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Fluid-induced particle-size segregation in sheared granular assemblies
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We perform a two-dimensional molecular-dynamics study of a model for bidisperse granular systems under
conditions of simple shear flow. We find that if the ratio of shear rate to viscosity is small, then the particles
in the system arrange themselves in bands of big and small particles oriented along the direction of the flow.
Each band contains particles of one species only. We present a mechanism for this particle-size segregation
phenomenon based on the observation that segregation occurs if the viscous length scale introduced by a liquid
in the system is smaller than the mean free path of the particles. For large values of shear rate to viscosity the
system remains disorderd$1063-651X96)05211-1

PACS numbg(s): 47.55.Kf, 83.20.Hn, 02.70.Ns

I. INTRODUCTION c is the sum of the area fractions of big and small particles
C=Cg+Cp.

If a mixture of particles and liquid is sheared, either in a  If particles are immersed in viscous fluids and if the Rey-
continuous fashion or by periodic excitation of the system, &holds number is low, then lubrication effects will introduce a
host of structural rearrangements in the mixture are known t§trong velocity-dependent damping diverging as the surfaces
occur. Most of the systems studied experimentally involvedf two particles approach each other. Effectively, no direct
monodisperse suspensiofs-3]. For concentrated suspen- contact occurs between particles, but only a transfer of mo-
sions and oscillatory shearing, the formation of layers in then€ntum that is strongest along the direction joining the par-
isovelocity planes and an additional arrangement in lines oficle centers. In our model we use, for simplicity, strong
particles perpendicular to the velocity figld] has been ob- repulsive forces between overlapping particles and include a
served. In addition, simulations of Taylor-Couette flow in the Velocity proportional damping. In particular, along the direc-
viscous regime confirm the organization of the suspendeéon joining two particle centers, we introduce a damped har-
particles in layers oriented along the isovelocity plapgls ~ monic forcef,,

The numerical studies have seen cluster formation within the f thokE if €50
formed planes. However, while for bidisperse suspensions n_ §t2xkg 1t & 1)
similar organization patterns have been obsef&dn ex- M 0 otherwise,

periments and size-distribution induced instabilities are
known to occur in sedimenting systerfts|, simulations of
bidisperse systems have not found so far clear indications of
size segregation under shear.

In this paper, we simulate a sheared, bidisperse particle-
liquid mixture in two dimensions. We find size segregation
of this system for sufficiently low shear rates. We propose a
segregation mechanism that depends on the presence of a
viscous length scale in the system of the same order as the
particle sizes. The mechanism is of rather general nature and
may also apply to three-dimensional systems.

Il. MODEL

We concentrate on laminar shear flows described by local

shear rateg=(d/dy)v,. We have in mindsee Fig. ] that
the flow is translationally invariant in thedirection and that
its speed varies linearly in theg direction. For the sake of
simplicity we assume that the particle-size distribution is
bidisperse. More precisely, our system consists of a number F|G. 1. Sketch of the model geometry for shear flow. The simu-
ng of small and a numben,, of big disk-shaped particles Iation cell of sizeL XL is periodically repeated in the direction.
with radii rg andry, respectively. The overall area fraction The cell images in thety directions are shifted by an amount

+ yLt/2 to reflect the particle displacement at the top and bottom of

the cell, which grows linearly in time due to the shgaees-
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FIG. 3. Simulation snapshots at dimensionless tipie0 (a)
and 195 (b). The dimensionless shear rate in this system is

y=0.01 and the viscosityy=0.001.

wherev; is the velocity of particle, y; its y coordinate, and
n the viscosity of the liquid, measured in the time, length,
and mass units given above.

The equations of motion are integrated using a fourth-
order Gear predictor-corrector algorithi#], with the time
Step chosen to be 0.15. We have tested the algorithm using
this value of the time step for the cage=0 ande=1 and
found good energy conservation.

