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Annihilation of point defects in nematic liquid crystals
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Point defects are likely to be generated in the process of filling a capillary tube subject to homeotropic
conditions on the boundary. There is plenty of experimental evidence to hold that, when two defects with
opposite topological charge happen to be closer than a critical distance, they attract each other. At first, they
move very slowly; then, as the distance between them becomes less than a diameter, their relative speed
increases dramatically, until they annihilate one other. In this paper we describe, by means of a simple
dynamical model, the attraction and annihilation of two defects in an infinite tube. We write the balance
between the rate of change in the elastic free energy and the energy dissipated in the director motion. Hence,
we derive and solve the differential equation that describes the evolution in time of the distance between the
defects. The outcomes of our analysis confirm many qualitative aspects of the experimental evidence.
[S1063-651%96)11111-9

PACS numbd(s): 61.30.Jf

[. INTRODUCTION force they feel is constar{gs the infimum of the energy is
proportional to the distance between therA nawve argu-

A topological chargemay be assigned to all point defects ment to this effect was already brought up by Brinkam and
in ordered media, as illustrated, for example[1n2]. Here,  Cladis in their review articlé4]. To put this conclusion in
to be specific, we focus attention on nematic liquid crystalsthe right perspective, the reader should heed that for them the
though the main ideas underlying this paper could also bgjirector field around a topological dipole is subject to no
applied to other similar media. _ ~ boundary condition whatsoever, neither on the walls of a

When the manifold employed to describe nematics is thgontainer, nor at infinity, as an asymptotic data. In the prob-
unit _sphe_reSZ, the topological charge of a point defect is @ jem that concerns us below the dipole is within a capillary
relative integer. Inspired by the suggestive analogy withype subject to homeotropic conditions for the director on the
electric charges, one expects that defects with opposite top@sera) houndary. Thus it should be no surprise if we find that
logical charge feel an attractive force, which Qraws ON€he force experienced by the defects fails to be constant.
closer to the other, until they coalesce, and possibly annihi- More generally, it was proven by Hardt, Kinderlehrer, and
late each ot_her, leaving no trace of their existence, if the tOtall_in in [5] that if th’ere is a sequence of eduilibrium con’figu-
charge vanishes. 0Wtions for the director, each involving point defects which

Sound mathematical reasons have been provided to sh | 0 h oth th ind d
that equilibrium configurations with prescribed point defectstOME CIOSEN 10 €ach olher as the Sequence Index grows, an
gventually cancel out as the index diverges, then the defects

of opposite charge cannot be stable, and must evolve in tim 4 T
reducing the distance between the defects, so as to reduce N0t be stable for every configuration in the sequence.
elastic free energy stored in the region where the interactiofNis Simply means that the coalescence of defects, even
between them takes place. Here we take the elastic free ethen they move extremely slowly, cannot be regarded as a

ergy per unit volume as given by guasistatic process, being a sequence of equilibrium states
unfit to describe it mathematically. Once more this teaches
or=1K|Vn|?, (1) us the same lesson: coalescence and annihilation of defects is
an intrinsically dynamical phenomenon.
whereK is a positive modulus and is the unit vector field In [6] Ericksen makes this point even clearer, calling upon

representing the director; this is the form taken by the well-an unpublished work by Cladis and Walters, who observed

known Frank’s formula in thene-constant approximation the evolution in time of a pair of opposite charged defects in

Brezis, Coron, and Lieb show [13] that the minimum of the a capillary tube so treated as to make the director normal to
elastic free energy in the whole space with prescribed pointhe wall: “Starting a bit less than 4 diameters apart, the two

defects of a given charge mot attained, but there is a mini- [defectd start moving toward each other, at a rate of a diam-

mizing sequence with energy converging to the infimum ofeter per thousand minutes, slow enough to make it somewhat
the energy functional, which for a pair of defects with reasonable to consider using static theory to analyze the be-
chargest+1 and—1 is proportional to the distance between havior at early times. However, when the distance between
them. Translated into the language of physics, this resulthem becomes a bit less than a diameter, the relative velocity
means that the defects irt@pological dipoleare not at equi- starts to increase dramatically, until they come together and
librium (as the energy fails to attain its minimyyrand the  annihilate each other.”
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FIG. 1. Prototype of goint, that is, an axisymmetric free surface
which separates a peripheral region, where the director is a planar
field, and a central region, where the director is an escaped field.
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Our paper aims at proposing a mathematical model which
describes this phenomenon through a peculiar dynamical FIG. 2. Prototype of a- 1 defect, composed by the joint in Fig.
system where the defects behave, in a sense, like particles. in2nd that obtained from it through a reflection.
Sec. Il we recall fronj7] and[8] a class of director fields in
a capillary tube fit to mimic both a-1 defect and a—1
defect. The fields in this class are determined by the shape
a surface within the capillary, which we call tignt, where
an orientationescapedalong the axis and one pointing to-
wards the lateral boundary are smoothly joined together. |
Sec. Il we determine the optimal joint for a point defect of

