PHYSICAL REVIEW E VOLUME 54, NUMBER 5 NOVEMBER 1996

Amplitude of the anomaly in the mass density near a liquid-liquid critical point
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We address two questions with respect to the amplitude of the critical anomaly in the mass @erthity
thermal expansionas a function of temperature in the one-phase region near a liquid-liquid critical point. First,
is this amplitude proportional to the difference in density between the two pure liquid components of the
mixture? A consideration of data from the literature on 11 liquid-liquid systems shows no such correlation, nor
is any such correlation expected from theory. Second, is this amplitude, as directly measured, thermodynami-
cally consistent with measurements of the heat capacity at constant pressure and conppgitorthe same
system? Data from the literature on 5 systems show that, in relating the critical coefficient of the density
anomaly to the critical coefficient & , , we cannot make a direct calculation of one from the other. If we try
to test the consistency among the critical behaviors of the thermal expasipandCy, , then the required
data are available for only one system and are not consistent. We attribute these problems to the behavior of
Cy x and also to the importance of terms other than the critical terms. We caution that the interpretation of the
amplitudes of small critical anomalies, such as in the density, must be done with care.
[S1063-651%96)04011-1

PACS numbegs): 64.70.Ja, 05.70.Jk, 82.60.Lf

[. INTRODUCTION density effect if the intrinsic anomaly iais to be analyzed.
Indeed, previous workers have found several systems in
We wish to address two questions with respect to thevhich the critical anomalies in the density are negligible
amplitude of the anomaly in the mass density as a function ofind/or measured, and the measured intrinsic critical anoma-
temperaturep(T) [or in its derivative with respect to tem- lies in e are then consistent with the predicted functional
perature at constant pressure, the thermal expansiofgrm for e [5-10].
—(dpl dT) plp] in the one-phase region approaching a liquid- Hamelinet al. [1] sought to find a system for which the
liguid critical point. First, is this amplitude proportional to critical anomaly in the density is negligible in order to ana-
the difference in density between the two liquids in the mix-lyze better the critical anomaly ie. They state that “the
ture? Second, is this amplitude, as directly measured, thesontribution of the thermal expansion divergence is related
modynamically consistent with measurements of the heat cde the mass density differenaep between the two phases.”
pacity at constant pressure on the same system? We take “between the two phases” to mean “between the
The first question is prompted by recent work by Hamelintwo pure components.” The experiment they present is
et al.[1], who sought to measure the intrinsic anomaly in thepredicated on the assumption that, if the difference in density
dielectric constant near the liquid-liquid critical point in between the two pure components is small, then the critical
methanot-cyclohexane. The mass density as a function ofanomaly in the density is small and a measurement of the

temperature is expected to have the fd@y8] dielectric constant is not “contaminated” by the anomaly in
- LewiA the density. This assumption of a correlation betwaprand
P=pct Rit+Rpt™ “+ Rt "2+ the amplitude of the critical anomaly in the density bears

_ 1—a close consideration since it is not a prediction of any theory
=P 11 (Ri/p)t+(Re/po)t of which we are awar¢l1]. Moreove?, as we show below,
+(R3/pc)tl—a+A+... , ) we find no such correlation in the available data.

The second question that we address is that of the ther-
wherep is the mass density in g/cnp, is the mass density modyna_lmic gonsistency of measured values of th_e thermal
at the critical point,T, is the critical temperature, is the ~ €xpansion with measured values of the heat capacity at con-
reduced temperaturf(T—T,)/T. for an upper consolute stant pressure. We begin with the exact thermodynamic re-
point and [T.—T)/T, for a lower consolute poifitand the  lation[12].
exponents are fixed at their theoretical val{jof «=0.11 Cp.x—Cux=T(VIIT)p ((dPIIT)y «, 2
andA=0.5. ThusR, is the amplitude of the leading critical
anomaly in the density. The functional form for the dielectricwhereCp , is the heat capacity at constant pressi?g énd
constante is the same as E@1), but with different values of composition ), Cy  is the heat capacity at constant molar
the amplitudes and of the constdi2;3]. Since the density volume (V) and temperatureT(), and the partial derivatives
and the dielectric constant have the same functional form foare as indicatedFor liquids, one actually measures the heat
the intrinsic critical behavior, measurementseofill reflect ~ capacity at the saturated vapor pressure rather than at con-
the anomaly in the density and must be corrected for thetant pressure, but this distinction is insignificaRor a lig-
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uid mixture at its critical concentrations is x.. Close correlations among the amplitudes of the terms in the fitted
enough toT., C,  is finite, Cp , is weakly diverging, and equation[19]. However, it is important to note that the fitted
(9T/9P)y « becomes the constand (./dP), so thaff13,14  amplitudes in Eq(1) can depend on the choice of terms to