To prepare the initial configuration, we start from a ran-
dom, overlapping configuration of disks and simulate with
periodic boundary conditions until time=20 using a very
low restitution coefficient of 0.1. During this period, particle
overlaps are removed and the large excess energy due to the
initial overlaps in the system is efficiently dissipated. After-

The form of Eq.(1) is such that theestitution coefficient ward t_he setup Is contl_nL_Jed with=1 until t=100, corre-
e, the ratio of the normal velocities after and before the im_spon_dlng to elastic CO_"'S'On.S' The average energy per par-
pact, is the same for all binary collisions, independent oil'de In the. system during t.h'S stage Is quite low qnd gllovys
mass and velocity. The restitution is related o by only marginal overlaps. Since no shear is applied in this

=11+ [#/In(e)]% In order to mimic the dissipative ef- stage and the system responds elastically, the resulting con-

fects of the lubrication forces, we have chosen in this workﬂguratIOnS have statistical weights close to those of an

e=0.8, which is still in the range of typical materials in air equally dense hard-disk system.
(e~0.92 for steel or~0.6 for aluminum beads Equation Before finally switching over to a simulation with restitu-

(1) is in dimensionless form. The chosen length scale is théIon coefficiente=0.8 including the shear due to the back-

average radius=(nyr,+ngro)/(np+ny), the mass unit is ground velocity profile, the particle velocities are reassigned

9 — A bTb T TSt s/TAUTD T s : .. .such that the particles initially rest with respect to the local
the mass of a partl_cle of average radius, and the time unit 'ﬁquid—background velocity fieldEq. (2)]. The boundary
such that the du.ratlon.of a pair contact, half th'e period of &onditions for the particles are Lees-Edwards boundary con-
damped harmonic oscillator, becomedor vanishing damp- ditions (as displayed in Fig. 1, cf. al§a])

ing k— 0. In these units the spring constant of a pair inter- Since the system is sheared andnomentum is trans-
action does not appear in EQ) since yk/n=1. orted in they direction by particle collision, we do work on

Sdlnce \t/ve ha.\ée neg:let_ctedltgngentlal ;‘?rcez In ogr mod he system and it would continuously heat up if there were
we do not consider rotational degrees ot Ireedom. HOWEVet, , energy sinks available. However, there are two sources of
as will become clear in the discussion in Sec. lll, we believe nergy dissipation in the system: on the one hand, the inelas-
that rotation does not play an essential role for the physics ¢ particle collision dynamics and, on the other hand, the

our model. . - . . . . . viscous drag exerted by the liquid. These serve as sinks for
We approximate the liquid motion by imposing an invari- the work done on the system. Thus we do not require a

ant, fixed-velocity profile pointing in the direction[6], thermostat as in Hamiltonian nonequilibrium molecular dy-

u(y)=y; @) namics. However, one may define a “Ioc_a_l temperature’f of
Y)=Y7e. the system by studying the excess velocities of the particles

wherey is counted from the center of the simulation def. &S compared to the constant velocity field of the liquid back-

Fig. 1). The liquid exerts an additional viscous drag on eactfround. We will revisit this question below.

particlei, which is added to the interaction for¢® between

particles. The force is here assumed to be the Stokes drag IIl. RESULTS AND DISCUSSION

force on a sphere,

FIG. 2. Geometry of the collision between two disks in the
center-of-mass frame. The particles are assumed to initially mov
parallel to the flow such that laboratory frame and center-of-mas
frame are aligned.

where u is the reduced mass of the pair,
E=(rq+r1,)—|x1—X,| is the virtual overlap of the two par-
ticles located atk; and x, (Fig. 2), and xk parametrizes a
damping proportional to the velocity. This harmonic force
(1) is purely repulsive and forces act only if there is an over-
lap of the particle pair.

In Figs. 3 and 4 we show two typical simulation se-
fgi=—6mrinlvi—u(y], (3)  quences whose physical parameters differ only in the value
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we obtain a simple exponential decay of any excess residual
y component of the velocity,

67rn

t, ©)

Uy(t) = UOeXF{ -

with a time constant=m;/67rr; 7. A typical excess velocity
vy created by a collision of two particles 1 and 2 is

vo~(u/m)(ri+r,)y. The product

{1~vom=u(1+1,/1,) yl6my (6)

estimates the viscous length for particle of type 1 after a
collision with a type-2 particle. The value ¢f is largest for
ro/ri=rp/rs and we call it simplyZ in the subsequent text.
A detailed discussion is presented in Appendix A.

Let us now discuss the effects that let arise the segrega-
tion process.

