable one to understand why the spontaneous polarization is sensitive to the molecular structure of the
host phase only if the dopant molecule possesses a chiral center in the rigid core. In the context of the same
model one explains also the opposite signs of the polarization induced by the same chiral dopant in the
smectic-C host phases with the two different orientations of the molecular dipole. The latter result enables one
also to understand the origin of the recently observed polarization sign inversion induced by a change of
concentration of the chiral dopant. The theoretical conclusions are supported by some recent experimental data
presented in this paper.@S1063-651X~96!03611-2#

PACS number~s!: 61.302v, 77.802e

I. INTRODUCTION

Ferroelectric ordering in smectic-C* liquid crystals is ob-
served only when the material is chiral. This property is re-
lated to theC2h point symmetry of the nonchiral smectic-C
phase, which involves the mirror plane parallel to the plane
of the director tilt. In chiral smectic-C* phases all mirror
planes are absent~point symmetryC2) and as a result it is
possible to have the spontaneous polarization in the direction
perpendicular to the tilt plane@1#.

The simplest ferroelectric smectic-C* phase is formed by
a one-component chiral liquid crystal. On the other hand,
chirality can be induced in the nonchiral smectic-C liquid
crystal by doping it with various chiral molecules@2,3#. This
possibility strongly enriches the family of ferroelectric liquid
crystals because the chiral dopant molecules must not neces-
sarily be mesogenic themselves. On the other hand, the in-
duced ferroelectric smectics-C* liquid crystals are very im-
portant materials for applications. In such mixed systems it is
much easier to combine the broad temperature range and low
viscosity of the selected nonchiral smectic-C phase with the
large polarization induced by the selected chiral dopant. The
proper combination of these parameters is vital for the de-
velopment of the new family of displays based on ferroelec-
tric liquid crystals@3#.

Traditionally, the chiral molecules that are used to induce
ferroelectricity in smectic-C liquid crystals possess a rather
special structure. In these molecules both the chiral center

and the transverse dipoles are located in the flexible chains
attached to the rigid molecular core@4,5# ~see Fig. 1, type-I!.
The majority of induced smectic-C* phases investigated so
far belong to this class. We note that in such ferroelectric
phases the reduced spontaneous polarizationP05Ps /sinQ
~whereQ is the tilt angle of the director in the smectic-C*
phase! was found to be independent on the molecular struc-
ture of the nonchiral smectic-C host phase@5#.

It is possible, of course, to induce ferroelectricity in the
smectic-C phase using chiral molecules of a different struc-
ture @3#, and recently we have performed systematic investi-
gations of the ferroelectric properties of induced smectic-
C* phases doped with chiral molecules of the new type@6#.
~See type II on Fig. 1.! In these molecules both the chiral
center and the transverse dipoles are part of the rigid core.
Examples of such chiral molecules are presented in Table I.
It is interesting to note that the ferroelectric properties of

FIG. 1. Schematic structure of two types of chiral dopant mol-
ecules used to induce ferroelectricity in smectic-C phases.
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these systems appear to be qualitatively quite different from
the properties of the previously studied smectic-C* induced
phases with type-I dopants. In particular, the reduced spon-
taneous polarizationP0 induced by the chiral type-II dopants
is very sensitive to the molecular structure of the nonchiral
host phase. Strong host phase effects onP0 have been ob-
served both in the case of mesogenic host compounds bear-
ing a strong transverse CN dipole perpendicular to the mo-
lecular plane and in those of different structure with an in-
plane CO dipole. We note that sometimes even the sign of
the polarization is different in different smectic-C matrices.
One typical example of such behavior is shown in Fig. 2.
Concerning details of the molecular structure of the host
phases we refer to our earlier papers@3,6,7#.

Very recently we have also observed the sign inversion of
the spontaneous polarization induced by a change of concen-
tration of the chiral type-II dopant@8#. We note that this
observation became possible because the new chiral dopant
used in the experiments@8#, is mesogenic itself and forms a
monotropic smectic-C* phase. Thus it was possible to mea-
sure the spontaneous polarization in a broad range of con-
centrations of the chiral compound~see Fig. 3!.

These challenging experimental results indicate that the
two different types of chiral dopant molecules~cf. Fig. 1!
must have qualitatively different orientational properties in
nonchiral smectic-C host phases. We expect this to be deter-
mined by some difference in the intermolecular interactions
between chiral dopant and nonchiral matrix molecules. The
results can be understood only in the context of a detailed
molecular-statistical theory. In this paper we make a first step
and propose a simple model that can be used to explain

qualitatively the most important experimental data.
The model is based on the idea of the coexistence of the

dipolar and quadrupolar orderings of the molecular short
axes in the smectic-C* phase@9–11#. The dipolar ordering
of the short axes results in the ordering of transverse molecu-
lar dipoles, which gives rise to the spontaneous polarization.
This type of ordering is determined by some specific inter-
actions between chiral and polar molecules, which have been
discussed in detail before@12–14#. We note that in the mo-
lecular theory of ferroelectric ordering, presented in@12–14#,
it has been assumed that there is only a small polar deviation
from the isotropic distribution of molecular orientations
about the long molecular axis. In this case the chiral and
polar intermolecular interactions are responsible for the weak
polar anisotropy of this distribution, which determines the
spontaneous polarization.

Recently, however, it has been recognized that the polar
ordering of transverse molecular dipoles can be strongly
coupled with the quadrupolar ordering of biaxial rigid mo-
lecular cores ~i.e., with the orientation of ‘‘molecular
planes’’! in the smectic-C phase@9–11#. We note that this

TABLE I. Molecular structure of different chiral dopants.

FIG. 2. Tilt angle reduced polarizationP0 vs mole fractionxG
of the dopant AS 161 in different host phases. Values refer to
DT5Tc2T55 K.

FIG. 3. PolarizationP0 vs mole fractionxG of the dopant
C8BC6 in the achiral host phase NCB808.DT55 K.
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nonpolar ordering of flat molecular cores is not related to
chirality and must exist also in the nonchiral smectic-C
phase. In the ferroelectric smectic-C* liquid crystals the qua-
drupolar ordering of the rigid cores is responsible for the
flip-flop-like motion of the molecular short axes observed in
the experiment@15# and strongly influences the magnitude
and the temperature variation of the spontaneous polarization
@11#. The values of the corresponding quadrupole order pa-
rameter extracted from polarized Fourier transform IR spec-
troscopy@16#, from measurements of the spontaneous polar-
ization @17,18#, and from the dielectric measurements@19#,
appear to be rather large~of the order of 0.5 or even larger!
compared to values obtained from NMR and14N nuclear
quadrupole resonance measurements. However, these data
refer to the ordering of single atoms@20#. The strong qua-
drupolar ordering of the molecular short axes can also be
responsible for the large dielectric biaxiality observed in a
number of smectics-C* liquid crystals at low frequency@19#.
Recently, strong quadrupolar ordering of various molecular
fragments in the smectic-C* phase has also been observed
using the method of vibrational spectroscopy@16,21#.

The influence of the quadrupolar ordering of the rigid
cores is particularly important if the transverse electric and
steric dipoles are not parallel to the main axes of the biaxial
core, i.e., if the dipoles are tilted with respect to the flat core
~see Fig. 4!. In this case the polarization depends on the
angle between the dipoles and the plane of the core and can
even vanish if the dipoles are normal to the flat cores that are
strongly ordered perpendicular to the tilt plane of the
smectic-C* phase@22#.

In this paper we show that the idea of coupling between
dipolar and quadrupolar ordering can also be used to explain
the qualitative difference between the ferroelectric properties
of smectic-C* phases induced by the chiral dopants of the
two different types I and II. We note that in molecules of
both types the rigid cores are expected to possess some de-
gree of quadrupolar order in the induced smectic-C* phase.
At the same time, the transverse dipoles of dopant molecules
of the type II~located around the chiral center in the flexible
chain! are significantly decoupled from the orientation of the
core ~see Fig. 5! and thus the spontaneous polarization does
not depend on the quadrupole order parameter. In this case
the spontaneous polarization is determined by the induction
interaction between the dipole in the chiral center and the
polarizability of the neighbor host phase molecules@13,14#.
This polarizability is not sensitive to the details of the mo-
lecular structure of the host phase. By contrast, in the in-

duced smectic-C* phases of the second type the ordering of
transverse dipoles in the molecular chiral centers is strongly
coupled with the orientation of rigid cores and the spontane-
ous polarization strongly depends on the quadrupolar order
parameter of the core. We note that the quadrupole order
parameter is determined by short-range steric and dispersion
interactions between the cores of neighbor molecules andis
sensitive to the molecular structure of the host phase.

In this way it is also possible to understand why the same
chiral dopant of type II can induce polarizations of opposite
signs in different nonchiral smectic-C matrices. This can be
a consequence of the opposite signs of the quadrupolar order
parameter of the chiral molecule in different smectic-C
phases determined by the difference in the short-range inter-
actions. The corresponding molecular model is discussed in
more detail in Sec. III B. It is also possible that the quadru-
polar order parameter of the pure chiral smectic-C* phase
will have the opposite sign to that of the quadrupolar order
parameter of the same chiral molecule in the selected non-
chiral smectic-C liquid crystal. Then the sign inversion of
the polarization in the mixture of chiral and nonchiral
smectic-C liquid crystals can be related to the sign inversion
of the quadrupole order parameter at some critical concen-
tration of chiral molecules~see Fig. 3!.