(N1T)p = — (9pl9T) p?~Cp (AT /AP)Te.  (3) include in the equatiof18]. In particular, the value oR,

can depend on the choice of a “fourth” term as either a term

. . . gt A : : :
Equation(2) is thermodynamically exact and must always bein t*~*** or an analytic background term if. It is also

true. Equation(3) can be expected to hold only close enoughimportant for our purposes that we propagate error consis-
to the critical point that the behavior &%, , is not important.  tently: We report all fitted uncertainties at the 99% confi-

We can write a function fo€p , in the one-phase region dence level. When a term th~2 yields a differenR, than
near the critical poinf15] does an analytic background termtif) we use the average

0 . C of R, between the two fits and take the deviation from the
Cex=Cpxt (Apa)t” “[1+---], 4 mean as the uncertainty. We determie from handbook
values[20] of the densities of the pure components, extrapo-
lated toT, . The various parameters and amplitudes are listed
in Table 1.

For six systems—benzonitrileisooctane, triethylamine
+water, 2,6-lutiding-water, polystyrene diethyl malonate,
and polystyrene cyclohexane—Eq.(1) was used in the

(Ap Ja)==[(1—a)R,]/[p(dT./dP)], (5) original publications and the published amplitudes could be
' used for our purposes. For benzonititisooctand 21], Eq.

where the plus sign applies for a lower consolute point andl) described the data with three terms. For a fit with a fourth
the minus sign applies for an upper consolute point. term,R; was undetermined, bR, was unchangef®2]; thus

The problems with the range of validity of E(B), and Wwe use the published amplitude. For triethylamiweater,
thus the range of validity of Ed5), were discussed 20 years We use the published valugks,23. For 2,6-lutidinetwater,
ago by Subramanyam, Ramachandra, and Gddland by ~ Eg. (1) was used in the original publication; we take an av-
Morrison and Knoblef12], and more recently by Anisimov €erage over fits given for the two samples n&afor R,. For
[16]. Sometimes Eq(5) seems to wor18] and sometimes polystyrene-diethyl malonate[24], the original analysis
it does not wor17]. Anisimov [16] has asserted th&, , ~ found no significant magnitude fdR,; we use the upper
will have behavior that can be described by 4 anomaly in  limit of —0.022£0.027. For polystyrenecyclohexand25],
all the experimentally accessible regions and that thereforg0 significant critical anomaly was found; we URg~0. We
Eq. (3) will not be valid in the experimentally accessible caution that for polystyrenediethyl malonate and for
region. polystyrene-cyclohexane, we takAp between a solid pure

We present here a review of the direct experimental decomponen{26] and a liquid pure component, as opposed to
terminations ofR,, compared to the direct measurements ofbetween two liquids for the other systems. For nitroethane
A}, for the same systems, and a consideration of one casecyclohexane, we use the published amplitiéig27], but

whereCp « IS a “background” contrlbution The contribu-
tion of C%, is very important(e.g.,C%, is 91% ofCp  at
t=10"* for methano#cyclohexane{lG]) If Eq. (3) is true,
then it can be used to relate the amplitude of the critical
anomaly in the mass densiB, to that inCp ,,

where information is also available on the behavioCgf, . note that neither the original data nor the details of the fitting
We find that the value dR, obtained by the fits to the data is were published. .
usually greater than the value predicted from Exj. A test For two systems, we have ourselves fitted Eq.to the

of the consistency among the critical behaviors of the denpublished data. For nitroethan8-methylpentang28], we
sity, Cp and Cy ,, using Eq.(2) for the one system for find thatR, depends on the choice of the fourth term; we use
which all the data are available, fails to show the expectedn average value to obtaR,=—0.025£0.007. For isobu-
relationship. We attribute these problems not only to the betyric acid+water, we have fitted Eq1) to the published data
havior ofCy, , , but also to the importance of terms other thanconverted to density12]; no fourth term is required and we

the critical terms. obtainR,=+0.0388:0.0001.
For three systems, we have fitted the derivative of (&y.
Il CORRELATION BETWEEN THE AMPLITUDE to the pu(kj)llshhed mfef_asurem]:enr:s (I)f tf(]ﬁ thermal elxpansmn and
OF THE DENSITY ANOMALY AND THE DIFFERENCE converted the coefficient of the leading anomalous term to
IN DENSITY the equivalenR,. For methanotcyclohexang29], the fit is