(a) The particles move on average with the velocity of the
liquid background measured at their centers. The collisions
between particles tend to drive the system to a disordered
state[8]. The ratio of the viscous length to a typical inter-
particle distance is a measure of the efficiency of this pro-
cess: the larger the viscous length, the more effectively a
collision will disturb a possibly ordered state of the system.

(b) Conversely, however, in a highly viscous environment
with (<1, the collisions between particles only weakly in-
fluence the spatial configuration of the system and order may
be created.

FIG. 4. Simulation snapshots at dimensionless tiphe 0 (a), These two observations show that the viscous length plays
20 (b), 70(c), 110(d), and 220(e). The dimensionless shear rate in the central physical role in the segregation process. We will
this system isy=0.01 and the dimensionless viscosify=0.01, ten  try in the following to obtain a better understanding by iden-
times larger than in Fig. 3. Different shades of gray indicate thetifying possible stationary states of the systems and their
modulus of thex velocity of the particles. stability to perturbations.

for the background viscosity. The ratio of the particle radii A. Stationary states of monodisperse systems

in our bidisperse system ig /rs=4, the ratio of the number 14 thjs end let us first consider possible stationaylli-

density of big and small particles i%,/n;=0.05, and the  gjonless states of a monodisperse system of particles with
total area fraction of particles is rather high=0.6. In the  54iysr=1. Each single particle defines, due to its finite
long-time limit one sees very different structural reorderingaytension. a horizontal “lane” in the system, i.e., the area

of the systems emerging. In the first sequefég. 3 with ¢ it would cover as time passes if no other particles were
low viscosity, the particle arrangement is more or less raNpresent in the system.

dom, whereas in the second caBe. 4) one observes avery ~ Tq ayoid coliisions, eithe(i) two particles have to be
clear separation into alternating zones parallel to the fIOV\éeparated in thg direction by more than 2or (ii) there may
direction th_at contain alternatilng big and'small particles. “not be a difference in thg position of the two particles’
_ The basis to understand this segregation phenomenon liggnters since then the friction with the liquid background
in an analysis of the length scales that are present in thg; equalize their velocities. For a finite system of given
system. Apart from the system size and the two d'ffere”heighth and widthw one can find a maximum particle con-
particle. radii, an additio_nal viscous Iength exists in the prc_’b'centration b/2r) (r2/hw) = (7rr/2w), above which not all
lem. Given that a particle has a typical particular velocity yo icles can be in different and disjoint larjesndition i)],
against the liquid background of, which it acquires in ;s jeadingtrivially) to a stationary state. However, for an
collisions (see beloy, the viscous lengtil’ is the typical jnfinite system this concentration threshold tends to zero and
distance t.hat a particle has to travel before it again acquiregy|lisions will necessarily occur if the particles are posi-
the velocity of the background. The lengthmay be esti-  (ioned randomly. The only possible stationary states at non-
mated in the following way. From the equations of motion zerg concentration are thus lanes or “strings” of particles
fgi=myv, i.e., with the samey coordinate aligned along thedirection. If
the x separation between particles in one lane is 0 and like-
wise the separation between lanes vanishes, then the packing
(4) fraction of particles is the largest, consistent with a collision-
less stationary state of the system. The maximum possible

6mrin
m;