This paper is arranged as follows. In Sec. II A we derive
a general expression for the spontaneous polarization of the
induced smectic-C* phase using the phenomenological ex-
pansion of the effective one-particle potential. This expres-
sion is then used to explain the experimental data obtained
with different types of the chiral dopants. In Sec. II B we
consider the influence of the molecular structure of the host
phase on the value and sign of the polarization and in Sec. II
C we discuss the polarization sign inversion induced by a
change in the concentration of the chiral dopant. In Sec. III A
we consider two different kinds of interactions between chi-
ral dopant and nonchiral host phase molecules that can be
responsible for ferroelectric ordering. In Sec. III B we derive
an equation for the quadrupole order parameter and consider
the influence of the molecular structure of the host phase on
the sign of this parameter. This provides a basis for the un-
derstanding of the polarization sign inversion. In the Appen-
dix we present the general molecular-statistical theory of
ferroelectric ordering in the induced smectic-C* phase and
derive an expression for the one-particle effective potential
that has been introduced phenomenologically in Sec. II A.

FIG. 4. Schematic representation of the orientation of the elec-
tric dipolem' and the steric dipoles' within a dopant molecule. FIG. 5. Models of dopant molecules demonstrating the decou-

pling of m' from the core in type-I dopants and their coupling in
type-II dopants.
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The results of this general theory are used in Secs. III A and
III B. Finally, in Sec. IV we summarize the qualitative re-
sults of the paper.

II. SPONTANEOUS POLARIZATION
OF THE INDUCED SMECTIC- C* PHASE

A. General results

The spontaneous polarization of the smectic-C phase
doped with chiral molecules is determined by the polar or-
dering of transverse molecular dipoles

Ps5r0xD^m'&, ~1!

wherer0 is the average number density of molecules,xD is
the mole fraction of the chiral dopant molecules, andm' is
the transverse dipole of the dopant. The angular brackets
denote the ensemble average.

We note that the transverse dipoles of the nonchiral ma-
trix molecules can also be ordered due to the interaction with
the chiral dopant@14#. However, at present there is no indi-
cation that this effect can be strong. For example, it was
mentioned in the Introduction that the polarization induced
by chiral dopant molecules of type I does not depend on the
molecular structure of the nonchiral smectic-C host phase. It
would be difficult to explain this result if the contribution
from the dipoles of the host molecules to the total polariza-
tion were noticeable. It should be stressed that the nonchiral
molecules of different smectic-C host phases used in the
experiment@3,5–7# differ significantly in the absolute values
and orientations of their transverse molecular dipoles@3#.

In Eq. ~1! the spontaneous polarization of the induced
smectic-C* phase is determined by the average transverse
dipole of the dopant molecule

^m'&5E m' f 1C~x!dx, ~2!

wherem' is the transverse dipole of the dopant molecule,
f 1C(x) is the one-particle distribution function of the dopant
molecules in the smectic-C* phase, andx specifies the ori-
entation of the molecule~see Fig. 6!. In general, the orienta-
tion of a rigid biaxial molecule is specified by the two unit
vectorsâ and b̂ in the direction of the long and short mo-

lecular axes, respectively: (â•b̂)50 ~see Fig. 6!. Sometimes
it is convenient also to introduce the third unit vectorĉ,
which is parallel to the second short axis. The vectorĉ is
expressed in terms ofâ and b̂: ĉ5@ â3b̂#.

In the smectic-C phase the nematic order parameter is
usually high@23# and, as in previous papers@9–11#, we shall
use the approximation of perfect orientational order of the
long molecular axes. In this approximationaaab5nanb ,
wheren̂ is the director. Then Eq.~2! can be rewritten as

^m'&5E ~mxb̂1myĉ! f 1C~ b̂,ĉ!db̂, ~3!

wheremx andmy are the two components of the transverse
molecular dipole.

The distribution functionf 1C(b̂,ĉ) can always be written
in terms of the effective one-particle potentialC1(b̂,ĉ),

f 1C~ b̂,ĉ!5Z21exp@2C1~ b̂,ĉ!#, ~4!

whereZ is the normalization constant.
In the smectic-A phase the spontaneous polarization is

absent and the short molecular axes are not ordered. There-
fore, in the smectic-A phaseC1(b̂,ĉ)5const. Thus we are
interested only in the difference between the effective poten-
tials of the smectic-A and smectic-C* phases. This differ-
ence is characterized by the primary order parameter of the
smectic-C* phase, which can be represented in the form of a
pseudovectorw5@ n̂3ê#(n̂•ê) @11#, where ê is the smectic
plane normal. The order parameterw specifies both the tilt
angleQ and the direction of the tilt in the smectic-C phase.
The absolute value isuwu5 1

2sin2Q and the direction of the
vectorw is perpendicular to the tilt plane.

The chiral smectic-C* phase is characterized also by two
secondary order parameters@11#: the spontaneous polariza-
tion Ps and the quadrupole~or the biaxiality@11#! order pa-
rameterBab5^babb2cacb&, which characterizes the non-
polar ordering of the molecular short axes~i.e., the ordering
of the molecular planes!. The quadrupole order parameter
Bab is not related to molecular chirality and is nonzero also
in the nonchiral smectic-C phase@11#.

In the vicinity of the second-order smectic-A–smectic-C
phase transition all these order parameters are expected to be
small because they are proportional to powers of the tilt
angle:w;Q,Ps;Q, andBab;Q2 if Q2!1 @11#. Thus one
can expand the effective one-particle potential of the
smectic-C* phase in powers of the order parametersw,Ps ,
andBab :

C1~ b̂,ĉ!5C1A1~S•w!1~G•Ps!1~Kabwawb!

1~MabBab!1•••, ~5!

where only terms of orderQ andQ2 have been taken into
account. Here the quantitiesS, G, Kab , andMab are the
coefficients of the expansion, which are functions of the mo-
lecular parameters, andC1A5const is the effective one-
particle potential of the smectic-A phase.

The tensorsKab andMab in Eq. ~5! depend only on the
components of the unit vectorsb̂ andĉ. Now it is convenient

FIG. 6. Orientation of a biaxial molecule within a smectic layer
~for vector notation see the text!.
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to choose the orientation of the short molecular axes in such
a way that the tensorsKab andMab are diagonalized:

Kab5Kxxbabb1Kyycacb, Mab5Mxxbabb1Myycacb.
~6!

In this frame the vectorsS andG can be written as

S5Sxb̂1Syĉ, G5Gxb̂1Gyĉ. ~7!

Substituting Eqs.~6! and ~7! into Eq. ~5! one obtains

C1~ b̂,ĉ!5C1A1C1C
0 1Sx~ b̂•w!1Sy~ ĉ•w!1Gx~ b̂•Ps!

1Gy~ ĉ•Ps!1DK@~ b̂•w!22~ ĉ•w!2#

1DM @~babb2cacb!Bab#, ~8!

where

C1C
0 5

1

8
~Kxx1Kyy!sin

22Q,

DK5
1

2
~Kxx2Kyy!, DM5

1

2
~Mxx2Myy!. ~9!

In the equilibrium state the quadrupole order parameter

Bab5B~ l al b2mamb!, ~10!

with

B5^~ b̂•m!22~ ĉ•m!2&, ~11!

where l̂ and m̂ are the two unit vectors in the smectic-C
plane~see Fig. 6!, m̂5w/w and l̂'m̂. With the help of Eq.
~10! the effective potential~8! is finally written as

C1~ b̂,ĉ!51Sx~ b̂•w!1Sy~ ĉ•w!1Gx~ b̂•Ps!

1Gy~ ĉ•Ps!1DK@~ b̂•w!22~ ĉ•w!2#

1DMB@~ b̂•m̂!22~ ĉ•m̂!2#. ~12!

The first two terms in the effective potential~12! are sen-
sitive to the chirality of the dopant molecules. We note that
the scalar products (b̂•w) and (ĉ•w) change sign under
space inversion because the polar vectorsb̂ and ĉ do change
sign under inversion while the pseudovectorw does not. At
the same time the energy must be invariant under space in-
version, and therefore we conclude that the coupling con-
stantsSx andSy must also change sign. The constantsSx and
Sy are expected to be proportional to the molecular chirality
because they also change sign if all chiral molecules are
replaced by their enantiomers.

By contrast, the third and the fourth terms in the potential
~12! are nonchiral and are determined by dipole-dipole inter-
molecular interactions. The last four terms in Eq.~12! are
nonchiral and nonpolar and determine the quadrupolar order-
ing of the molecular short axes. The term
DK@(b̂•w)22( ĉ•w)2# characterizes the nonpolar interaction
of the molecular short axes with the tilt of the director. The
last term in Eq.~12! is determined by some quadrupole-
quadrupole-type intermolecular interactions. The relation be-

tween the various parts of the potential~12! and particular
intermolecular interactions is discussed in more detail in Sec.
III.