again sensitive to the fourth term; we use an averaged

We can test whether there is any experimental evidenc®,=—0.06=0.01, essentially the same as the value obtained
for a correlation between the difference in density betweery Scheibneet al.[29]. For cyclohexan¢ acetic anyhydride
the pure componentdp and the amplitude of the density [30], the fit is also sensitive to the fourth term; we use an
anomalyR, by plottingR,, as obtained from fits to published averagedR,=—0.64+0.12 andp. is estimated from the
measurements gb(t) or of the thermal expansion, versus composition(assuming an ideal solutiprto be 0.87. For
Ap. For simplicity, we consider only direct experimental methanol-heptang 31,32, the fit is sensitive to the fourth
measurements of the mass density or of the thermal expaterm; we use an averagdt,=—0.43+0.08 andp, is esti-
sion and do not include indirect measurements such as thmated from the compositiof@assuming an ideal solutipto
refractive index[18]. Equation(1) has been used to fit all be 0.72.
data sets, with the exponents fixed at the theoretical values. Figure Xa) is a plot ofR,/p versusAp and Fig. 1b) is a
We fit Eq. (1) to data using a nonlinear least-squares routingplot of |R,/p.| versusAp, whereAp is the difference in mass
that is designed to include in the estimation of errors thedensity of the pure componentsTgt, for the 11 liquid-liquid
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TABLE I. Parameters of liquid-liquid systemAp is the difference in density between pure componeni ap, is the mass density at
the critical point;R, is the experimental amplitude of the critical anomaly in the mass density in the one-phase ddgi@® is the
derivative of the critical temperature with respect to pressiré(expt is the experimental amplitude of the heat capacity at constant
pressure in the one-phase region; akiticalg is the amplitude of the heat capacity at constant pressure in the one-phase region, as
calculated from Eq(5). Uncertainties are given at the 99% confidence interval. See the text for further discussion.

Ap Pe R,(expt dT./dP Ab, R,(calg
SYSTEM (glcnt) (g/cnt) (glcnt) (mK/atm) (Il K) (glcnt)
methanol 0.013 0.7586 -0.06° 33.¢ 0.0077 -0.020
cyclohexane +1x1074 +0.01 +0.4 +0.0004 +0.001
isobutyric acid 0.035 0.993 60 +0.0388 —50 0.0042 +0.021
water +1x10°° +0.0001 +5 +0.0001 +0.002
polystyrene 0.060 1.070 41 -0.022'
diethyl malonate +6x107° +0.027 .
2,6-lutidine 0.085 0.988 33 +0.017 0.021
water +1x10°° +0.004 +0.008
methanol 0.107 0.72 —0.4% 22
heptane +0.08 +1
polystyrene 0.261 0.819 76 ~Qm 3.14
cyclohexane +0.000 01 +0.01
triethylamine 0.272 0.929 981 +0.53 219 0.20 +0.40
water +9%x10°° +0.01 +1 +0.02 +0.04
cyclohexane 0.302 0.87 —-0.64 28
acetic anyhydride +0.12 +1
benzonitrile 0.31 0.807 086 +0.013 -11.9
isoctane +9%x10°° +0.006 +0.5
nitroethane 0.385 0.792 B1 —0.02%' 3.67 0.03V —0.009
3-methylpentane +1x107° +0.007 +0.09 0.03 +0.009
nitroethane 0.28 0.864 845 —0.0294 15.0% 0.028% —0.0374
cyclohexane +2x1078 +0.0002 +0.04 +0.0004 +0.0005
%Referencd41]. 9Reference$33] and[44]. "Referencd 25]. *Referencd 30].
bReference 29]. "Referencd24]. "Referencd48]. 'Referencd21].
‘Referencd42]. fReference[45]. %Referencd 23]. YReferencd 28].
dReference$33] and[35]. IReferencq46]. PReferencg 18]. VReferencd51].
*Referencd 43]. KReference$31] and[32]. 9Referencd49]. “Referencg52].
'Referencd 12]. 'Referencd47]. '"Referencd50]. *Referencd 27].

systems discussed above. We note that neither plot showsination of R, from fits to density data. Therefore, we use
any correlation betweeR,/p. andAp. Thus there is no ex- the amplitudes as reported in the original experiments or in

perimental evidence th&,/p. is correlated ta\p. subsequent analyses, always wiikr0.11. The values used
are given in Table I.
. THERMODYNAMIC CONSISTENCY In Fig. 2(a), we plot the ratio of the valuR, as obtained
OF THE DENSITY AND THE HEAT CAPACITY from measurementSec. |l above and Tablg to the value