Uy: Uy,
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erST e ReSTew - o vewwe = wew w stable. However, it is simple to see that this is not the case: If
g?‘:g?:}:-:- .3:.0: 3.0.: .3.0.o¢i ".“‘g lis §ma|| .in comparison Fo.the b'ig parti_cle radi_us, then small
“.:g. ‘:..‘{"“.0'..'.“'.33.‘.' A i‘ X particles in lanes containing big particles will be ejected
:“3 ’:‘.“8.8.5 .g,‘:'.'s'.',%.% ‘%'.'%8.35.:.‘:‘. from the big particle lane by collisions because thgosi-
"o o.-‘c'oo cees s %‘..‘.‘. .'..f.%‘,‘.. tions of the particles always differ slightly. The reason for
.‘3.'.‘.'.'.:‘.{.‘3.‘.‘?. gg'.':'.z',. ] ';'%‘ this “snowplow” behavior of the big species is that the big
2.‘ 20%% .'.S&‘.&i 543 .‘.gg.::.'.s F¢ massive collision partner is not significantly displaced by
e 00:80% 0000482 '}'{8% 22 %% %4  onecollision, whereas the small partner is. If then the neigh-
.'.3‘ ."'.:.'.'.3.'..:‘ s ..' ':3%:.’;.:3‘:.'& boring lane contains small particles, it is not hard to absorb
see :o'o.g oi‘:: (X 1] ': ..‘ o“:o:o.uo. S:u.o'oi the additional expelled particle or to form an additional lane.
gzo s.os.z.g.%gs.o.o.g.a .Q-..oggo.- :.io If, however, the neighboring lane contains big particles, al-
.z'o:t.o. ':.0'3.::.0.% o.o ‘..o‘gzoo}-.o.nzc ternating collision series of the small particle with big par-
00.0'-.0.0.0.0..0.0.:.0.‘0'0.3.08 o.n.o:g.n o‘o LT ticles below and above will establish an additional small par-
“.0.0. (P c‘ce.o.n.c.ﬁ' % 3:::0}.‘,:5} ticle lane in between the big particle lanes.
'5} Soe §c.=.o. ..23..'.'§ 'o':.igg.:.-.t.ig!i.:‘i A typ.ical.simulatioln sequence of the' ordering process at
%% 808 S:S‘.‘.‘. LY AR H R S small ¢ is displayed in Fig. 4. As explained above, we ob-
i‘.sgigz ‘:g:g:‘t 20 % %% S g:‘:‘.t‘i‘ serve how the big particles act as plows and push the smaller
F g.o.o.t.o.o.cs:..oga:‘ﬁ“.“'t'3g§ 2 3.5%° particles aside. Thus the number of small particles in the big
] '.ig.'.g. % ':'z‘ 0.0.0.“‘".'.%0 H ‘333 particle lanes decreases. Consequently, the collisions be-
a O S e e %022 0..5.'.'. o 3"}.‘ tween small and big particles tend to drive the larger ones
Pees eebecess e eoeset o0t o 08%00 e into lanes already occupied by large particles. Finally, lanes

) ) _ _ form according to the sizes of the constituents of the system.
FIG. 5. Final state of the simulation of a monodisperse system

with dimensionless shear rate=0.01 and dimensionless viscosity
7=0.01, equal to the values in Fig. 4. Different shades of gray ) o o ]
denote different excess velocities with respect to the viscous back- TO arrive at a quantitative description of the segregation

ground. Most particles of the system move with the backgrounddrocess, we define an “order parameter” in the following

velocity; only in a few regions do we still see increased excesgvay. Since we have observed a strong stratification of the

velocities indicating recent pair encounters. flow into horizontal layers, we define for each particle spe-
cies the area fraction in a horizontal strip of width of the

density associated with such a statecis= 7/4~0.78. We average particle radius. For a completely segregated system,

perform our simulations at=0.60 and are well below this Wwe expect the area fraction of small particiesto be large

limit. whenever the fraction of big particles, is small. Conse-

Such a particle arrangement in disjoint lanes is highlyquently, the quantity

singular, but under certain conditions it is stable against per- - 212

turbations. Let the vertical distance between lanes be small 6=([cp—Ccs—(Cp—Cs)]9) ™

with respect to the particle radius and imagine one particle in

one of the lanes being slightly displaced in thg direction.  is small for a random mixture of the two species and assumes

The particle will either undergo a collision with another par-a large value when the system is stratified. The angular

ticle in the lane above, which will then reduce jtscoordi-  brackets denote the average over all examined horizontal

nate again, or collide with a particle in its own lane, increas-=slices.

ing the original displacement. If the viscous lendtfs large In Fig. 6 we show the time dependencedfor different

(>r), this collision typically displaces both collision part- values of¢ for constant overall area fractian=0.6 and con-

ners to the other langf at the same time also the mean free stant shear ratg=0.01. We clearly see an initially fast size

path is large enough; see Appendix Bhus, for{>r, lanes  segregation process that becomes slower and slower and fi-

are not stable and the system will not order. nally saturates to a valué, that depends og. Due to the