Substituting the effective potential~12! into Eq. ~4! and
using the modified equation~3! together with Eq.~2!, one
obtains from Eq.~1! the following expression for the spon-
taneous polarization of the induced smectic-C* phase:

Ps5r0xDE ~mxb̂1myĉ!Z0
21exp@2C1~ b̂,ĉ!#db̂, ~13!

where

Z05E exp@2C1~ b̂,ĉ!#db̂,

and the potentialC1(b̂,ĉ) is given by Eq.~12!.
Equation~13! can be further simplified if one takes into

account that the chiral part of the potential is expected to be
small. The spontaneous polarization is also relatively small
because in most cases the polarization per molecule corre-
sponds to a small fraction of the total molecular dipole@13#.
Then one can expand the exponent in Eq.~13! in powers of
the polar part of the potential~12! and retain the first term,
which determines the spontaneous polarization. As a result,
one obtains

Ps'r0xDE ~mxb̂1myĉ! f 0~ b̂,ĉ!db̂

52
1

2
r0xD@~S•m'!1~Sxmx2Symy!B#w2

1

2
r0xD

3@~G•m'!1~Gxmx2Gymy!B#Ps , ~14!

where the quadrupole order parameter

B5E @~ b̂•m̂!22~ ĉ•m̂!2# f 0~ b̂,ĉ!db̂, ~15!

and f 0(b̂,ĉ) is the one-particle distribution function of the
corresponding nonpolar system

f 0~ b̂,ĉ!5
1

Z0
exp$DK@~ b̂•w!22~ ĉ•w!2#

12DMB@~ b̂•m̂!22~ ĉ•m̂!2#%. ~16!

From Eq.~14! one readily obtains the final expression for the
spontaneous polarizationPs :

Ps52
1

2
r0xDx0@~S•m'!1~Sxmx2Symy!B#sin2Q, ~17!

where (S•m')5Sxmx1Symy and the susceptibilityx0 is
written as

x05S 11
1

2
r0xD@~G•m'!1~Gxmx2Gymy!B# D 21

. ~18!
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B. Influence of the molecular structure of the host phase

Equation~17! for the spontaneous polarization has been
derived in the preceding subsection using only the general
properties of the induced ferroelectric smectic-C* phase. We
did not refer to any specific molecular model. We note that
the polarization depends on the biaxiality order parameter
B and on the quantitiesS andG, which represent some vec-
tor properties of the chiral molecules. It will be shown in
Sec. III that in the context of our molecular model the quan-
tity S is proportional to the molecular transverse steric dipole
s, S5J0s, where the coupling constantJ0 is determined by
chiral intermolecular interactions. Here the transverse steric
dipoles characterizes the polar deviation from the ‘‘cylindri-
cal’’ molecular shape. The concept of steric dipole has been
introduced by Petrov and Derzhanski@24# and used in the
molecular theory of nematic and smectic liquid crystals
@25,14#. The quantityG is determined by the dipole-dipole
interaction potential and is proportional to the transverse
electric dipolem' of the dopant molecule.

Using these approximate relations, we can finally write a
simple expression for the reduced polarization
P05Ps /sinQ:

P052
1

2
r0xDx0@~S•m'!1~Sxmx2Symy!B#. ~19!

Let us now use Eq.~19! to explain the difference between the
properties of the chiral dopants of the type I and type II~see
Fig. 1 and Table I!. First we note that the quadrupole order
parameterB in Eq. ~19! strongly depends on the molecular
structure of the nonchiral host phase. Indeed, according to
Eq. ~15!, the parameterB is determined by short-range
~mainly steric and dispersion! interactions between the rigid
cores of the guest and~neighbor! host molecules. In particu-
lar, the value ofB is very sensitive to the coupling constant
DM in Eq. ~16! @11#. Therefore, in the general case the re-
duced spontaneous polarization of the induced smectic-C*
phase is expected to be sensitive to the molecular structure of
the nonchiral host phase.

We note, however, that Eq.~19! is valid only if the chiral
dopant molecules are assumed to be rigid. This assumption
can be justified for dopant molecules of type II, which con-
tain the chiral center and the transverse dipole in the rigid
core. In this case the spontaneous polarization is determined
by the chiral and polar interactions between the rigid cores of
guest and host molecules. Then the ordering of transverse
molecular dipoles is strongly coupled with the quadrupolar
ordering of flat rigid cores. In this case the dependence of the
reduced polarization on the biaxiality order parameterB can
be responsible for the dependence of the reduced polarization
on the molecular structure of the nonchiral host phase, which
has been observed in the experiments@6,7#.

At the same time, in the chiral dopant molecules of type I
the chiral center is located in the flexible chain and usually
possesses significant rotational freedom with respect to the
rigid core ~see Fig. 5!. In this case the short molecular axes
b̂ and ĉ, which determine the orientation of the transverse
dipole m'5mxb̂1myĉ, are practically decoupled from the
short axesb̂8 and ĉ8, which specify the orientation of the
rigid core and determine the quadrupole order parameter

B5^(b̂8•m̂)22( ĉ8•m̂)2& in Eq. ~19!. Here the reduced po-
larization does not depend on the biaxiality order parameter
of the core. On the other hand, for dopant molecules of type
I we do not expect any significant quadrupole ordering of the
chiral center itself. Thus the spontaneous polarization in-
duced by a chiral dopant of type I is determined by the first
term in square brackets in Eq.~19!. The reduced polarization
can be written approximately as

P052
1

2
r0xDx0~S•m'!. ~20!

In Eq. ~20! only the vectorS can depend on the parameters
of the nonchiral host molecules. However, it will be shown
in Sec. III that the predominant contribution toS depends
mainly on the average polarizability of the nonchiral host
molecules, which does not differ much for the host phases
used in the experiment@3#. Thus we arrive at the conclusion
that the reduced polarization induced by the chiral dopant
molecules of type I can only weakly depend on the param-
eters of the nonchiral smectic-C host phase. This conclusion
is in accordance with our experimental data discussed in the
Introduction.

It should be noted, however, that these results strictly ap-
ply only to chiral dopant molecules that possess a simple
chiral center in the flexible chain~i.e., one chiral carbon, for
example!. Such a chiral dopant molecule is presented as type
I in Fig. 1. As an example, the dopantA9 @4# is given in
Table I. The majority of the existing dopant molecules are of
this type@13#. There are, however, chiral dopants in which
the chiral center is located in the flexible chain but is a part
of some small flat fragment@26,27#. In this case the flat
fragment can also possess some quadrupolar ordering in the
smectic-C* phase. As a result, the spontaneous polarization
will depend on the corresponding quadrupole order param-
eter and therefore will depend on the molecular structure of
the nonchiral host phase. This conclusion is supported by our
recent experimental data on oxirane derivatives@27#, which
possess two neighbor chiral carbons in the flexible chain,
bonded with the same oxygen atom in an epoxy ring. An
example is given in Table I~dopant W46!.

C. Sign inversion of the spontaneous polarization

Equation~19! can also be used to explain why the same
chiral dopant of type II can induce polarizations of opposite
signs in different nonchiral smectic-C host phases, as ob-
served in experiments. We propose that this is related to the
sign reversal of the quadrupole order parameterB of the
chiral molecules.

We note that from symmetry reasons the average orienta-
tion of the flat molecular core in the smectic-C phase can be
either parallel or perpendicular to the tilt plane. However,
recently, Stegemeyer and Stockel obtained some indications
from FTIP data that the benzene ring of the chiral molecule
~of type I! is oriented parallel to the tilt plane@16,28#. Let us
then take the short molecular axisb̂ to be perpendicular to
the core. Then one can readily see from the definition of the
quadrupole order parameterB @see Eq.~15!# that positive
values ofB correspond to the case when the equilibrium
orientation of the flat core is parallel to the tilt plane. Nega-
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tive values ofB correspond to an average orientation of the
core perpendicular to the tilt plane. The equilibrium orienta-
tion of the guest molecule is determined by the short-range
interaction between the rigid cores of the guest and host mol-
ecules. These interactions are discussed in more detail in
Sec. III B. Here we stress that both the steric repulsion be-
tween flat cores and the dispersion interaction between po-
larizable rings promote parallel orientation of the cores of the
neighbor molecules. Thus the rigid core of a chiral guest
molecule is normally expected to be parallel to the cores of
the nonchiral host molecules.

On the other hand, the width to breadth ratio~i.e., the
‘‘flatness’’! of the typical rigid core is rather small~less than
2!. In this case the equilibrium orientation can be changed by
some strong specific intermolecular interaction of the oppo-
site sign. In our systems the molecules of several smectic-
C host phases possess the strongly polar CN group that is
perpendicular to the cyclohexane ring~see the molecular
structure in Ref.@6#. It will be shown in Sec. III B that the
dipole-dipole induction interaction between this dipole and
the polarizable core of the guest molecule can promote the
perpendicular orientation of the core with respect to the cores
of the nonchiral host molecules. At the same time we have
used also host smectic-C phases composed of molecules
with the C5O dipole, which is approximatelyparallel to the
rigid core @6# ~see Fig. 10!. In the latter case the core of the
guest molecule is expected to be parallel to the cores of the
neighboring host molecules.

Thus we arrive at the conclusion that the rigid core of the
chiral guest molecule can have different equilibrium orienta-
tions in different smectic-C host phases. These different ori-
entations correspond to opposite signs of the quadrupole or-
der parameterB in Eq. ~19!. As a result, the spontaneous
polarization can change sign if one host phase composed of
molecules with in-plane dipoles is substituted for a different
smectic-C matrix, composed of molecules that possess large
dipoles perpendicular to the flat core. This qualitative con-
clusion is generally supported by our experimental data@8#.

