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We show that a chaotic pulsation in the passiveQ-switched CO2 laser system can be made to synchronize
to its prerecorded history. A signal based only on the prerecorded history is used to modulate the saturable
absorber instead of the actual difference between the prerecorded signal and the current signal. Numerical
calculation shows that the synchronization also occurs even if the modulation signal is modified to be the
on-off signal.@S1063-651X~96!01010-0#

PACS number~s!: 42.65.Sf, 05.45.1b, 42.55.Lt

A chaotic system is known to show a variety of oscillation
patterns even in a low-dimensional system, although we can-
not realize a particular pattern intentionally in a real system
because of its sensitive dependence on the initial conditions
and external noises. This variety characteristic of chaotic be-
havior is advantageous in applications in the fields of com-
munications and neural networks if we can control a chaotic
system and change its behavior into any desired aperiodic or
periodic behaviors intrinsic to the system. In fact, there has
been much research to demonstrate the change of a chaotic
behavior into a periodic behavior@1–5# and the synchroni-
zation of a chaotic system with another chaotic system
@6–10#. Recently, Kittelet al. showed that the present state
of a chaotic system can be synchronized to its prerecorded
history in the electric circuit@11#. This is achieved by a small
self-controlling feedback perturbation in the form of the dif-
ference between the prerecorded signal and the current sig-
nal. The perturbation transforms an unpredictable chaotic be-
havior into a predictable aperiodic or periodic behavior. This
method was successfully applied to the chaotic response of a
yttrium iron garnet film in ferromagnetic resonance@12#. In
real applications, how far we can reduce the information nec-
essary to control a chaotic system is an important question.
So far few studies have focused on this subject.

A single-mode laser that contains a saturable absorber in-
side its cavity exhibits self-induced pulsation, known as pas-
siveQ switching~PQS!. In a CO2 laser, chaotic PQS pulsa-
tion appears in some limited region of the parameters@13#.
Sugawaraet al. showed that chaotic pulsations in identical
laser systems can be synchronized by modulating the satu-
rable absorber of one laser with the output of the other laser
@9#. In the present paper, it is demonstrated that the synchro-
nization also occurs between the present chaotic pulsation
and its prerecorded history, that is, the past chaotic pulsation
can be reproduced intentionally at any time. In contrast to
Kittel’s method, which uses the actual difference between
the prerecorded signal and the current signal as a controlling
signal, a signal based only on the prerecorded history is used
to modulate the saturable absorber. We also try to modify the
modulation signal to reveal the mechanism of synchroniza-
tion. It is found that a pattern of the sequence of the dark
time, the separation between the successive pulses in the
modulation signal, is essential for the synchronization.

The experimental setup of the laser system is described in
detail in Ref.@13#. In brief, the CO2 laser consists of a 2.5-
m-long discharge gain tube and a 35-cm-long intracavity ab-
sorption cell. The total cavity length is 3.5 m. A gas mixture
of CO2, N2, and He~1:1:8! flows through the laser tube at a
total pressure of 8.2 Torr. The laser oscillates on a single
mode of TEM00 at the 9-mm P~34! line.

The intracavity cell contains a gaseous saturable absorber
(CH3OH) and buffer gas (SF6) of 45 and 95 mTorr, respec-
tively. The absorption coefficient of the saturable absorber is
controlled by applying dc and ac voltages to the Stark elec-
trodes in the cell. The electrodes consist of two aluminum-
coated glass plates that are placed parallel to each other.
Each electrode has a dimension of 9.5 cm in length and 3.5
cm in width. The gap between the electrodes is 1.0 cm.