In contrast, if is small (<r), then the relative motion of rather Jow value of and consequently a strong nonergodic-

the two particles is more akin to a sliding on top of eachjty of our systems, the sample-to-sample fluctuations are

other, displacing each particle by approximately 1/2 in thegrge and values of 0& are typical in samples of size

+y and —y direction, respectively. In a sufficiently dense 100x 100.

system subsequent collisions with particles in the neighbor- The decreasing dependence &f on ¢, which demon-

ing Iane_s can then restore the origipal vertical positions_ Oktrates the mixing or destabilizing effects of larde is

the particles: the system orders. In Fig. 5 we display the finaf,o\wn in Fig. 7. The figure shows data obtained for different

state of the simulation of a monodisperse system WI'[hfluid viscosities and shear rates but constant overall area

{<r. All other simulation parameters equal those of Fig. 4.f ti Th tter i th@s | due to th b

Very clearly, we observe the formation of disjoint parallel raction. € scafler 1S rainer large due 1o the above-
mentioned sample-to-sample fluctuations. At largethe

lanes of particles as explained above. : . e -
segregation does not increase significantly over the initial
value. In fact, if{ is larger than the mean free path between
particles, then the spatial distribution of particles does not
Let us now consider the bidisperse case. We can imagingiffer much from that of the corresponding, inelastic, sheared
that lanes consisting as well of big and small particles ardard-core gag9—12. However, at small the friction with

C. An “order parameter” for size segregation

B. Stationary states of bidisperse systems
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0.55 T . . i . IV. CONCLUSION

We have studied sheared bidisperse granular systems un-
der conditions of simple shear flow. We find that the pres-
ence of the liquid can induce particle-size segregation. We
propose as segregation criterion to consider the ratio of shear
rate to viscosity. If this ratio is much less than 1 segregation
occurs, if it is much greater than 1 there is no segregation.
This statement is equivalent to saying that the viscous length
in the system should be small when compared to a typical
linear scale in the problem such as, e.g., the particle radius.
The particles arrange themselves in bands moving with the
flow that contain alternating big and small particles.

The proposed segregation mechanism relies on the pres-
ence of a liquid phase. It is thus very different from known
mechanisms in dry granular media, where gravity-induced
avalanches occur and separate particles species whose static
angles of repose differ.

FIG. 6. Time dependence of the segregation parametfar It should be very interesting to study the behavior of the
simulations with different dimensionless viscosity=0.001 (bot- system with more than two particle species or a whole con-
tom), 0.004, 0.01, and 0.080p) corresponding ta’~2.5, 0.63,  tinuum of species or the dependence on the particle radius
0.25, and 0.08according to Eq(A6)] vs dimensionless timgt on  ratio. Studies of the system behavior in Poiseuille f[d8—
the abscissa. 15] have shown interesting effects from the diversity of time

scales presented by the spatial variation of its shear rate.
the liquid is very large and we observe the ordering phenomMoreover, although we believe that similar effects will arise,
enon described above. The data points in Fig. 7 result fromsimulations in three dimensions and quantitative compari-

runs to a time ofyt=1 000 by averaging over the last SONs to experiments are highly desirable.
tenth of the simulation interval. We still observe a very slow

0 100 200 300 400 500 600

vt
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may be introduced into the scaling considerations above. APPENDIX A: VISCOUS LENGTH
We obtain an estimat@vhen no further collisions occlur
078 o for ¢ by integration of the equations of motidg;=mv.
AR | Taking the drag force from Ed3), we have obtained thg
+ To ¢ . .
component of the equation of motidgd).
065 rot o S+ 1 Relation (4) leads to a simple exponential relaxation of
0© the initial excess velocity,(0),
0.6 [ g y
§ + (oo +
0.55 “
@ 6mrin
o5 | ° )l vy(t)=vy(0)expg — ey t]. (A1)
<& 8 1
045 |
‘..A\ + . . .
0l l In an analogous fashion, we obtain the expression foxthe
¢ e component,
0.35 —
0 0.5 1 1.5 2 2.5
¢ . 67y St )
Ux=— m; Ux— '}’Jodt Uy(t ) (A2)