We note that, according to Eq.~19!, the possibility of
observing the sign inversion of the spontaneous polarization
caused by the sign reversal of the parameterB, depends on
the relative orientation of the electric and steric molecular
dipoles. The quadrupole order parameterB can vary between
the values ofB511 and21 @see Eq.~16!#. For the limiting
value B51 we obtain P0

(1)52r0xDx0J0sxmx , and for
B521 we obtainP0

(2)52r0xDx0J0symy . Thus the actual
sign of the ratioP0

(1)/P0
(2)5sxmx /symy is determined by the

angle between the transverse steric dipoles' and the trans-
verse electric dipolem' . It is possible to distinguish four
different cases, which are presented in Fig. 7.

Now we are in a position to interpret the sign inversion of
the spontaneous polarization caused by a change in the con-
centration of chiral dopant molecules in the induced smectic-
C* phase@8#. This inversion can also be related to the op-
posite signs of the quadrupole order parameterB of the dop-
ant molecules in the corresponding pure smectic-C* phase
and in the nonchiral smectic-C host phase. The different ori-
entations of the guest molecule in these two systems are
determined by the fact that in the pure smectic-C* phase a
chiral dopant molecule is surrounded by the same chiral mol-

ecules, while in the nonchiral smectic-C host phase~when
xD!1) the dopant molecule is interacting only with the mol-
ecules of the host material. In this case the spontaneous po-
larization can also have opposite signs atxD!1 and at
xD51 and will vanish at some critical dopant concentration
xD
0 as observed in the experiment@8#.
Finally, we note that, according to Eq.~19!, the spontane-

ous polarization can change sign when the orientation of the
transverse electric dipolem' or the steric dipoles' is re-
versed with respect to the rest of the molecular structure.
This result can be used to explain why the two similar chiral
dopants AS161 and AS157~the molecular structure of
AS161 is given in Table I! induce polarizations of opposite
signs in the same nonchiral smectic-C host phases as shown
in Fig. 8 @7#.

In the dopant AS161 the transverse C5O dipole is located
in the 11th position of the steroid skeleton pointing above the
core plane, whereas in AS157, with the C5O dipole in the

FIG. 7. Four possible relative orientations of the electric (m')
and the steric dipole (s') within a dopant molecule.

FIG. 8. PolarizationP0 vs mole fractionxG of the steroid ke-
tones AS157 and AS161~see Table I! as dopants in the host
NCB84.DT55K.
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12th position, it points in the direction below the plane. This
situation is illustrated in Fig. 9 for quite similar steroid skel-
etons with the C5O dipole in the 11th and 12th positions,
respectively. These skeletons obtained by molecular model-
ing demonstrate that the molecular structure is practically the
same, except for the orientation of the C5O dipole with
respect to the core plane. In addition, in Fig. 9 we present the
epoxy derivative~AS478! with the transverse dipole origi-
nating from a three-membered oxirane ring oriented nearly
completely within the core plane. As expected, the value of
the polarizationPs is in between the values for the 11th and
12th derivatives~see the caption for Fig. 9! @29#.

We note that the different orientations of the C5O di-
poles in the molecules AS161 and AS157 does have a strong
effect on the transverse steric dipole, which is an integral
parameter of the molecular shape. Thus the reversal of this
C5O dipole ~with the transverse steric dipole remaining
practically the same! can change the sign of the polarization
according to Eq.~19!.

III. MOLECULAR THEORY
OF FERROELECTRIC ORDERING
IN MIXED SMECTIC- C* PHASES

A. Interaction between polar and chiral molecules

The spontaneous polarization of the induced smectic-C*
phase is given by the general equation~17!. We note that the
polarization is mainly determined by the quantityS because
the polarization vanishes whenS50. Thus the quantityS is
supposed to represent the specific interactions between polar
and chiral molecules that are responsible for the ferroelectric
ordering.

The general expression for the vectorS is derived in Ap-
pendix. According to Eq.~A13! the vectorS is a sum of two
terms proportional to the molar fractions of dopant and host
phase molecules, respectively,

S5xMS
M1xDS

D. ~21!

In this expression the coefficientSM @see Eq.~A14!# is de-
termined by the interaction between dopant and host phase

molecules, while the coefficientSD represents a contribution
from the dopant-dopant interaction. At small dopant concen-
tration xD!1 the first termxMS

M is predominant and the
spontaneous polarization is determined by the interaction be-
tween a chiral dopant molecule and the neighbor molecules
of the nonchiral smectic-C host phase.

In the general case the vectorS depends on the corre-
sponding intermolecular interactions and can be expressed in
terms of some moments of the direct correlation functions
CMD(1,2) andCDD(1,2) between dopant and host phase
molecules@see Eqs.~A7!, ~A8!, and~A14! for more details#.
The general expansion of the corresponding correlation func-
tions is given by Eq.~A8! of the Appendix. Taking into
account that different terms in expansion~A8! are orthogo-
nal, one obtains

Jx
Da512E CDa~ b̂1 ,b̂2 ,ĉ1 ,ĉ2 ,u12!~ b̂1•@ n̂3û12# !

3~ n̂•û12!db̂1db̂2dû12,

Jy
Da512E CDa~ b̂1 ,b̂2 ,ĉ1 ,ĉ2 ,û12!

3~ ĉ1•@ n̂3û12# !~ n̂•û12!db̂1db̂2dû12, ~22!

whereû125r12/r 12 .
Equation ~22! enables one to determine the quantityS

using some approximations for the direct correlation func-
tions and some model for a chiral and polar molecule of the
smectic-C* liquid crystal. However, before discussing these
models, it is reasonable to consider some qualitative proper-
ties of the quantityS.

We note that in principle there are two possibilities to
compose the pseudovectorS using characteristic molecular
parameters. The first possibility is to expressS as

S5s0D, ~23!

wheres0 is some polar vector, which characterizes the mo-
lecular properties~for example,s0 can be the molecular per-
manent electric or steric dipole! andD is a pseudoscalar that
characterizes the molecular chirality.

In this case the pseudovectorS directly represents mo-
lecular chirality and therefore is determined by chiral inter-
molecular interactions. The corresponding chiral interac-
tions, which can be responsible for the ferroelectric ordering,
have been discussed in detail in@12–14#. The molecular
model used in@13,14# is based on the observation that the
large spontaneous polarization is found in smectic-C* liquid
crystals composed of molecules with large dipoles in the
chiral center. In this case the spontaneous polarization is
mainly determined by the induction interaction between the
dipole in the chiral center and the polarizability of a neigh-
boring molecule. This attraction interaction is modulated by
the short-range steric repulsion between molecules of asym-
metric shape. In the context of this model the spontaneous
polarization can be expressed as@13,14#

Ps5~m'•S!~ n̂•ê!@ n̂3ê#, ~24!

where

FIG. 9. Molecular skeletons of steroid ketones used as type-II
dopants bearing a C5O dipole in the 11th position of the core
~AS467, below the core plane! or in the 12th position~AS453,
above the plane! and an epoxy ring located in plane~AS478!. The
polarization values~in nC/cm2) are AS467,1109; AS478,230;
and AS453,271 ~host NCB808!.
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S's0J0 ~25!

and

J05k0DxMD, k052~225/4!~r2/kT!~D/L !6.

Heres0 is the transverse steric dipole that characterizes the
polar deviation from the uniaxial molecular shape andD is a
measure of molecular chirality in the context of this model

D5~m•â!@m3â#•o, ~26!

wherem is the dipole moment of the chiral center,â is the
molecular long axes, ando is the vector pointing from the
molecular center of mass to the chiral center. One can readily
see that the pseudoscalar parameterD possesses opposite
signs for left-handed and right-handed enantiomeric mol-
ecules because the product@m3â#•o changes sign under the
simultaneous transformationm→2m,â→2â, ando→2o.

Equations~24!–~26! have also been used in the descrip-
tion of the ferroelectric properties of the induced smectic-
C* phase at small dopant molar fraction@13,30#. In this case
the electric dipolem, the steric dipoles0, and the chirality
parameterD are the parameters of the chiral dopant mol-
ecules. The only parameter that corresponds to nonchiral
molecules of the host phase is the polarizability anisotropy
DxM . Thus, in this case the dependence of the spontaneous
polarization on the parameters of the smectic-C host phase is
not expected to be strong. However, in the context of this
model there still must be some dependence because the po-
larizability anisotropy is rather sensitive to the global struc-
ture of a mesogenic molecule~for example, it must be sen-
sitive to the number of aromatic rings!. However, we shall
see below that there exists another contribution to the spon-
taneous polarization that has not been considered in@12–14#.
This contribution is even less sensitive to the molecular
structure of the smectic-C host phase and can be the pre-
dominant one under favorable conditions.

The new contribution to the spontaneous polarization is
related to the second possible structure of the pseudovector
S. We note thatS can also be a cross product of any two
polar vectors that characterize the molecular structure. For
example, one of these vectors can be in the direction of the
molecular long axisâ while the second polar vector could be
the molecular transverse electric or steric dipole. Then the
pseudovectorS could be expressed as

S}^@s03â#~s0•â!&, ~27!

where we have taken into account thatS must be even in
â.