. . of R, as calculated from E(5), using the values a T./dP
We next address the following questiofig:Does Eq.(5) andA/, given in Table |, versusR,(expb/p|, for the five

hqlq true for the. relat|onsh|p between the am_phtude of thesystems for which all the information is available. We note
critical anomaly in the densitR, and the amplitude of the

critical anomaly in the heat capacit & /)? (i) WhenR,, that the experimental valug 8% is usually 1.3—-3.0 times the
Af ., Ay, anddT./dP are all known from experiments, do calculated value oR,. This trend suggests that the small
the data'satisfy Eq2)? critical amplitudes are difficult to determine and that the use
We have been able to find the necessary information foPf EAS-(3) and(5) is therefore problematic. Another factor in
the first comparison—measurements &f/dP and mea- this discrepancy can be the behavior@yj,, which we dis-
surements of the heat capacity at constant pressure—for onf!SS below. o
five systems: methanekyclohexane, isobutyric acid ~ While Egs.(3) and(5) are approximations that need not
+water, triethylamine-water, nitroethane3-methylpen- ~ always be true, Eql2) is an exact thermodynamic relation-
tane, and nitroetharecyclohexane. As in Sec. Il, we con- ship that must always be true. There is only one liquid-liquid
sider only measured parameters and do not consider pararsystem for which all the quantities in E) have been pub-
eters derived from other critical propertigg3,34. Since the lished near a liquid-liquid critical point: methanol
functional behavior of the heat capacity is a divergencetcycohexane, for whiclCp , [35], Cy 4 [36], and the ther-
rather than a cusp, there is less ambiguity in the determinanal expansiorf29] have all been measured. As Anisimov
tion ofA;X from fits to heat capacity data than in the deter-et al. point out[16,36, the behavior ofC, , may for some
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FIG. 1. (a) Coefficient of the leading critical anomaly in the
mass densityR, divided by the critical density. as a function of
the magnitude of the difference in mass dendipypbetween the two
pure components at the critical temperature, for 11 liquid-liquid
systems(b) Magnitude of the ratio of the coefficient of the leading
critical anomaly in the mass densiB, to the critical densityp, as
a function of the magnitude of the difference in mass densjiy
between the two pure components at the critical temperature, for 1
liquid-liquid systems. The systems af® methanol-cyclohexane,
(2) isobutyric acid-water, (3) polystyrene-diethyl malonate(4)
2,6-lutidinetwater, (5) methanol-heptane, (6) polystyrene
+cyclohexane,(7) triethylaminetwater, (8) cyclohexane-acetic
anhydride, (9) benzonitrilerisooctane, (10) nitroethane-3-
methylpentane, an¢ll) nitroethane-cyclohexane.

FIG. 2. (a) Ratio Ry(exp?, the coefficient of the leading critical
anomaly in the mass density as obtained from fits to measurements
(see Sec. Il and Table,Ito Ry(calg), as calculated from Eq5)
using the values ofiT./dP and A} , given in Table I, versus the
amplitude ofR,(expY divided by the critical density, . (b) Ratio
Ry(exph) to Ry(calo versus the dimensionless product
&pcR(dTC/d P)]12, wherep, is the critical densityR is the gas con-
stant, anddT./dP is the dependence of the critical temperature on
pressure. Both plots include the five systerfl§ methanol
+cyclohexane(?2) isobutyric acid-water,(7) triethylaminetwater,

(100  nitroethane-3-methylpentane, and (11) nitroethane
+cyclohexane. The system numbering is consistent with Table |
and Fig. 1.

systems be very similar to that @ , in the experimentally NitroethanerisooctaneCp , and Cy ., but not the thermal

accessible range of reduced temperature. Both sets of dagXPansion, have both been reporfa#,37 and the behav-

can be described by & @ critical anomaly. We can write a 'S of the two heat capacities were found to be indistin-
function like Eq.(4) for Cy : guishable:A¢ /Ay ,=1+0.02. ThusCy, cannot be ne-

