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Alignment and instability of dust crystals in plasmas
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Charged dust particulates, forming a layered crystal in the electrode sheath of a rf discharge, are known to
show vertical alignment and an onset of characteristic oscillations below a threshold of neutral gas density.
Here forces on the particulates due to the formation of positive space-charge clouds below the dust particles are
calculated from Monte Carlo calculations of the ion motion in the sheath. The forces are shown to be attractive
and nonreciprocal for the different crystal layers. From the Monte Carlo results an analytical lattice model is
derived that quantitatively explains the experimental findif§4063-651X96)06710-4

PACS numbep): 52.25.Vy, 52.35-¢g, 62.30+d, 52.65-y

[. INTRODUCTION The observed oscillations have the following featur&3).
Vertical pairs of particles oscillate horizontally about their

Wigner crystallization of micrometer “dust” particles has aligned equilibrium position at a frequency of about 13 Hz.
attracted much interest in the field of plasma physics reThe oscillation amplitude of the lower particle is about twice
cently. The dust particles acquire high negative charges likéhat of the upper one and the upper particle has a phase lead
floating probes and interact by means of their Coulomb reof about 45% 30°. These oscillations suddenly appear below
pulsion. If the Coulomb energy of neighboring particles bya certain pressure threshold. At this pressure all externally
far exceeds their thermal energy, the particles arrange in oforced oscillations are damped within milliseconds.
dered solidlike structures. The existence of these so-called To understand this unexpected behavior of alignment and
plasma or dust crystals was predicted by Ikgidi Experi-  oscillations of the plasma crystal one has to investigate the
mentally they were found in magnetron rf dischar§igs4]  interparticle forces in the sheath of a rf discharge. Particles
and in parallel plate rf discharg¢S—7]. The dust crystal is of radiusR attain a charg&e=RUs in the plasma environ-
trapped in the sheath of the lower electrode where the eleagnent(cgs units are used heravhereU; is the floating po-
tric field force on the particles balances the force of gravity.tential of the particle. The measured chargeszZel0* for
The particles usually form a flat crystal of about 20000 R=4.7 pm particles[6,7,11].
elementary cells width, but of only a few layers thickness. In  “Drag” forces on such particles due to external fields and
the horizontal plane, these crystals show hexagonal order &sreening of the particles have been studied in several inves-
usually found in two-dimensiondRD) systems, but in the tigations[14—17. The interparticle potential in a quasineu-
vertical direction the particles are aligned rather than beindral plasma can be described by a Debyesk&l law [18].
arranged in close-packed structurg4,7]. Close-packed However, these forces cannot be applied to the problem of
structures are expected for 3D crystals as well as for laterallplignment and oscillations because in the sheath, where the
infinite crystals having two or more layers embedded in adust crystal is located, the plasma is strongly non-neutral.
uniform positive background8,9]. For screened potentials Furthermore, one has to know not only the forces due to
this aligned structure cannot be established as €. external fields, but also interparticle forces arising from de-

Another peculiarity of the plasma crystal is observedviations from the equilibrium particle position in direction of
when the density of the filling gas is reduced. Then the dusthe external field and perpendicular to it.
particles acquire high random kinetic enerdies. high tem- The formation of space-charge regions below the dust
peraturesbelow a certain pressure threshfld,,12. Due to  particles by ion focusing in the sheath as a possible explana-
this increase in dust temperature the plasma crystal perform®n of the alignment was also put forth by Melaridsod
a phase transition from the solidlike structure to a liquidGoree[19] and by Vladimirov and Namb{i20]. But their
state. At this phase boundary self-excited oscillations of theollisionless models have only limited applicability in the
particles in the plasma crystal appear. These oscillations amegion of pressures considered here and resulting forces on
interpreted in Refd.11,13 as a precursor of the temperature the particles were not calculated from such models.
increase, in the sense that the oscillations originate from a So an explanation of the mechanism of the unstable oscil-
plasma instability and grow more and more violent finally lations as well as a convincing proof that the vertical align-
leading to the strong erratic dust particle motion. In Ref.ment is energetically more favorable than close-packed
[12], however, the oscillations are attributed to the mixedstructures are still lacking. For this reason, we will present
two- and three-dimensional nature of the crystal or as a newere Monte CarloMC) calculations of the ion streaming
intermediate state of the melting transition. It is knojd]  motion in the sheath in the presence of a two-layer dust
that the described phase transition is observable for plasmaystal for conditions found in our experiments. The forma-
crystals of two or more layers only. So we restrict furthertion of ion space-charge clouds on the downstream side of
discussion to the case of a two-layer crystal, for simplicity.the particles is found to persist even under the collisional
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some ions can be trapped in the potential well of the charged
particulates. The others finally reach the electrode surface.
Resonant charge exchange determines the ion mean free
path. At the pressure of interest the ion mean free path
Amip IS within a range of 50-200um. Usually
Amip=100 um, corresponding to a pressure of 100 Pa, is
used for simulation.