The experimental procedure is as follows. First, we ob-
serve a chaotic time sequence at the discharge current of 13.6
mA and dc Stark voltage of 130 V and we store the sequence
in the computer in each 0.1-ms interval. The total recorded
length is 2000ms. Next, we convert the history into the
modulation signal. In the present case, the absorption coeffi-
cientBa is a function of the Stark voltagee and is calculated
to be @14#

Ba~e!5Ba~0! (
M ,DM

AM ,DMexpS 2
~n01Dn~e!2nL!2

DnD
2 D ,

~1!

whereAM ,DM is proportional to the transition probability be-
tween theM andM1DM sublevels.DnD , nL , andn0 are
the Doppler width, the laser frequency, and the center fre-
quency of the absorption line@15#, respectively.Dn(e) rep-
resents the Stark shifts of the relevant energy levels. On the
other hand, for a virtual light intensity ofaI m(t), the absorp-
tion is reduced to

Ba5Ba0 /@11aI m~ t !/I * #, ~2!

whereBa0, a, I m(t), andI * are the values of the absorption
without the modulation, the coupling constant, the prere-
corded history, and the saturation parameter, respectively.
By equating the right-hand-sides of Eqs.~1! and ~2!, the
Stark voltage of the modulation signale(t) is calculated for
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each step of 0.1ms, after all laser intensities in the prere-
corded history larger than a certain clipping level are set
equal to the level. The calculated modulation signal is stored
in the wave generator. Finally, we observe the present cha-
otic pulsation at the discharge current of 13.4 mA. If the
value ofa/I * is properly chosen, we can observe synchro-
nization.

In Fig. 1~a! the dashed line and the solid line show a part
of the prerecorded chaotic history before and after clipping,
respectively. Figures 1~b! and 1~c! show the time sequences
of the present chaotic pulsation without and with the modu-
lation, respectively. To examine the correlation in the ampli-
tude between the prerecorded history and the present pulsa-
tion, the pulse height of the present pulsationX is plotted
against the corresponding height in the prerecorded history
Xm @Figs. 2~a! and 2~b!#. In the absence of the modulation,
the present system exhibits the independent chaotic time se-
quence as shown in Fig. 1~b!. In the correlation plots, data
points are scattered in two dimensions in an erratic manner
@Fig. 2~a!#, indicating that the laser is pulsating indepen-
dently of the prerecorded history. In the limited range of the
coupling constant, the present chaotic pulsation is synchro-

nized to the prerecorded history@Fig. 1~c!#. The pulse
heights and the time intervals in Fig. 1~c! correspond well to
those in Fig. 1~a!. A linear line in the correlation plots in Fig.
2~b! also shows the occurrence of synchronization. When the
laser intensity of the prerecorded history increases, the Stark
modulation voltage is decreased to reduce the absorption as
shown in Fig. 1~d!. The cross correlation analysis reveals
that the present pulsation is delayed from the prerecorded
history by 7ms. At the smaller or larger coupling constant,
the present chaotic pulsation is less correlated to the prere-
corded history.

The synchronization is realized when the discharge cur-
rent of the present system~13.4 mA! is slightly smaller than
the current used to store the chaotic time sequence~13.6 mA!
in the first step of our experiment. A similar relation between
the pumping rate of the master and slave lasers was also
reported in Ref.@9#. This difference in the discharge current
is clearly observed in the first return maps, where adjacent
pulse heights of the time sequenceXn11 vs Xn are plotted
@Figs. 3~a! and 3~b!#. The return map of the highly excited
laser~the prerecorded history! has a longer tail than that of
the less excited laser~the present chaotic pulsation without
modulation! at the left-hand-side of the unimodal curve as
indicated by circles and arrows. This shows that the modu-
lation on the absorber causes entrainment of the laser dynam-
ics towards a different strange attractor.

We carry out a rate-equation analysis to reproduce the
observed dynamics of the modulated CO2 laser system. Ac-
cording to the three-level–two-level model, which was suc-
cessfully employed to analyze the PQS dynamics in our pre-
vious publications@9,13,16–18#, the present laser system is
described by the following rate equations for the population
densities in the upper and lower laser levelsM1 andM2, the
difference in the population density between the upper and
lower rotational-vibrational states of the saturable absorber
N, and the photon density in the lasing modeI :

İ5Bgf g~J!I ~M12M2!l g /L2BaINl a /L2kI, ~3!