either sign: it minimizes the elastic free energy stored in - P,
: . : 2, mmetric, nor need they meet smoothly, as implied in Fig.
cylinder sufficiently high to be treated as infinite. Thoughz%/ The shape of each jgint is complete>lly free gnd will bge

nonlinear, the eql_uhbnum equation for the_Jomt can be etermined below by solving a variational problem: it may or
solved exactly, which makes our model ductile enough an

) o . ay not bear an angular point on the defect. In Fig. 2 we see
its outcomes fully predictive. In Sec. IV we apply this model a+1 defect: a1 defect is obtained from it by reversing all

to a topological dipole. We minimize the elastic free eNer9%ne arrows upside down relative to the transverse section of

when the distance between the defects is held fixed: With"fhe cylinder, so that a domain escaped upwards turns into
our special class the infimum of this functional is indeedOne escapea downwards. and vice versa. It is thus clear how

3\};?&%6%; frr(c))mo:;,io\gzl ?Oert'xg Tgea];(i?[Lcni foiltthbg (;ir;?aggge%ts:a sequence of alternating defects can be generated by using
prop 9 fields alternately reversed.

tween them. In Sec. V, employing the dissipation principle We now give an explicit representation for the building

posited in[9] by Leslie to give yet another derivation of the block of this construction. We first consider a cylindrical tile,

dynamical equations for nematics, we arrive at the d'fferenWhich will then be repeatedly employed along a capillary

tial equation that governs the relative motion of the defeCtStube' we denote bR its radius and by its height. We put
\;V:st?](é?’ Ilrr: Ssggt.io\rﬁl’v\ll\llewgecsglrlgft R]%Wrggﬁycizgllzi?;isogﬁhe defect at the center of its lower base, as in Fig. 1, and we
. ' . 7 represent in cylindrical coordinates the longitudinal section
this paper, also attempting to compare the predlc.tlons of 0USt a joint through the functiom=ry(z), wherez varies in
mathematical model and the first experimental findings W& o interval [0h] while r takesovaliues in the interval
’ 0

are aware of: we discuss the issues now being addressed R]
make the agreement between them more than merely quali- In the local frame of cylindrical coordinates,( e, , &)

tative. we express the director through the formula

lowest point of the joint there is a defect of the director, as it
is a point where the director should simultaneously be paral-
%! to the axis and to all radii.

Reversing upside down both the joint and the arrows rep-
resenting the director field in Fig. 1, we obtain the prototype
N a+1 defect, as illustrated in Fig. 2. In the class we em-

loy, the two joints converging on the defect need not be

[. JOINTS Nn=Ccospe +singe,, 2

Here we describe a class of director fields exhibiting awhere the angle is given by
point defect along the axis of a cylinder: we first focus at-

tention on a+1 defect, a—1 defect being easily obtained ™ r <r<

from it. The fields we consider are all axisymmetric and  o(r,9,2)=1 2 2 arcta) ro(z) for O<r<ro(2)
subject to the homeotropic anchoring condition on the lateral 0 for ro(z)<r<R

boundary of the cylinder. The idea underlying the geometric 0 ' 3)

construction employed below is finding an explicit junction

between a field escaped along the axis, as the one discoverlithe inner region delimited by the joint, E(B) (top line)

by Cladis and Klenan[10] and Meyer[11], and the radial represents the well-known field of Cladis and Kien in a
field pointing towards the wall of the cylinder. This is cylinder of radiusry(z). If ro(h)=R, as in both Fig. 1 and
achieved by introducing jint, an axisymmetric free surface Fig. 2, the field on top of the joint is the usual Cladis and
where the two fields adapt one to another without jumpsKIéman’s, which can be smoothly extended in a cylinder of
Figure 1 illustrates the prototype of such a joint: it separatesadiusR as a field independent af radially oriented only on
two regions, one peripheral and the other central: the directdhe lateral boundary. It is indeed the presence of the joint that
is a planar radial field in the peripheral region, and an esmakes¢ depend ore.

caped field in the central region, differently rescaled on every By (3) the elastic free energy stored in both regions ad-
section through a plane orthogonal to the axis. Clearly, at th@acent to the joint ultimately depends on the functiopn
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which describes the shape of the joint. We denot&bthis
energy, which is the integral dfl) over the cylinder of ra-
dius R and heighth. As shown in Sec. 2 of8], where the
mathematical details of this class of director fields have al-
ready been presenteél,= 7KE,,, whereE,, is a functional

of ry:

)

h
Enlrol :=Jo[a(r(’,)2—ln = +2tdz (4

with a prime denoting differentiation with respect zcand

a :=21In2—1 a positive number magically emerging from

the integration of the energy density over the radial variable.