In the transversdghorizonta) plane ,y) the charged
grains are arranged in an infinite hexagonal lattice with the
translation vector§= n151+ nzéz, wheren; andn, are any
integers anda; = (a,0) anda,=(a/2,\/3a/2) are the primi-

FIG. 1. Sketch of the modeled system. tive translation vectors of the Bravais lattice. The vertical

(longitudina) direction is denoted witlz (see Fig. 1

conditions. Forces on the particles are calculated from the The total potential of the crystal-plasma system is the sum
ion trajectories. Based on these MC results an analyticabf the sheath potential and that of the two hexagonal layers
crystal model introducing an additional crystal layer of posi-of charged particles. It is convenient to represent the poten-
tive “cloud” charges is presented. This model is used totial of a lattice layer of negative point charges as
study qua_nt!tanvely the vertical alignment and th_e OSC|IIat_|on¢(F) = oo(2)+ @1(r). The potential ¢,(r) describes the
characteristics as a consequence of a plasma-induced inSigsgative point charges embedded in a horizontally uniform
bility. A simplified 1D version of this model was discussed gheet of compensating positive charges, described by a Dirac

in [13]. ) ] 6 function in the vertical direction. The effect of the positive
The Monte Carlo model is presented in Sec. Il and the . . _ - -

: . . heet is neutralized by(z), where ¢¢(2)= [ ¢(p,z)dp.
results are discussed in Sec. lll. The analytical crystal mod he integration is performed over the transverse coordinates
is derived in Sec. IV. The unstable oscillations are discussed 9 P o
in Sec. V and compared with the experiment. Conclusionfa_:(xiy)’ thus ¢o(2) is independent of the transverse coor-

f
i
;
f

:
-

are presented in Sec. VI. Inates. , _
Using the Fourier transform over the translation vectors of
Il. MONTE CARLO MODEL the Iattice,gol(F) can be written as the sum over the transla-
FOR THE ION MOTION CALCULATION tion vectorsg of the reciprocal lattice
The system of a two-layer plasma crystal with hexagonal Arez
order in the horizontal plane and vertically aligned particles > e _ e
in the sheath of an rf discharge is considefgee Fig. 1 To ¢1(p.2) é%o gS exp(—g|z))explig-p), (1)