Ṁ152Bgf g~J!I ~M12M2!1PM2R1M1 , ~4!

Ṁ25Bgf g~J!I ~M12M2!2R2M2 , ~5!

Ṅ522BaIN2r ~N2N* !, ~6!

whereBg andBa are the cross section multiplied by the light
velocity c for the induced emission in the gain medium and
the absorption in the absorbing medium, respectively. The
length of the gain tube, the absorption cell, and the laser

FIG. 1. ~a! Prerecorded history of the chaotic pulsation observed
at the discharge current of 13.6 mA before~dashed line! and after
~solid line! clipping. ~b! and ~c! Time sequences of the present
chaotic pulsation observed at the discharge current of 13.4 mA~b!
without and~c! with the modulation.~d! Time sequence of the Stark
modulation voltage.~a8! History of the chaotic pulsation calculated
at the pumping ratePm516.70 Hz before~dashed line! and after
~solid line! clipping. ~b8! and ~c8! Time sequences of the present
chaotic pulsations calculated at the pumping rateP516.45 Hz
~b8! without and~c8! with the modulation.~d8! Time sequence of
the modulated absorption.

FIG. 2. Correlation plots between the pulse heights without@~a!
and ~a8!# and with @~b! and ~b8!# the modulation.

FIG. 3. Return maps of the prerecorded histories of the chaotic
pulsations@~a! and~a8!# and those of the present chaotic pulsations
without the modulation@~b! and ~b8!#.
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cavity are denoted byl g , l a , andL, respectively. The frac-
tion of CO2 molecules in the rotational level with the quan-
tum numberJ is represented byf g(J), the cavity loss rate by
k, and the pumping rate byP. The relaxation rate from the
i th level to the ground state in the laser medium is written as
Ri and r is the collisional relaxation rate of the absorbing
gas. The population density of CO2 molecules is denoted by
M and the thermal equilibrium value ofN by N* . A detailed
formulation of the rate equations is described in Ref.@13#. In
this paper, the cross section of the saturable absorber is re-
duced with the Stark voltage according to Eq.~2!.

The observations are successfully reproduced with the pa-
rameter values listed in Table I. These values are reasonable
for our CO2 laser system@13#. Only the pumping rate is
different between the calculation of the prerecorded history
and the present pulsation. Figure 1~a8! shows the history of a
chaotic pulsation calculated at the pumping ratePm516.70
Hz. The present chaotic pulsations are calculated without and
with the modulation at the pumping rateP516.45 Hz@Figs.
1~b8! and 1~c8!#. The correlation plots between the pulse
heights are shown in Figs. 2~a8! and 2~b8!.

In the absence of the modulation, the first return map of
the present chaotic pulsation is slightly different from that of
the prerecorded history as shown in Figs. 3~a8! and 3~b8!,
which agree well with the observation@Figs. 3~a! and 3~b!#.
In the limited range of the coupling constant~3.3–4.8 %!, the
present chaotic pulsation is synchronized to the prerecorded
history. This coupling constant agrees with the value used in
the experiment~3.2 %!, which is estimated on the assump-
tion that I * /Imax is same in the experiment and in the calcu-
lation, where Imax is the maximum pulse height. Figure
1~d8) shows the time sequence of the modulated absorption,
which is similar to that of the actually applied Stark modu-
lation voltage@Fig. 1~d!#. This relation also shows that the
coupling constants used in the experiment and in the calcu-
lation are nearly equal because the time sequence of the
modulated absorption is sensitive to the coupling constant. A
delay of 4ms is found between the prerecorded history and
the present chaotic pulsation, which agrees fairly well with
the experimental result.