We often callE,, the energy of a joint of heighh: it is

invariant under reflection of both the joint and the director.
The Euler-Lagrange equation fa&, can easily be inte-

grated once, leading to

o

a(r(’,)2=—ln( =] TC 5)

I SN RESCRS o

whereC is an arbitrary constant. The condition this equation

is subject to forz=0 is clearly i i
}

ro(0)=0, (6) , , ,
FIG. 3. A +1 defect structure in a cylinder of height
which prescribes the point where the defect lies, whereas th&t=4a7R. The joints reach their maximum height and end tan-
for z=h requires a few words to be justified. It is gent to the cylinder.

ro(h)=0, (7) it reaches the height, as is easily seen by taking the limits
for r—0 andr — pR in the derivative with respect toof the
which represents the natural equilibrium condition at a fregunction in (10).
end point, as the radiug(h) of the cross section of the joint  We compute the energy of the equilibrium joint by using
where it reaches the prescribed heights free to be so (5) in (4), where the integration variable is changed iato

chosen as to minimize the energy,. Let with the aid of(10); recalling (9) also, we arrive at
_: ro(h) ) Eh=(3-Inp)pRyam, (12
p: R

wherep is related toh through(11).

It follows from (5) and (8) that If h>\/anR, there is no equilibrium joint of height. In

C=Inp ) our model, this lack of existence, typical of nonlinear varia-

’ tional problems, will have an effect on the interaction be-

tween two opposite charged defects. AQa7=1.101, the
defects feel no force when they are farther apart than ap-
proximately 1.1 diameter of the capillary. Before drawing
the dynamical consequences of this fact, in the following two
sections we apply our construction to two simple static situ-
ations.

which makesp the constant to be determined [i8,1]. By
separation of variables, E(p) can be solved for the inverse
of the functionry(z); denoting such a function bgg(r), we
obtain

+o @7 X
zo<r>=pRJEfI ey 7 (19
n(pR/T) \/X Ill. SINGLE DEFECT

which is our explicit representation for an equilibrium joint.  consjder an infinite cylinder of radiug, which accom-

It satisfies(6); moreover, by(8), it follows from (10) that modates ar 1 defect along its axis and enforces the homeo-
L tropic anchoring for the director on the lateral boundary. Fig-
e ure 3 illustrates a portion of this cylinder, whose height is
h=pR —dt=pRyam. 11 . "
P \/;fo Jt prvaT (1 taken to beH=4/a 7R for reasons which will become clear

below. Being higher than ZamR, there is no pair of equi-
Thus, p is given a unique value, which throudh0) deter- librium joints stretching through the whole of it on both sides
mines a unique joint, provided thats J/a7R. The shape of of the defect. The highest equilibrium joint corresponds to
this joint is smooth everywhere. In particular, it is flat on the choosingp=1 (that is,C=0) in (10); by (11), its height is
defect and tangent to the cylinder of radite (), where  JawR. Both joints in Fig. 3 are thus tangent to the cylinder;
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FIG. 4. A topological dipole together with the joints through FIG. 5. The equilibrium configuration of the joints describing
which the defects are accommodated in a cylinder of heighfwo defects at a distance<d,. inside a cylinder of height
H=4\anR. The distance between the defectslis=2a7R, s H=4+anR. For the outer jointp=1, while for the inner ones
that they justseeeach other. p<l.

below and above them, two escaped director fields are dissigure 5 illustrates one of these equilibrium configurations in
played, pointing in opposite directions. a cylinder of heightH; both outer and inner joints are de-
scribed by a function as if10) or its opposite, wherp is set
equal to 1 for the outer jointsQ=0), and is given by13)