give numbers we adopt the experimental values of Melzer
et al.[11,13. The results of our calculations can also easily
be applied to other experimen{5,12] because the experi- j:n161+ n252, g=|§|,
mental conditions are similar.
In these experiments a rf discharge is operated in helium . .
at a pressure gb = 30—150 Pa and a power input of 12 W. whereb, =(2m/a,—2/\3a) andb,=(0,4w/\3a) are the
The plasma crystal is formed by spherical, monodispers@rimitive reciprocal translation vectors afe- J3a?/2 is the
particles ofR=4.7 um radius and mas®=6.73x10" 1%  area of an elementary cell. It is seen from E#). that for
kg with a negative potential of U; = 2—5 V corresponding large distancez from a layer the potential depending on
to Z = 6000-15000 elementary charges. For the MCtransverse coordinates falls off exponentially with increasing
calculations a potential of-5 V is used unless stated z. This means that an ion does not “feel” the pointlike struc-
otherwise. The interparticle distance in the horizontal plandure of the lattice at distances from the lattice greater than a
is a=450 um and in the vertical direction certain valuez,. This characteristic length, is determined
d=360 um= 0.8a. The frictional damping exerted by the by the minimal value of the reciprocal lattice vector
neutral gas background on the dust graing4s 12 s * at  9mn~2m/a=1/z,. For our experimental conditions
30 Pa[21]. z,~70 wm. This length is much shorter than the distance
We restrict our approach here to a non-self-consistent dgfom a layer to both the electrode and the quasineutral bulk
scription of our problem in three dimensions, which meansgplasma. Therefore, one can neglect the influence of image
that ion-ion interactions are neglected and the charge on theharges in the metallic electrode and the plasma. To calculate
particles is fixed rather than being determined from the elece; numerically according to Eq(l) the Ewald technique
tron and ion flux onto it. A self-consistent approach is be-[22] is applied.
yond our present computational power, but the experimental The plasma crystal is suspended in the sheath by an up-
results for the parameters of a layered crystal such as theard directed electric-field forcEe E, which is balanced by
particulate charge, interparticulate distance, and interlayethe gravitational forcévg. The longitudinal electric fieldE
spacing permit us to simplify our model description. is created by the two uniform crystal layers with a vertical
The ion flux entering through the plasma-sheath boundardistanced as well as the ion and electron volume charge in
is assumed to be horizontally uniform. The ions are accelerthe plasma sheath. We use a common sheath n@&s|
ated in the sheath by a strong electric field. Due to collisionsvhere the time-averaged volume charge dengitys as-
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sumed to be constant and independent of horizontal coordi- 250
nates. Solving Poisson’s equation for the time-averaged lon- (@) mep = 0
gitudinal electric fieldE \
200
JE
E:477[9_QI5(Z_21)_QI5(Z_ZZ)]= 2 /g‘5°
with condition E(z=0)=0 on the plasma-sheath boundary, 3
the longitudinal field in the sheath is Q100
4mpz, 0<z<z4 50
E(z)=4 4m(@z—@Q), z1<z<7 (3
A7(0z2—20)), Z>12,, o
) . ) (b)”\mfp =
where o =eZ/S is the negative 2D charge density of the
200

crystal layers andz; and z, are the distances from the
plasma-sheath boundary to the upper and lower layer, re-
spectively.p,z,,z, are obtained from the condition of equi- 150
librium between gravity and the electric force for both layers €
andz,—z;=d with the experimentally given interlayer dis- 5
tanced. The distance between the upper layer and the plasma ~ <'%
sheath boundary is then =d(1/2+gM/4weZp,), and this
condition allows, in principle, one to find the particulate 50
charge by measuring the position of the upper layer relative
to the plasma-sheath boundd6). The volume charge den-
sity is found asp=e2/dS, which means that the interlayer
repulsion is completely compensated by the attraction of the
positive background contained between the two crystal lay- 200
ers. For a particulate floating potentidk=—5 V the elec-
tric field Eo=Mg/Z at the particulate location is about 25 —
Vicm and the volume charge density ig=2.6x 10 £ 10
cm ™3, which is in agreement with measured val(i6ég]. 3
Two kinds of forces acting on a particle due to the K100
particle-ion interaction are considered. First, ions hitting the
(completely absorbingparticulate transfer their momentum
to the particle, resulting in a force

I

)

(c):/\mfp =100 pm

//

50

- - s 0
Flzfmivini(vi.dg), (4) 400 500 600 900 1000

700 800
z (pm)
wherem; ,Ji ,n; are the mass, the velocity, and the density of

ions, respectively, andc is an orientated surface element of
the particle.