In order to study this possibility in more detail, let us
consider the simple induction interaction between the perma-
nent dipolem and the permanent quadrupoleQab of the
chiral dopant molecule on the one hand and the polarizability
xab of the host phase molecule on the other:

Vdq~ i , j !5(
nj

~Eoj
M2Enj

M !21^oj uUdq~ i , j !unj&^nj uUdduoj&

1c.c., ~28!

where uoj& and unj& represent the ground state and the ex-
cited state of the host phase molecule j, respectively,
Eoj
M2Enj

M is the excitation energy of the molecule j, and c.c.
stands for complex conjugate. The dipole-dipole interaction
potential Udd( i , j ) and the dipole-quadrupole potential
Udq( i , j ) can be written as

Udd~ i , j !5m iapjbTab~r i j !, Udq~ i , j !5QiabpjgTabg~r i j !,
~29!

where

Tab~r !5
1

R3 ~dab23uaub!,

Tabg~r !5
1

2R5 ~3dabug13dagub13dbg25uaubug!,

~30!

and pj is the induced dipole of the host phase molecule
û5R/R.

Equation~28! can be rewritten in the form

Vdq5
1

2
xmn
D Tma~r i j !m iaTngdQgd , ~31!

where

xmn
D 52(

nj
~E0 j2Enj!

21upj umupj un ~32!

is the polarizability of the host phase molecule. The pre-
dominant contribution to the induction interaction~31! is one
that involves the average polarizabilityxD5Trxab

D Then the
main contribution to the potential~31! reads

V̄dq~ i , j !5
1

2
xDTab~r i j !m iaTbgd~r i j !Qigd . ~33!

With the help of Eq.~30! the productTabTbgd can be ex-
pressed as

Tab~R!Tbgd~R!5
1

2R7 @3dgaud13ddaug

22dgdua25uagd#.

Finally, the induction interaction between the permanent di-
pole and the quadrupole of the dopant molecule and the av-
erage polarizability of the host phase molecule can be written
as

V̄dq~ i , j !5xD
1

4R7 @6~mi•Qi•û!25~mi•û!~ û•Qi•û!#. ~34!

We note that the induction interaction~34! itself does not
contribute to the free energy of the homogeneous smectic-
C* liquid crystal because it is odd inû and therefore van-
ishes after integration overr i j . However, the contribution
becomes nonzero if one takes into account the polar devia-
tion from the ‘‘cylindrical’’ molecular shape that is charac-
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terized by the steric dipoles' . The same argument has al-
ready been used in@12,14# in the derivation of Eqs.~24! and
~25!.

The short-range repulsion between asymmetric molecules
can be taken into account by using the generalized mean-
field approximation for the direct correlation function

C2~ i , j !52
1

kT
exp@2bVst~ i , j !#V̄dq~ i , j !, ~35!

where the potentialV̄dq( i , j ) is given by Eq. ~33! and
Vst( i , j ) is the energy of steric repulsion. The function
exp@2bVst( i , j )# can be rewritten in the form of a step func-
tion V(r i j2j i j ), wherej i j is the minimum distance of ap-
proach for the two moleculesi and j . The function
V(r i j2j i j )50 when the molecules penetrate each other
~i.e., r i j,j i j ) and V(r i j2j i j )51 otherwise. Substituting
Eq. ~34! into Eq.~35! and then into the general equation~A6!
and~A7! we obtain, in the case of the perfect nematic order-
ing, the following contribution to the effective one-particle
potential:

C1~ b̂,ĉ!52r0
1

4kT
~12s!E dûi j j i j

24d„~ ûi j •ê!
221…

3@6~mi•Qi•ûi j !25~mi•ûi j !~ ûi j •Qi•ûi j !#

1r0
1

4kT
sE dûi jd@~ ûi j •ê!#j i j

24@6~mi•Qi•ûi j !

25~mi•ûi j !~ ûi j •Qi•ûi j !#, ~36!

where we have taken the integral overr i j .
In general the functionj i j depends on the orientation of

the short molecular axes of the two molecules. For the mol-
ecules with parallel long axes one can approximately write

j i j'D1~si•ûi j !1~sj•ûi j !1•••, ~37!

wheresi andsj are the transverse steric dipoles of the mol-
eculesi and j , respectively.

In the description of the ferroelectric properties of the
smectic-C* phase one can, in a first approximation, neglect
the interaction between the molecules in neighboring smectic
layers because the corresponding intermolecular interaction
is much weaker than the interaction between neighboring
molecules that belong to the same smectic layer. Substituting
Eq. ~37! into Eq. ~36! and neglecting the first term in Eq.
~36!, one obtains, after integration overûi j ,

C1~ b̂,ĉ!'
r0x

Hs

48kTD5 @10~m•ê!~s•Q•ê!22~s•ê!

15~s•m!~ ê•Q•ê!215~s•ê!~m•ê!~ ê•Q•ê!#.

~38!

Equation ~38! represents a contribution from the dipole
and quadrupole induction interaction to the effective one-
particle potential of the smectic-C* phase. On the other
hand, the general expansion of the one-particle potential
C1(b̂,ĉ) is given by Eq.~5!. At this stage we are interested
only in the second term (S•w) in expansion~5!, which gives

rise to the spontaneous polarization. Thus one has to single
out the corresponding contribution from Eq.~38!. Then it
will readily be possible to derive an explicit expression for
the vectorS, which is used in expressions~19! and ~20! for
the spontaneous polarization. A possible way to do this is to
define a vectorp, parallel to the spontaneous polarization:

p5E db̂ m'DC1~ b̂,ĉ!, ~39!

For symmetry reasons@see the derivation of Eq.~14! in Sec.
II # the vectorp must have the form

p5
1

2
~S•m'!~ n̂•ê!@ n̂3ê#, ~40!

and thus the vectorS can be obtained from the explicit ex-
pression forp. We note that not all terms in Eq.~38! con-
tribute to the spontaneous polarization. For example, the
term (s•m)(ê•Q•ê) does not depend on the orientation of the
short molecular axes if the tensorQab is uniaxial.

Substituting Eq.~38! into Eq. ~39! and assuming for sim-
plicity that the molecular quadrupole tensorQab is uniaxial
„i.e.,Qab5Q@aaab2(1/3)dab#… one obtains

p5
7

396
r0

xHs

kTD5Q$m'•@s3â#~m•â!w%. ~41!

From Eqs.~40! and~41! one obtains the final expression for
the parameter (m•s) in Eqs.~19! and ~20! for the spontane-
ous polarization

~m•s!5
7

144

r0sxH

kTd5
Q~m'•@s3â# !~m•â!. ~42!

We note that the quantity (m'•s) is indeed proportional to
the pseudoscalar parameterD05(m'•@s3a#)(m•â), which
is a measure of molecular chirality in the context of this
simple model. In this case the molecular chirality is charac-
terized by three noncoplanar vectors: the steric dipoles, the
electric dipolem, and the long molecular axisâ. The chiral-
ity parameterD0 is nonzero when these three vectors are not
parallel to the same plane. It should also be noted that the
pseudoscalarD0 differs fromD given by Eq.~23! and ~26!
because it is based on a different molecular model.

If the chiral center of the dopant molecule is in the flex-
ible chain, the orientation of the molecular hard core is prac-
tically decoupled from that of the chiral center. As discussed
in Sec. II, in this case the spontaneous polarization is deter-
mined by the first term in Eq.~19!:

Ps'r0xDx0~m•s!sin2Q. ~43!

In the general case the quantity (m•s) is a sum of the two
different contributions given by Eqs.~24! and ~25! and Eq.
~41!, respectively. These contributions are determined by dif-
ferent intermolecular interactions. However, in the case of
large molecular quadrupolesQ the contribution~41! is pre-
dominant and the spontaneous polarization can approxi-
mately be expressed as
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Ps'
1

2
r0
2xDkD0x

Hsin2Q, ~44!

wherek5(7/144)(sQx0 /kTD
5).

We note that in this case the spontaneous polarization is
approximately proportional to the average polarizabilityxH

of the host phase molecule. This polarizability is related to
the average refractive index of the host phase, which does
not significantly depend on the molecular structure of the
nonchiral smectic-C phase. Thus the spontaneous polariza-
tion, induced by chiral dopant molecules of type I~see Fig.
1!, is not expected to depend significantly on the molecular
structure of the host phase. This conclusion is in agreement
with our experimental data@3,5,6#.

B. Sign inversion of the quadrupole order parameter
of a dopant molecule in the smectic-C* phase

In the preceding subsection we have obtained an expres-
sion for the spontaneous polarization induced by chiral dop-
ant molecules of type I that possess a chiral center in the
flexible chain. In this case the spontaneous polarizationP0
appears to be practically independent on the molecular struc-
ture of the smectic-C host phase. By contrast, the spontane-
ous polarization induced by dopant molecules of type II is
very sensitive to the molecular parameters of the host phase
because it depends on the quadrupole order parameterBD of
the dopant molecule in the host phase.@See the second term
in Eq. ~19!#. In the general case the parameterBD is deter-
mined by the sum of all intermolecular interactions with qua-
drupolar symmetry. Thus one expects that the parameter
BD must depend, for example, on the shape and polarizabil-
ity anisotropy of the hard core of the host phase molecule.
This conclusion enables one to understand qualitatively the
host phase dependence of the spontaneous polarization ob-
served in Refs.@2,6#.