We say that two defects of chargesl and— 1 constitute for the inner ones((;<0). Tq compute the total elasyic free
a topological dipole Here we study how they interact while energyF(d) stored in the c_yl_lnder Whe_re the def_ects interact,
sliding along the axis of a capillary tube. As above, we re-We apply(12) to the four joints here involved in our con-
strict our attention to a cylinder of heightl=4\anR, syructlon, and we recall th_at the energy associated W|th_ Cla-
where two defects can be tightly accommodated along wittflis anq Klenan’s director field in the upper and lower strips,
their joints (see Fig. 4 Within our model, there is no point €ach high (1/2)i —d—2yawR), amounts to
in considering higher cylinders when we deal with a dipole,
as the structures here associated with both defects would not 27K(H —d—ZMR), (14
interfere with one another as long as the distashd®tween

the defects remains bigger tha/@7R. To see this better, whereH andR are again the height and radius of the cylin-

one should consider that whe>d., bringing the defects der. Bringing together all these contributions to the elastic
closer to one another would require rearranging the directorree energy(d), we obtain

so that strips of escaped field between the defects are taken
away from them to reappear below the lower joint or above _ _ femR—d+ JanR+
the upper one, while taking the defects farther apart would Ad)=2mK{(3=Inp)pamR=d+ JamR+H}, (19

require bringing back the escaped strips. Clearly, no changve\zlhere » depends ond through (13). The derivative of

in the total elastic energy is involved in either of these re- ; :
arrangements, and so the defects feel no force; they may 7(d) With respect tod is the force felt by each defect

freely fluctuate in the capillary, each unaware of the presence

of the other. In Fig. 4d=d,; the defects jusseeeach other

and are to interact in a way we now describe.

If d<d., each of the symmetric joints connecting the

defects is highd/2< \/amR. When at equilibrium, they both \yhich is attractive, beingl<d. .

meet smoothly on a circular cross section of radius The sign off (d) has a direct consequence on the absolute
energy minimizers; werd free to decrease from, to 0, the

_ (13) elastic free energy would decrease as well, indicating that the

2\am absolute minimizer would bear no defect, as the defects in a

IV. TOPOLOGICAL DIPOLE

f(d) = wKIndg, (16)
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dipole would annihilate each other fd=0. This, however, immobile only the center of symmetry of the dipole and to

is a process which needs to be phrased in an appropriatake p as 1 or as in13), according to which joint is being

dynamical context. considered. Adding them up, for the total energy dissipated
in the process we obtain

V. DYNAMICS .
W=2my,(am)¥?RE(Ap+1)p? (21
Our dynamical model rests upon the dissipation principle . .

on which Leslie[9] has recently rebuilt the classical theory Where\ is defined by

for nematic flows. In the case of interest to us the hydrody- 4 (e

namic macroscopic flow is negligible, as the motion of de- \ = _3’?f {Ze—3x2+ 7 (X)X efxz}dx (22)

fects is primarily due to a rearrangement in time of the di- T Jo

rector field. Thus Leslie’'s dissipation principle takes a

simpler form, in terms of the probability integral
; 1 (x2e™Y
: —dy. (23
Jalo \y

saying that the time rate of the elastic free enefggtored

within a fixed region in space balances out the energy A numerical computation yields=1.445.

dissipated in the same region by the viscous torques acting In (21) p actually depends od through (13), and so it

on the director. As is customary in nematic liquid crystals,decreases asd does. Thus the effective viscosity
the molecular inertia being negligible, no account is taken iny :=y;(Ap+1) decreases as the defects approach one an-
(17) for the kinetic energy of the director motion. Lt be  other, suggesting that their motion should become faster and
the energy dissipated per unit volume. In the absence dhster as time elapses.

flow, for a director field represented as(i), W reduces to Since hereF= —f(d)d, combining(17), (16), and (21),

) we deduce the differential equation that within our model
a_‘P) (18) governs the dynamics of a topological dipole. It is conve-

' nient to express it as an equation for the dimensionless pa-

ot
_ . ~ rameterp, rather than fod
where y;= a3— a,>0 is the difference between two Leslie

coefficients(cf., e.g., Chap. 5 of12]). T(Ap+1)p=Inp, (24)
Another assumption is essential to our development. We

take each of the configurations traversed by a topologicavhere

dipole while the defects come closer to each other to be the R?

equilibrium configuration corresponding to the current dis- 71 ,

tance between the defects. THGZ) will eventually turn into K

a first-order differential equation faf. is arelaxation time which depends on both the material and
To compute the energy dissipated in the same cylinder of'f1 ; f th ¢ i FTI ing d f d
heightH where in the preceding section we found the equi-t e size of the capillary. Collecting data from pp. 105 an
231 of[12], we easily see that fgg-methoxybenaylideng-

Ilprlum conﬂggratpns for_ the director, we first need to con- n-butylaniline (MBBA) at room temperature in a tube of
sider a generic joint as in Sec. Il, but movable, so that the

angleg may depend on time through the joint itself. This is fadius approximately 100 microns, is of the order of min-