Second, the Coulomb interaction between ions and a pal
ticulate gives the contribution

FIG. 2. lon trajectoriega) in a pure drift regime(b) in a pure
collisionless regime, ancc) for a collisional case with ion mean
;[ee path ;=100 um due to ion charge-exchange collisions,
which are indicated by kinks in the trajectories. The particle posi-
tions arez=500 um (upped andz=860 um (lower).

Ifng en(rVei(p,z—z)dr, k=1,2. (5  charge-exchange collisions are taken into account. Statistic
errors of the calculation are given in some of the figures.

The integration extends over the area of an elementary hex-

agonal cell. Note that the potenti@} includes the ions in the Il RESULTS OF MONTE CARLO CALCULATIONS
considered elementary cell as well as all periodic images. '
The upper boundary of calculation regias O is set suf- To understand the resulting ion distribution, first two lim-

ficiently far upstream of the crystal. The ion density at theiting cases of the ion motion are consideréd: the drift
upper boundary is fixed to a specific valog= . All forces  regime Q,;—0) and(b) the collisionless casenfy— ).
discussed below are proportional to this paramaterThe  Due to the attraction of the ions by the particles the ions are
lower boundary of the computation region represents a comdeflected. For the drift regime ion trajectories mainly termi-
pletely absorbing electrode. Horizontally, the computationnate on the upper particulates. Immediately behind them
region is chosen as an elementary cell of the hexagonal lashadowed areas of low ion density appgeéig. 2(@)]. These

tice with periodic boundary conditions. In the computationrarefaction areas extend to the lower particles. The opposite
cell, finally there is one particulate for each layer. lonbehavior is found in the collisionless limiFig. 2(b)]. Re-
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FIG. 3. lon density distribution averaged over they) plane
for different ion mean free paths. The vertical dashed lines indicate
the particle positions a=500 um andz=860 um.

gions of enhanced ion density occur below the upper par-
ticles and extend over a wide rangeafThe kinetic energy

of the ions is so high that the ions are not captured by the 0 50 100 150 200
particles. This leads to ion focusitmplowthe particles. The m
gas pressure range of 50—-200 Pa is an intermediate case P

(Amp = 50—200um is smaller but of the order af), where
the ion velocity is not a local function of the electric field. A FIG. 4. lon density distribution in cylindrical coordinates aver-
small sample of ion trajectories obtained by Monte Carloaged over azimuthal angle in the case of alignment for
technique for this case are given in Figcp Amip=100 um. The numbers give the ion density in unitsrgf

The calculated ion density distributions for aligned par-
ticles are given in Figs. 3 and 4. Figure 3 shows the ionthe MC calculations. It has been shown here that the ion
density averaged over transverse coordinatgg)(as a func-  focus region found in collisionless systerfi9,2q is also
tion of the vertical position. In general, the density decreasepreserved under the more realistic conditions considering
towards the electrode since the ions are accelerated in thgllisions and the presence of a lower particle layer. This
sheath. The maxima in ion density are associated with th@n-cloud region provides attractive forces for the negatively
positions of the particles in the uppez;E500 um) and  charged particles. In region Il the ion density in radial di-
lower layer @,=860 um). It is seen that with increasing rection changes weakly. The ions almost do not feel the pres-
pressuréreduced\ ) the ion focusing effect is diminished. ence of the particulates. There one finds only the usual re-
The maxima in ion density are not very large because theuction of ion density in the longitudinal direction due to ion
density is averaged over the transverse plane and the regioasceleration in the sheath.
of enhanced ion density are localized, as can be seen in Fig. In the layered structure with vertical alignment there is no
4. There contour plots of the ion density in the,Z) plane  “net” horizontal force acting on particulates due to the hex-
(averaged over azimuthal angléor A\,;=100 um are agonal symmetry in the horizontal direction, but small devia-
shown. One can identify three different regions. In the clostions from the aligned positions will induce horizontal repul-
est vicinity of the particulategregion ) the ion density is sive (due to particle-particle interactipand attractive forces
strongly enhancetby a factor of 10 due to trapping of ions (due to particle—ion-cloud interactipron the particles. In
in the potential well of the particles. The size of the potentialorder to study the stability of this arrangement calculations
well L in the direction of ion flow can be estimated by equat-of the ion distribution and the resulting forces for different
ing the Coulomb field of the particles and sheath electriadisplacements of the lower-layer lattice relative to the upper
field at the particles position. = e Z/E;<100 um for our  layer are performed. From the above-mentioned estimates
conditions. As pointed out above, the transverse componemne can expect that the lower layer is able to influence ion
of the field of a layer quickly decays with distance. There-trajectories only fotz—z,|<z,. This is substantiated in Fig.
fore, if an ion is outside the potential well, i.e., 5 where the regions of maximum ion density are plotted for
|z—z;|=L~z,, ion-neutral collisions weakly deflect an ion various interlayer planes. Here the lower particulates are
in the transverse direction. shifted by 0.2& in the x direction from their “aligned”