It should be noted that one and the same chiral dopant of
type II can induce polarizations of opposite signs in different
smectic-C host phases~see Fig. 2!. This result is more diffi-
cult to explain in the context of the present theory. Indeed,
the first term in Eq.~19! for the spontaneous polarization
practically does not depend on the parameters of the smectic-
C host phase. The second term can depend on the host phase
only via the quadrupole order parameterBD . Thus the only
possibility to explain the host phase dependence of the po-
larization sign is to assume that the quadrupole order param-
eter of the dopant molecule can have opposite signs in dif-
ferent host phases.

This possibility seems to be in contradiction with naive
expectations because, from the close-packing point of view,
flat cores of dopant and host phase molecules are expected to
be parallel. In this case the sign of the parameterBD must
always coincide with that of the quadrupole order parameter
BH of the host phase. Nevertheless, we are going to show
that in some cases the flat core of a dopant molecule can be
oriented perpendicularly to the core of the neighbor host
phase molecule due to strong dipole-induced dipole interac-
tion between the transverse dipole of the host phase molecule
and the polarizability of the dopant molecule hard core.

We note that some of the smectic-C host phases used in
@3# ~see Table 2 of Ref.@3#! are composed of molecules

possessing large transverse dipoles that are approximately
perpendicular to the plane of the ring~e.g., CCN host com-
pounds with a CN dipole perpendicular to the cyclohexane
ring!. At the same time, in other host smectic-C phases the
molecules bear the transverse dipoles approximately parallel
to the plane of the rings~e.g., host compound 8OO7 with the
in-plane C5O dipole!. This situation is shown in Fig. 10.
From Fig. 2 one can readily see that opposite signs of the
induced polarization are observed for host phases that differ
significantly in the orientation of the dipole with respect to
the flat core. The importance of the dipole orientation within
a hard-core structure can be understood in the following
simple way.

Let us consider the induction interaction between the per-
manent dipolemH of the host phase molecule and the polar-
izability of the neighbor dopant molecule. The corresponding
interaction potential can be written as

Vind~ i , j !5ma
HTab~r i j !xbg

D Tgd~r i j !md
H , ~45!

whereTab is given by Eq.~30! andxbg
D is the polarizability

of the dopant molecule. The tensorxab
D can be represented as

a sum of its irreducible components

xab
D 5x̄Ddab1DxD~aab2 1

3dab!1Dx'
D~babb2cacb!,

~46!

wherex̄D is the average polarizability,DxD is the anisotropy
of the polarizability, andDx'

D is the anisotropy of the trans-
verse polarizability of the dopant.

In this section we consider the interaction potential be-
tween two molecules with parallel long axes. In this case one
has to take into account only the last term in Eq.~46! be-
cause this is the only one that depends on the orientation of
the short molecular axesb̂ and ĉ. Now we discuss the influ-
ence of the interaction~45! on the value and sign of the
quadrupole order parameter of the dopant moleculeBD ,
given by

BD5E db̂@~ b̂•m̂!22~ ĉ•m̂!2# f D~ b̂,ĉ!, ~47!

where f D(b̂,ĉ) is the distribution function of the dopant in
the smectic-C* phase.

By contrast to the spontaneous polarization, the quadru-
pole order parameter does not vanish in the nochiral smectic-
C phase. Thus, in the first approximation one can neglect the

FIG. 10. Schematic structures of different host phase molecules
showing the transverse dipolem' in the core plane~e.g., host 8007!
or perpendicular to the core plane~e.g., NCB808!.
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relatively weak chiral part of the total interaction in Eqs.~4!
and ~12! for the distribution functionf D . Then the function
f D can be expressed as@see Eqs.~4!, ~12!, and Eq.~A13!#

f D~ b̂,ĉ!5
1

Z0
exp$2b~DKsin2Q1DM !

3@~ b̂•m̂!22~ ĉ•m̂!2#%, ~48!

where

DK5xDK
D1xHK

H, DM5xDDMDBD1xHDMHBH .
~49!

We note that in the general case the distribution function
of the dopant depends on the molar fractions of the dopant
and host phase moleculesxD andxH and on the correspond-
ing quadrupole order parametersBD andBH . However, at
small dopant molar fractionxD!1 one can neglect the cor-
responding contributions in Eqs.~49!. At small tilt angles
Q!1 it is also possible to neglect the termDKsin2Q in Eq.
~48!. Then one obtains the following simplified equation for
the quadrupole order parameter of the dopant molecule:

BD'
1

Z0
E cos2c exp~2bxHDMHBHcos2c!dcosc, ~50!

where cosc5(b̂•m̂). According to Eq.~50!, at small dopant
concentration and small tilt angles the dopant quadrupole
order parameter is determined by the quadrupole order pa-
rameterBH of the host phase and by the coupling constant
DMH, which is related to the corresponding interactions be-
tween dopant and host phase molecules. We note also that
the sign of the parameterBD is reversed if the coupling con-
stantDMH changes sign.

Now we are in a position to consider the influence of the
induction interaction~45! on the sign of the quadrupole order
parameterBD . For this purpose we calculate the contribution
from the interaction~44! to the coupling constantDMH us-
ing the mean-field approximation for the direct correlation
functionCHD(1,2). Substituting the last term of Eq.~46! for
the polarizabilityxab

D into Eq.~45! for the induction interac-
tion potential and then substituting Eq.~45! into the general
Eqs.~A6! and ~A7!, one obtains after integration overr i j

dCD~cos2c!'xHDMHBHcos2c, ~51!

where

DMH5
1

9
r0sDx'

D~mx
22my

2!. ~52!

One can readily see from Eq.~50! that the coupling constant
DMH can have different signs depending on the orientation
of the permanent dipolem'

H of the host phase molecule with
respect to the main axes of the molecular hard core. The sign
of DMH is determined by the factor (mx

22my
2). According to

our definition of the quadrupole order parameter, the param-
eterBH is positive if the molecular short axisb̂ is approxi-
mately parallel to the direction of the spontaneous polariza-
tion. Let us assume that the axisb̂ is perpendicular to the
plane of the hard core. In this casemx is the component of

the transverse dipole that is perpendicular to the core and
my is the corresponding component that is parallel to the
core.

In the experiments described in Ref.@7#, some host phases
possessed the strongly polar CN group that is approximately
perpendicular to the flat hard core~see Fig. 10!. In this case
mx@my and the quantity (mx

22my
2) is positive. It follows

then from Eqs.~50! and~52! that the sign of the quadrupole
order parameterBD is opposite that of the order parameter
BH . This means that the flat core of the dopant molecules is
oriented perpendicularly to the flat cores of neighboring host
phase molecules. This result can readily be understood quali-
tatively. Indeed, the flat core of the dopant molecule is sup-
posed to be more polarizable in the direction parallel to the
core. Then the core of the dopant molecule has a tendency to
be parallel to the transverse dipole of the neighbor host phase
molecule. This dipole is perpendicular to the plane of the
host phase molecule hard core and, as a result, the hard core
of the dopant molecule is also oriented perpendicular to
those of the neighboring host phase molecules.

By contrast, for host phase molecules with large in-plane
dipoles ~see Fig. 10! one findsmy@mx and therefore the
corresponding factor is negative. In this case the sign of the
quadrupole order parameterBD coincides with that of the
parameterBH and hence the flat core of the dopant molecule
is oriented parallel to the flat cores of the neighboring host
phase molecules. These qualitative results, obtained in the
framework of a simple molecular model, enable one to ex-
plain the experimental results of Ref.@7#.

Finally, we consider the case when the molar fraction of
the dopant is not small. This corresponds to our recent mea-
surements of the spontaneous polarization in a broad range
of concentrations of the chiral mesogenic compound@8#. In
this system the sign inversion of the polarization has been
observed at relatively large dopant molar fractionxD'0.5
~see Fig. 3!. We note that Eqs.~48! and ~49! for the distri-
bution function of the dopant molecules are valid for arbi-
trary concentration of the chiral dopant. Then, at small tilt
anglesQ2!1 the quadrupole order parameter of the dopant
can be expressed as

BD5
1

Z0
E cos2c expF2

1

kT
~xHDMHBH

1xDDMDBD!cos2c Gdcosc. ~53!

Here the coupling constantDMH is determined by the
interaction between dopant and host phase molecules, while
the constantDMD is determined by the interaction between
two dopant molecules. At small dopant molar fraction the
quadrupole order parameterBD is determined only by the
constantDMH. As discussed above, this coupling constant
can be negative if the host phase molecules possess large
transverse dipoles that are perpendicular to the flat core.
Then the quadrupole order parameter of the dopant is nega-
tive, while that of the host phase is positive.

In the opposite limiting case of high dopant molar fraction
~i.e., whenxH!1) the parameterBD is mainly determined
by the dopant-dopant interaction. It is reasonable to assume
that the flat cores of twoequal dopant molecules always
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have a tendency to be parallel and thus the coupling constant
DMD must always be positive. Then the quadrupole order
parameterBD is also positive at high dopant concentration
~including the smectic-C* phase composed of dopant mol-
ecules only!.