W=y,

(25

achieved by letting, in (3) depend also on, besidesz. utes.
Precisely as we arr!ved @n) we can now 'compu.te the en- V1. ANNIHILATION
ergy W, dissipated in a joint of current height it is given
by We now describe the evolution in time of the distance
A ) between the defects. Ley<d,. be the initial value of; it
Wh=27rylaj (@) dz, (19 corresponds tp the in!tial valu,g)=(d9/2\/a7rR).0f the_pa-
o\ dt rameterp. An integration by separation of variables (i24)

shows thafp vanishes in a finite time
whereca is the same magic number as above. Lik8), also
this integral can more conveniently be expressed in terms of ¢ _:TJ*“‘
Zo, the inverse function of, defined in(10), which now ar
depends ort too, as doep

1
—(ze 2+ e X)dx, (26)

=Inpg

which is theannihilation time Let

92\ 2
R\ gt _tat 27)
Wh=2m1af —dr. (20) T
0o |92
ar be the dimensionlessiime before annihilationand & =

d/2R the distance between the defects measured in diam-
We compute an integral like this for each joint in Fig. 5, eters. It follows from(24) and(13) that the function express-
taking care, in representing the variomgs, to regard as ing é in terms of7 can be given the parametric form
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FIG. 6. Graph of the distanc®between the defects measured in
diameters versus the dimensionless timéefore annihilation:s
approaches/aw as 7 diverges to infinity. —— k-—mmmome- R
S=\amp (28
+oo ]
rzf —(Ne Z+e X)dx.
~Inp L ! WY
The graph of§ versust is plotted in Fig. 6, ag ranges

between 0 and 1. It has an asymptote #ef \ a7, which it

approaches as diverges to infinity, whereas it steeply drops

into the origin asr approaches zero. FIG. 8. The rearrangement of the joints after the defects have
Further information can be drawn from the dimensionlesglisappeared. The joints are brought to overlap untiirdependent

approaching velocity = — ST By (28) (top line) and(24), escaped field prevails in the whole region.

Jar Inp 29) field prevail everywhere is by rigidly sliding the outer joints

1+Np’ one towards the other, erasing meanwhile the regions where
they are thus brought to overlap, as suggested by the sketch

which together with(28) (top line) represent the parametric in Fig. 8. An easy computation shows that the elastic energy

form of the function plotted in Fig. 7. It diverges logarithmi- stored in the cylinder steadily decreases in this process.

cally as the distance approaches zero. The plots in both Figs.

6 and 7 areuniversal as they do not depend on either the

annihilation time or the initial value od. VIl. CONCLUSIONS

After the defects have annihilated each other, the director i )
field in the capillary is still not uniform along the axis, like ~ We have proposed a mathematical model to describe the

Cladis and Kiean’s. Such a uniform field, which is the approaching and annihilation in a capillary tube of two point

absolute energy minimizer, is indeed reached through a furdefects with topological charges1 and—1. The most dis-
ther rearrangement that here we describe in words, leavin ctive feature of this model is the interaction force between
aside any mathematical detail. The inner joints in Fig. 5 havihe defects, which is predicted to depend logarithmically on

ther apart than a critical distance, shortly above a capillary

diameter. Such a screening in the interaction might well be
an artifact of the special fields employed to describe the di-
rector around the defect, though in the absence of any more
refined model this issue cannot be unambiguosly resolved.
We are aware of the other simplifying assumptions upon
which our model is built: above all, our treatment of the
dynamics, where the motion of the defects is regarded as a
sequence of equilibrium states affected by dissipation. We
are, however, convinced that the simplicity and predictive-
ness envisaged here are merits of this model.
In [5] Ericksen reproduces the data of an experiment by
) Walters and Cladig13], where the phenomenon we have
1.2 modeled here was observed for MBBA at 23 °C within a
capillary tube 150 microns wide. In their experiment the de-
FIG. 7. Graph of the dimensionless approaching velogitys ~ fects move very slowly as long as the distance between them
the distances between the defects measured in diameterst- IS greater than approximately 1 diameter; then, their relative
verges to infinity ass approaches 0. velocity increases more and more until they annihilate one

V=—
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another. The data are recorded in a plot which gives distandeope that their data will soon tell us to what degree the
versus time; they seem to fit nicely the graph in Fig. 6. Nonemodel proposed here can be trusted.
theless, we could not go any farther than a qualitative agree-
ment, mainly because of the uncertainty introduced in infer-
ring the data from the experimental plot.

A similar experiment is now being performed in Halle by ~ We gratefully acknowledge an enlightening discussion
Hillig and Saupe[14] with a lyotropic liquid crystal. We with S. Faetti on the subject of this paper.
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