glected neai .
CV,X=C§’,,X+(A\7X/a)t’“[1+-~]. (6) We can compare the data on methancyclohexane to
Eg. (2). We expect that the leading critical amplitudes can be
Anisimov etal. [16] finds A, /Ay, for methanol relatfad by equating the amplitudes of like terms in &j.to
+cyclohexane to be 180.2. Thus, while the apparent di- obtain
vergence inCy, , for methanot-cyclohexane is smaller than . . 5
the divergence forCp,, it is hardly negligible. For Apla=Ayla—Ry(1-a)(dT./dP)/pc. )
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We caution that the equating of the coefficients of like termsfrom the non-negligible behavior &, , and from the inher-
implies that the coefficients are not significantly correlatedent difficulties in determining small amplitudes accurately.
and that higher-order terms can be ignored. For methanol Recent analysis by Anisimoet al.[38] indicates that the
+cyclohexane, using the information in Table I, the ratios ofdifference betwee@p , andC,, , is larger for a liquid-liquid
the terms on the right-hand side to the term on the left-handystem if the isothermal compressibility is larger. Anisimov
side are 0.55 for the first terfil6] and 3.0 for the second et al. [38] suggest that a measure of the compressibility of
term. Moreover, if we consider the signs of these termswveakly compressible liquid mixtures is the dimensionless
(Table ), we see that the inclusion of thé\jx actually  quantity [p.R(dT./dP)]?% whereR is the gas constant: If
makes the agreement worse rather than better. Thus the epp R(dT,/dP)]? is smaller, then the compressibility is ex-
perimental behavior of methanbtyclohexane does not sat- pected to be larger, the right-hand side of EB) to be

isfy Eq. (7). smaller, and thus Eq$3) and (5) should be more accurate.
Figure 2b) shows the ratidfrom Table ) of R, as obtained
IV. DISCUSSION AND CONCLUSIONS by direct experiments to that calculated from E8), as a

) _ function of [p.R(dT/dP)]2 The expected approach of
We set out to address two questions with respect to thﬁz(expD/Rz(calc) to unity as p.R(dT/dP)]? gets smaller is
amplitude of the critical anomaly in the mass densitythe ot gbserved.
thermal expansionas a function of temperature in the one- e then considered consistency of the data with the full
phase region near a liquid-liquid critical point. First, is this thermodynamic relationship given in E(). We have only
amplitude propor';ional to the difference ir_l density betwee_rbne liquid-liquid system, methanstyclohexane, for which
the two pure liquid components of the mixture? Second, igy|| the necessary data are available. Those data are not mu-
this amplitude, as directly measured, thermodynamicallytyally consistent. We do not want to overinterpret data on
consistent with measurements of the heat capacity at COfgst one system when systematic errors in just one of the data
stant pressure on the same system? .. sets could cause the discrepancy. Moreover, there are many
For the first question, after considering data on 11 liquid-proplems with such comparisons. The background contribu-
liquid systems, we find no experimental evidence for a detjgns toCp , and Cy , for methanot-cyclohexane are 91%
pendence of the critical anomaly in the mass density upoRng 979%, respectivel{ds,36), leaving a small critical con-
the difference in density between the components. We canyihytion to be studied. The fitted experimental amplitudes
not claim to have proven the absence of such a correlationyan depend on the exact choice of the function. The fitted
fo_r the determination _of amplitudes from fits to dat_a is COM-experimental amplitudes could depend on the exact sample
plicated. However, with our present best evaluation of th&omposition and on the level of impurities in the samples,
amplitudes, there is no experimental evidence in favor Ohlthough work by Anisimoet al.[35,36] indicates that these
such a correlgtion between the amplitude of the anomapy in offects are not significant fo€p , and C, , of methanol
and the amplitude ofp and one should not be used to pre- | cyclohexane and no such effect is seen on the amplitude of
dict the other. We are likewise aware of no theoretical arguihe coexistence curve for methanalyclohexand 39,40,
ment in support of such a correlation. _ Our analysis suggests several experiments that would be
The second question is the following: Is the amplitude ofyorthwhile. Table | indicates that measurementsif/d P
the anomaly in the mass density, as directly measured, thefo |ytidine+water would allow further analysis of that sys-
modynamically consistent with measurements of the heat caam. A new measurement of the mass density for methanol
pacity at constant pressure on the same system? We consiglzyciohexane, including measurements on the deuterated
ered first the approximation given by Eq8) and(5), which  mixiures used by Hameliet al. [1], would help to clarify
neglectCy, near the critical point. We found that these jssyes. There exist measurements@y, for nitroethane

equations do not, in general, work. The experimental value, jsooctang37], for which measurements ofT./dP and of
of the critical amplitude of the density anomaly is, for the the mass density would be complementary.

systems we considered, generally larger than the calculated
amplitude.

We conclude that the amplitude of the critical anomaly in
Cp.x and the amplitude of the density anomaly cannot be
used, one to predict the other. This conclusion had been The work by D.T.J. was supported by the National Aero-
reached previously by other workers considering the particunautics and Space Administration. We thank E. S. R. Gopal
lar systems isobutyric aciewater [12] and methanol for providing lists of the thermal expansion data for
+heptang17]. We have extended their observations to allmethanol-heptane. We thank M. A. Anisimov and J. V.
the available data. We note that the problems come botBengers for helpful discussions.
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