Thus we arrive at the conclusion that if the host phase
molecules possess large dipoles perpendicular to the flat
core, as it is the case for CCN hosts~see Fig. 10!, the quad-
rupole order parameter of the dopant is expected to have
opposite signs at small and large dopant molar fractions, re-
spectively. Therefore the quadrupole order parameterBD
must change sign at some intermediate dopant concentration.
According to Eq.~19!, this sign reversal ofBD can induce a
sign inversion of the spontaneous polarization~if the quad-
rupole order parameter is large!. These qualitative arguments
can be considered as an explanation of the polarization sign
inversion observed in@8#.

IV. DISCUSSION

In recent years the properties of induced smectic-C*
phases have been extensively studied experimentally by
Stegemeyeret al. @3# and it became clear that a number of
new results cannot be explained in the framework of the
existing theory@13,14#. In this paper we have made an at-
tempt to explain qualitatively the main ferroelectric proper-
ties of induced smectic-C* phases using the general statisti-
cal theory presented in the Appendix, and a more realistic
molecular model. We have also presented several very recent
results that confirm some of our theoretical conclusions
@7,8,23#.

The molecular model used in the present theory takes into
consideration the following two characteristics of the mo-
lecular structure of the dopant molecules. First, we distin-
guish between the chiral dopant molecules of type I and type
II, which are schematically presented on Fig. 1. The differ-
ence between the two types of the dopant molecules is in the
position of the chiral center and of the transverse dipole. In
molecules of type I both are located in the flexible chain and
possess a significant rotational freedom with respect to the
molecular rigid core. In molecules of type II both are located
in the rigid core.

Second, we take into account that molecular rigid cores
are biaxial in shape and possess some quadrupole-type order-
ing in the biaxial smectic-C* phase. This quadrupole order-
ing of flat rigid cores is not related to chirality and exists also
in the nonchiral smectic-C phase. Nevertheless, in the ferro-
electric smectic-C* liquid crystals the quadrupole ordering
of the core can be strongly coupled with the polar ordering of
the molecular transverse dipole. However, this coupling is
different for dopant molecules of different types. In mol-
ecules of type I the transverse dipole is decoupled from the
rigid core and one cannot expect any significant influence of
the quadrupole ordering of the core on the ordering of this
dipole. We note that only the dipoles directly attached to the
chiral center are important here@13# because they take part in
the corresponding interaction between the chiral center and
the polarizability of the neighbor molecule~see Sec. III A!
that is responsible for the spontaneous polarization. By con-
trast, in molecules of type II the transverse dipoles are also
located in the rigid core and hence there must be a strong

coupling between the dipolar and quadrupolar types of order-
ing of such rigid cores. In Sec. II B we derived the explicit
expression for the polarization induced by the dopant mol-
ecules of type II, in terms of the quadrupole order parameter.
It has been shown that if the quadrupole order parameter is
large, it can influence both the absolute value and the sign of
the spontaneous polarization.

The polarization induced by the chiral dopant of type I is
determined mainly by the induction interaction between the
dipole and quadrupole of the chiral fragment of the dopant
molecule and the average polarizability of the host phase
molecule. The resulting polarization practically does not de-
pend on the molecular structure of the host phase because the
average polarizability is not sensitive to the details of the
molecular structure. At the same time the polarization in-
duced by the dopant of type IIis sensitive to the molecular
structure of the host phase because it depends on the quad-
rupole order parameter of the rigid core. At small dopant
molar fraction this quadrupole order parameter is determined
by the hard-core interaction between rigid cores of dopant
and host phase molecules and is expected to be sensitive to
the structure of both rigid fragments. In particular, it must be
sensitive to the orientation of the strong permanent dipole
with respect to the main axes of the hard core. As shown in
Sec. III B, the strong dipole-dipole induction interaction can
be responsible for the different signs of the quadrupole order
parameter of the dopant depending on the orientation of the
transverse dipole within the rigid core of the host phase mol-
ecule~see Fig. 10!. In the context of this model it is possible
to understand why one and the same chiral dopant can in-
duce polarizations of opposite signs in two different host
phases~see Fig. 2!. This effect is related to the different
equilibrium orientations of the dopant cores with respect to
the tilt plane in different host phases. In the two different
cases the transverse dopant dipole appears to be oriented
above or below the tilt plane@31#. One expects opposite
signs of the induced polarization in the two host phases if
one of them is composed of molecules with in-plane dipoles,
while in the molecules of the other phase the dipoles are
perpendicular to the flat rigid core~see Fig. 10!. In the same
way it is possible to explain qualitatively the sign inversion
of the spontaneous polarization induced by a change of con-
centration of the chiral dopant~see Fig. 3!. In this case the
polarization sign inversion is determined by the inversion of
the quadrupole order parameter of the dopant molecule. This
parameter is expected to have opposite signs in the two lim-
iting cases of very small and very large dopant concentra-
tion, respectively.

The quadrupole ordering of biaxial molecules has already
been taken into account in the theory of one-component
smectic-C* liquid crystals @11,31,9,10#. It has been shown
that the coupling between spontaneous polarization and the
quadrupole order parameter can be responsible for the un-
usual temperature variation of the polarization to tilt ratio
that is observed in some ferroelectric smectic-C* liquid crys-
tals close to the smectic-A–smectic-C* transition point@11#.
Two of the present authors have also used the simple model
of quadrupole ordering in the description of the strong sen-
sitivity of the spontaneous polarization to some changes of
the rigid core structure that affect neither the molecular
chirality nor the permanent dipole@31#. The results of the
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present paper also indicate that the molecular theory of the
induced smectic-C* phase appears to be incomplete if one
does not take into account quadrupole ordering. This order-
ing, however, seems to influence the spontaneous polariza-
tion only if the chiral center~and the transverse dipole! of the
dopant molecule is located in some rigid flat fragment that
can order independently in the biaxial smectic-C phase.
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APPENDIX: MOLECULAR THEORY OF
FERROELECTRIC ORDERING IN INDUCED
SMECTIC-C* PHASES—GENERAL RESULTS

As discussed in Sec. II, the spontaneous polarization is
determined by the difference between the one-particle distri-
bution functions of the smectic-C* and the smectic-A
phases:

Ps5r0xDE m'D f 1~x!dx, ~A1!

whereD f 1(x)5 f 1C(x)2 f 1A(x). The general expression for
the differenceD f 1 can be obtained using the density-
functional approach to the theory of liquid crystals@32#. In
this approach the free energy of the system can be repre-
sented as a functional of the one-particle density
r(x)5r0f 1(x). In the case of mixtures the free-energy
functional depends on the densitiesra(x) of all compo-
nents a. This functional can be written as a sum of
two terms F5F1H, where F is the free energy of
the system without intermolecular interactionsF5
(akTr0xa*dx f a(x)@ lnfa(x)11#, where f a(x) are the dis-
tribution functions of the molecules of the components and
a and xa are the corresponding molar fractions. The func-
tional derivatives ofH are related to the direct correlation
functions of the liquid crystal. For example,

d2H

d f a~x1!d f b~x!
52kTr0

2Cab~x1 ,x2!, ~A2!

whereCab(x1 ,x2) is the direct correlation function between
the molecules of componentsa andb.

This relation enables one to expand the free energy of the
ferroelectric smectic-C* phase with respect to its value in
the smectic-A phase, using the differencesD f a as expansion
parameters. One can neglect the higher-order terms in the
corresponding functional Taylor expansion of the free-
energy functional because for small tilt anglesQ the differ-
encesD f a are also small.

Now the free energy of the induced smectic-C* phase can
be written as

FC'FA1kTr0xDE dx f CD~x!ln@ f CD~x!/ f AD~x!#

1kTr0xHE dx f CH~x!ln@ f CH~x!/ f AH~x!#

2~kT/2!r0
2 (

a,b5H,D
xDxH

3E dx1dx2Cab~x1 ,x2!D f a~x1!D f b~x2!, ~A3!

wheref H(x) and f D(x) are the one-particle distribution func-
tions of the host phase and dopant molecules, respectively
while xH andxD are the corresponding molar fractions.

Minimization of the free energy~A3! yields the following
expression for the distribution functionf D :

f D~x!5 f D
A 1

ZD
expS xME CMD~x1 ,x2!D f M~x2!dx2

1xDE CDD~x1 ,x2!D f D~x2!dx2D . ~A4!

One can readily see from Eq.~A4! that in the general case
the distribution function of the dopant molecules is deter-
mined both by the correlation functionCMD(x1 ,x2) between
the dopant and host phase molecules and the correlation
functionCDD(x1 ,x2) between the dopant molecules. The lat-
ter contribution, however, is proportional to the molar frac-
tion of the dopant and therefore it is negligible when the
dopant concentration is small~i.e., when the dopant molecule
is surrounded predominantly by host phase molecules!.

In the case of perfect nematic order the distribution func-
tion f D(x) depends only on the orientation of the short mo-
lecular axesb̂ and ĉ @see Eq.~4! and Fig. 6#. Then Eq.~A4!
can be rewritten as

f D~ b̂,ĉ!5
1

ZD
exp@C1~ b̂,ĉ!#, ~A5!

where the effective one-particle potentialC1(b̂,ĉ) can be
represented as a sum of two terms

C1~ b̂,ĉ!5xMCM~ b̂,ĉ!1xDCD~ b̂,ĉ!, ~A6!

with

CM~ b̂,ĉ!5E C̄MD~ b̂,ĉ,b̂2 ,ĉ2!D f M~ b̂2 ,ĉ2!db̂2,

CD~ b̂,ĉ!5E C̄DD~ b̂,ĉ,b̂2 ,ĉ2!D f D~ b̂2 ,ĉ2!db̂2, ~A7!

where C̄MD(b̂,ĉ,b̂2 ,c2) and C̄DD(b̂,ĉ,b̂2 ,ĉ2) are the effec-
tive direct correlation functions averaged over all positions
of neighboring molecules in the ideal smectic structure:
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C̄ab~ b̂1 ,ĉ1 ,b̂2 ,ĉ2!5sE Cab~ b̂1 ,ĉ1 ,b̂2 ,ĉ2 ,r12!