Below the particulates, a region of enhanced ion densitgquilibrium positions. The contour lines comprise the re-
(ion cloud is formed by focused iongegion Il). There the gions where the ion density is more than 90% of the maxi-
ion density attains a few times its unperturbed value. Thanum ion density for that interlayer plane. One can see that
formation of this ion cloud is one of the crucial findings of even though the lower particulates are shifted, the ion clouds
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FIG. 5. Shifting of the ion cloud in thex(y) plane for different FIG. 6. Transverse restoring forces from the ion clouds acting

z. The displacement of lower particulates from the aligned positiony,, e |ower particulates as a function of the displacement in the
is 0.2%. The contour lines comprise the region of highest ion den-x direction for different ion mean free pathél) A ,p="50 wm,
sity in each plane(l) plane of the upper layer=z,, (2) z=0.4d P

N Z;=0.58n;/p, d;=0.4%; (2) )\mfp:100 um, Z;=0.43n;/p,
above the lower layer plané€3) z = 0.2d above the lower layer di=0.48; (3) A gp=200 M, Z;=0.44Zn; /p, d;=0.38. Symbols

plane, and(4) plane of the lower layez=2,. Dots and crosses jonote the MC results, solid lines indicate the forces for positive
indicate the upper and lower particle positions, respectively. point charges with paramete ,d; replacing the ion cloud(4)

The dashed line is the repulsion force between two layers for
remain located directly below the upper particulates. Onlyn;=¢.
very close to the lower particle layécurve 3 a displace-

ment of the ion cloud becomes observable. Hence the i0gs seen above, the positive point charge is treated as rigidly
cloud depends only on the obstacle on the upstream side, bggnnected to the upper particle. The valueZpaindd, are
stays nearly unaffected by the structure on the downstreaghosen in such a way that the restoring forces due to the
side. The fact that the ion cloud is found to be coupled withyositive point charges mimic the restoring forces found from
the upper particle is the second main finding of the MCthe \MC calculations for the different values of the displace-
calculations. . . mentéx within the errors of the MC resulisee Fig. 6, solid
The resulting transverse forces on the particles of thgineg. In the range of pressures set by the experiment, for the
lower layer calculated from the MC model are shown in Fig. sffective chargez; values of 0.3-0.&n,/o, and for the
6 as a function of the displacement from the aligned pOSi'distancedi values of 0.4—0.G are obtainedsee Table )L
tions in thex direction. The most interesting result is the o, characteristic values,/o = 1-3 the effective positive

appearance of negative, i.e., restoring for¢esrves 1-3,  charge matches the charge of the particulates within an order
symbolg. These forces arise from the attraction of the lowerqs magnitude. However, for the lower particulates the attrac-
particles by the ion clouds. The force becomes zero at dis;gp, by the ion cloud exceeds the repulsion with upper par-
placements$x=0,a/2, as e>§pected fr'om symmetry. Any per- icyjates sinced;<<d. The replacement of the ion cloud by
turbation of these equilibrium positions leads to a restorlngpositive point charges for a “static” displacement of the
of the system to the aligned structure with=0. The forces  |\er-layer particles is justified since the ion relaxation time
reach their maximum abx=0.2a—0.2% depending on the s much shorter than the period of dust oscillations. Of
ion mean free patth . A pressure reduction leads to a coyrse, jon-ion interaction that is not taken into account in

stronger restoring force. For comparison, the pure Coulomhe MC model above will diminish the effective charge of
repulsion force between the layers is includedrve 4. One

can see that the restoring force by the ion-cloud attraction . . .