The phenomenon of synchronization is investigated in
more detail by a numerical analysis with modified modula-
tion signal. The variance of the correlation plot from the
best-fit linear relations2 is measured for 100 data points
sampled from the calculated time sequences. It is given as
s25( i(Xi2aXm,i)

2/( iXi
2 where Xi ,Xm,i , and a are the

i th pulse height of the present pulsation, the corresponding
height in the prerecorded history, and the coefficient of the
best-fit linear relation. For each value of the clipping level

I clip , s2 is a function of the coupling constant, whose mini-
mum value is shown by the solid line in Fig. 4. The modu-
lation signal is further modified to be the on-off signal,
where all laser intensities in the prerecorded history larger
~smaller! than the clipping level are set equal to the level
~zero!. The dashed line in Fig. 4 shows the minimum vari-
ance in the case of the on-off signal. In both cases, the rapid
decrease of the variance is observed around the clipping
level I clip /I *;4, which corresponds to the largest minimum
photon density between successive pulses. In the case of the
clipped signal, the variance converges to the value without
clipping whenI clip further increases. Synchronization occurs
for sufficiently large value ofI clip , which is clearly shown in
the correlation plots in Fig. 4. However, in the case of the
on-off signal, the variance increases with the increase of
I clip because some pulses that are smaller thanI clip are ne-
glected. Thus, in the limited range of the clipping level, syn-
chronization occurs for the on-off signal. The almost linear
relation in the correlation plots shows the occurrence of the
synchronization. It is necessary that all pulses in the modu-
lation signal can be distinguished.

The above numerical simulation implies that, for synchro-
nization, the information on the signal amplitude can be
omitted if the phase information is preserved. In Fig. 5 we
plot a correlation between the pulse height and the preceding
dark time~the time interval between the preceding peak and
the present peak!. The definite one-dimensional correlation
between the pulse height and the dark time suggests that the
amplitude information is involved in the phase behavior,
which leads to the successful synchronization with the
clipped signal. It is interesting that the laser is working as a
signal processor that reproduces lost information.

FIG. 4. Minimum of the variance as a function of the normal-
ized clipping level when all pulses taller than the clipping level are
set equal to the level~solid line! and when the modulation signal is
further modified to be the on-off signal~dashed line!. Correlation
plots in both cases are also shown: left, on-off signal
(I clip /I *54); right, clipped signal (I clip /I *515).

FIG. 5. Pulse height as a function of the preceding dark time
obtained from the calculated PQS pulsation without modulation.

TABLE I. Parameters used in the numerical analysis.

Ba0N* l a /L Ba0 /@Bgf g(J)# BgM f g(J) l g /L

1.5 MHz 900 3820 MHz
R1 R2 Pm

300 Hz 380 kHz 16.70 Hz
k r P

2.0 MHz 6.0 MHz 16.45 Hz
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This synchronization of the present chaotic pulsation with
its prerecorded history is also applied to stabilize the un-
stable periodic pulsation characteristic of the prerecorded
history. This is achieved if we select an unstable periodic
pulsation between two peaks of nearly the same height, con-
vert the selected history into the modulation signal, and ap-
ply the modulation signal repeatedly. Figure 6 shows the
observed time sequences before and after the modulation sig-
nal tailored from the prerecorded history is applied. The
pulse train consisting of eight pulses, which is denoted by a
horizontal bar, is regularly repeated in Fig. 6~b!. Further de-
tails of this stabilization will be reported elsewhere.

In conclusion, we demonstrated that a chaotic pulsation of
a CO2 laser system can be made to synchronize to its prere-
corded history. A signal based only on the prerecorded his-
tory is used to modulate the saturable absorber instead of the
actual difference between the prerecorded signal and current
signal. Numerical calculation shows that the synchronization
also occurs even if the modulation signal is modified to be

the on-off signal. In other words, for this synchronization, it
is essential to reduce the intracavity absorption with the
proper pattern of the sequence of the dark time between the
successive pulses. We believe this technique is applicable to
low-dimensional dissipative chaotic systems.

We gratefully acknowledge Dr. T. Tohei, Science Univer-
sity of Tokyo, for useful discussions.
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FIG. 6. Observed time sequences of PQS pulsation~a! before
and ~b! after the modulation based on the unstable periodic pulsa-
tion is applied.
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