FIG. 7. Final valuess,, of the segregation parameter plotted vs
viscous length! [according to Eq(A6)] on the abscissa for several
values of viscosity and shear rate in the system. Crosses denotehich we can integrate by standard methods to fig(t).
computations with the constant viscosity=0.01 and diamonds We define the viscous length as the norm of the vector val-
indicate the constant shear rage-0.01. ued integral
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ar? 1 r

(= ‘ | dt[v(t)—u(y(t))]” (A3) =5 9=575" GH

) ) As in Appendix A, we now assume that we perturb the
and use the solutions ¢#) and (A3) to obtain trajectory of one particle by giving it a vertical velocity of

orderr y, which is of the same order as the velocity differ-
ence between two laneg 2. If d=2r, the system will not

ymu 0)
o m vX(O)—76'—ry_( Ad allow particles to penetrate into the neighboring lane. This
= 67r, 7y i : (Ad) situation is the densest packing compatible with a stationary
vy(0) state of the systenty= /4. As long asd<<4r or, equiva-

lently, c>c,==/8, a particle will only occasionally be able

} ) ) ) to pass a lane. Considerations of the particle geometry aside,
We then find typical values fov, by a consideration of & e probability for a hit should be proportional to the time

two partic_le coIIision,_sz_:\y, betwe_e_n particles with label 1 a”dspent in the lane by the scattered particle divided by the
2, assuming that the initial velocities equa u(y;) accord-  ayerage time between the pass of two successive particles in

ing to their differenty positions in the flow(for a more ¢ neighbor lane. The mean free pathis given by the
complete discussion of inelastic two particle collisions, seegondition that this ratio be about 1, ie.,

e.g.,[16]). The velocities after the collision, in the reference
frame comoving with the liquid at the initial position of par- _
ticle 1, are Llyr

- (d—2r)/2yr 62

u . [ sina cosx(l+e)

V1(0)=—Eb'y sifa—e cofa+1/ AS) o

Here b denotes the impact parameter andastio/(r+r,);
cf. Fig. 2. Thus, apart from order-one geometrical factors and
somee dependence, the velocity of the scattered patrticle is

: 1 Co
//r~(d—2r)/2r=zrrc 1—1=?—1. (B3)

[17] approximately equal tog/m;)(r,+r,)y. Therefore ¢ For even lower concentration, the particle he}s a good_
becomes largest for the small particles after a collision inchance to pass one or even several lanes, each with probabil-
volving a big and a small particle: ity 1—ppe=1—[2r/yr]/[(d—2r)/2yr]=1-2r/(d—2r).

The probability to survive a distance/r without hits is
hence distributed exponentially,

1+ry/re))
gwﬂ( Fp/T )7" (A6)

ks p(X/T)~ (1= P2, (B4)
APPENDIX B: AN ESTIMATE FOR THE MEAN FREE which yields, by normalization and determination of the ex-
PATH IN THE MONODISPERSE SYSTEM pectation value,

The ratio of the viscous length to the mean free path of
the particles in a nonviscous environment is probably an im- /1t =—1In(1—ppy). (B5)
portant dynamical characteristic of the system. If the mean
free path is much shorter than the viscous length, the addi-
tional background viscosity will not have a big effect. If, on For small concentrationgand thus also small hitting prob-
the other hand, the mean free path is much longer than thabilities) this equation may be expanded to yield the same
viscous length, then the behavior of the system is viscositjorm as(B3),
dominated. Here we would like to give an estimate of the
mean free path in a monodisperse system for particles mov- c
ing in the vertical direction. To allow for a simple calculation /1t~ Upp~ — — 1. (B6)
in the stationary situation, we resort to a simple hypothesis ¢
for the system’s configuration at large times: due to the ini- o )
tial disorder the system arranges itself such that the number It is interesting to note that” does not depend on the
We note that under these circumstances the average horihis observation is in favor of our suggestion that the ratio of
zontal distancel between two particles is set by the packing Viscous length to particle radiugr, as proposed in the main
fraction. If the number of lanes is maximum, their width t€xt and here in dimensional form, collapses the simulation
must be the smallest possible, namely, Dne particle cov- data for 6 at a fixed givenc. If y<1, we presume that
ers an area ofrr? within the available arear2l. Conse- ¢// may be a good scaling variable for varying area frac-
qguently, the overall area fraction is tions. This may be an interesting question to investigate.
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