3d„~r12•ê!…d
3r121~12s!

3E Cab~ b̂1 ,ĉ1 ,b̂2 ,ĉ2 ,êr 12!r 12
2 dr12.

~A8!

Herea5D, M ands is the fraction of nearest neighbors
that are in the same plane as the central molecule. The first
term in Eq.~A7! is a contribution from the correlations be-
tween the central molecule and the nearest neighbors of the
same component that are in the same smectic plane. For such

moleculesr12'ê. The second term is a contribution from the
molecules that are in two neighboring planes. In this case
r12i ê.

Equations~A5!–~A7! are the general expressions for the
effective one-particle potentialC1(b̂,ĉ), which has been in-
troduced phenomenologically in Sec. II. In Eqs.~A5!–~A7!
the effective potential is expressed in terms of the direct
correlation functions between host phase and dopant mol-
ecules. Now it is also possible to derive the expressions for
the quantitiesS, G, Kab , andMab in the expansion~5!.

For this purpose we expand the functionsCDM(1,2) and
CDD(1,2) in terms of irreducible tensors composed of the
components of the vectorsb̂, ĉ, û12, andn̂ and write down
the first few terms

CDj~ b̂1 ,ĉ1 ,b̂2 ,ĉ2 ,r12!5$~Jx
j b̂11Jy

j c1!•@ n̂3û12#~ n̂•û12!%1$~Jx
Db̂21Jy

Dĉ2!•@ n̂3û12#~ n̂•û12!%1Kx
D~ n̂•û12!~ b̂1•û12!

1Ky
D~ n̂•û12!~ ĉ1•û12!1Kx

j ~ n̂•û12!~ b̂2•û12!1Kx
j ~ n̂•û12!~ ĉ2•û12!1I xx

D j~ b̂1•b̂2!

1I yy
D j~ ĉ1• ĉ2!1I xy

D j@~ b̂1• ĉ2!1~ b̂2• ĉ1!#1GDjBab
~1!Bab

~2!1HDjBag
~1!ugubBab

~2!

1MDDBag
~1!ugub1MDjBag

~2!ugub , ~A9!

where j5H,D andBab
(1)5babb2cacb . Substituting Eq.~A9! into Eq. ~A8! and averaging overû12'ê one obtains

C̄D j~ b̂1 ,ĉ1 ,b̂2 ,ĉ2 ,ê!5$~Jx
j b̂11Jy

j ĉ1!•@ n̂3ê#~n•ê!%~12 3
2s!1$~Jx

Db̂21Jy
Dĉ2!•@ n̂3ê#~ n̂•ê!%~12 3

2s!

1Kx
D~ n̂•ê!~ b̂1•ê!~12 3

2 !1Ky
D~ n̂•ê!~ ĉ1•ê!~12 3

2 !1Kx
j ~ n̂•ê!~ b̂2•ê!~12 3

2s!

1Kx
j ~ n̂•ê!~c2•ê!~12 3

2s!1I xx
D j~ b̂1•b̂2!1I yy

D j~ ĉ1• ĉ2!1I xy
D j@~ b̂1• ĉ2!1~ b̂2• ĉ1!#

1SGDj1
s

2
HDj DBab

~1!Bab
~2!2HDj~11 1

2s!Bag
~1!egebBab

~2!

2MDD~11 1
2s!Bag

~1!egeb2MDj~11 1
2s!Bag

~2!egeb , ~A10!

where j5D,H.
Finally, one substitutes the functionsC̄DH(1,2) andC̄DD(1,2) into Eqs.~A4!–~A7! and performs the orientational averaging

with the distribution functionsD f H(b̂2 ,ĉ2) andD f D(b̂2 ,ĉ2). One obtains the following expressions for the two parts of the
effective one-particle potentialC1(b̂1 ,ĉ1):

CH~ b̂,ĉ!5Jx
HD~ b̂•w!1Jy

HD~ ĉ•w!1I xx
HD~ b̂•^b̂&!1I yy

HD~ ĉ•^ĉ&!1I xy
HD@~ b̂•^ĉ&!1~ ĉ•^b̂&!#1Kx

HD~ b̂•ê!~ n̂•ê!1Ky
HD~ ĉ•ê!~ n̂•ê!

1MHD@~ b̂•ê!22~ ĉ•ê!2#1GHDBH@~ b̂•w0!
22~ ĉ•w0!

2# ~A11!

and

CD~ b̂,ĉ!5Jx
DD~ b̂•w!1Jy

DD~ ĉ•w!1I xx
DD~ b̂•^b̂&!1I yy

DD~ ĉ•^ĉ&!1I xy
DD@~ b̂•^ĉ&!1~ ĉ•^b̂&!#1Kx

DD~ b̂•ê!~ n̂•ê!1Ky
DD~ ĉ•ê!~ n̂•ê!

1MDD@~ b̂•ê!22~ ĉ•ê!2#1GDDBM@~ b̂•w0!
22~ ĉ•w0!

2#, ~A12!

where

Ji
a5Ji

Da~11 1
2s!, Ki

a5Ki
Da~11 1

2s!,

MDa5MDa~11 1
2s!,

GDa522SGDa1
s

2
HDaD2sin2QHDa~11 1

2s!,

with a5M ,D and i5x,y.
Now Eqs.~A11! and~A12! can be reduced to the form of

Eq. ~12! after some straightforward algebra. One can readily
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see that @(b̂•ê)22( ĉ•ê)2#52cos22Q@(b̂•w0)
22( ĉ•w0)

2#,
^b̂&5(r0m)

21mxP, and ^ĉ&5(r0m)
21myP, wherem is the

absolute value of the molecular dipole andP is the macro-
scopic polarization. Using these relations the expression
MHD@(b̂•ê)22( ĉ•ê)2# in Eq. ~A11! can be transformed into
2MHDcos22Q@(b̂•w0)

22( ĉ•w0)
2#, which corresponds to

the fifth term in Eq.~12! of Sec. II. It is also possible to
rewrite the sum

I xx
MD~ b̂•^b̂&!1I yy

MD~ ĉ•^ĉ&!1I xy
MD@~ b̂•^ĉ&!1~ ĉ•^b̂&!#

as

~r0m
2!21~ I xx

MDmx1I xy
MDmy!~ b̂•P!

1~r0m
2!21~ I yy

MDmy1I xy
MDmx!~ ĉ•P!,

which corresponds to the third and fourth terms in Eq.~12!.
Finally, we note that the expressionsKx

M(n̂•ê)(b̂•ê) and
Ky
M(n̂•ê)( ĉ•ê) can also be rewritten in the familiar form@see

the first two terms in Eq. ~12!#, using the relation
ĉ5@ n̂3b̂#;

Kx
M~ n̂•ê!~ b̂•ê!1Ky

M~ n̂•ê!~ ĉ•ê!52Ky
M~ b̂•w!1Kx

M~ ĉ•w!.

Now we can finally rewrite Eqs.~A11! and ~A12! for the
effective one-particle potential in the form of the phenom-
enological Eq.~12!, obtained in Sec. II:

C1~ b̂,ĉ!5Sx~ b̂•w!1Sy~ ĉ•w!1Gx~ b̂•Ps!1Gy~ ĉ•Ps!

1DK@~ b̂•w!22~ ĉ•w!2#1DM @~ b̂•m̂!2

2~ ĉ•m̂!2#.

The coefficients of this effective potential are now expressed
as

Si5xMSi
M1xDSi

D ,

Gi5xMGi
M1xDGi

D ,

DK5xMM
M1xDM

D,

DM5xMDMMBM1xDDMDBD , ~A13!

wherei5x,y and

Sx
a5~Jx

Da2Ky
Ma!~11 1

2s!,

Sy
a5~Jy

Da1Kx
Ma!~11 1

2s!,

Gx
a5~r0m

2!21~ I xx
aDmx1I xy

aDmy!,

Gy
a5~r0m

2!21~ I yy
aDmy1I xy

aDmx!,

Ma52MaD~11 1
2s!,

DMa522SGaD1
s

2
KaDD2sin2QKaD~11 1

2s!.

~A14!

Herea5H,D andBH andBD are the quadrupole order pa-
rameters of the host phase and dopant molecules, respec-
tively.

Equations~A13! and~A14! express the coefficients in the
general expression of the effective one-particle potential~12!
in terms of the coefficients of expansion~A9! of the direct
correlation functionsCMD(1,2) and CDD(1,2) between
dopant-dopant and dopant-host phase molecules, respec-
tively. The general equations~A13! and ~A14! are used in
Sec. III in the discussion of the influence of different inter-
molecular interactions on the ferroelectric properties of the
induced smectic-C* phase.
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