decisively exceeds the dust particle Coulomb repulsion’.st;S'A‘B"E I. MC results forZ;,d; for various simulation param-
Therefore the aligned structure of the crystal observed in thé ~ ™"

experiment is favored over the hcp crystal structure. It i

-1
important to note that such transverse attractive forces by t;}ﬁmfp (wm) vev) dm zizne ” dfa did
ion clouds do not exist for the particles of the upper layerso 5 360 0.58 049 0.61
since the ion cloud is located below the upper particle. 100 5 360 0.43 0.40 0.50
For further analytical analysis each ion cloud is replacedi 0o 5 450 0.42 0.43 0.53
by a positive point charge of chargg located below the 100 3 360 0.25 0.35 0.44
upper particle at a distanak-d; . Since the position of the 2o 5 360 0.44 0.38 047

ion cloud only weakly depends on the lower-layer position
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the ion cloud. But since the particle-particle repulsion is con{ates are due to particulate-particulg ,, and particulate-
siderably less than the particle—ion-cloud attraction it is rea- . . =

sonable to assume that the qualitative picture described. Fik,pi interaction. The particulate-particulate forces can
above does not change after considering ion-ion interaction€ Written as usual &y pp=—dUyp/dpix, where

Since the radial component of the lattice electric field de- 2

creases exponentially with distance, the restoring force may => > U(lpik—pih+> U(lpii—piated])

exist even in the case when the effective ion-cloud charge is = ' . i ' . ‘

much less than that of the particulates. (7)

The main results of the MC simulations are summarized . . . . .
here to enlighten the derivation of the analytical model. Be Is the total potential of particulate-particulate interaction and

low the partides of the upper |ayer a positive Space-chargéz is the unit vector in Iongitudinal direction. The first term
region is formed, which results in attractive forces for thedescribes the interaction of particles in the same layer and
lower particles. This ion cloud can be replaced to a goodhe second gives the interaction between particles in the up-
approximation by a single positive point charge of chargePer and lower layers. The interparticle potentidlconsid-

Z; and distancel; above the lower layer. The ion cloud is ered here is a pure Coulomb potentia(r) =e?Z?/r only.
found to be located almost directly below the upper particleDebye-Hickel potentials can be used to account for electron
independent of the position of the lower particles. Thereforescreening. But since the electron screening length under the
the positive point charge can be treated as rigidly connecte@xperimental conditions is of the order oh24a the differ-

to the upper particle. Furthermore, due to the fact that the iognce between Coulomb and DebyeeMel potentials is
cloud is located below the upper particle no attractive forcesmall. Screening by ions leads in a first approximation only
on the upper particles exist. These points found as resulf® a renormalization of the dust particle chaf@d.

from the MC calculations are the main ingredients of our It was found from the Monte Carlo results that the

analytical model. particle-ion interaction is negligible for the upper particle
since the ion cloud is located directly below the upper par-
IV. ANALYTICAL CRYSTAL MODEL ticle. For the lower particle the interaction with the ions is

approximated by the interaction with a positive point charge.

A model is presented here that allows us to describe th&herefore, the particulate-ion forces can be written as
dust crystal structure and stability analytically. The crystalg, .— _ 55U ./9p,, whereU,; is the potential of the

instability leading to the heating of the dust particles ispoé’i)tive point c’:)harges replacing; the ion clouds below the
treated in a linear stability analysis. In the linear approxima—upper particulates. The Kroneckey, provides that the at-

tion the motion of the particulates in the longitudinag) @nd ~ traction is acting on the lower particles only. Then we can

transversex,y) directions is decoupled, since for longitudi- gescribe both the ion-particulate and particulate-particulate

nal displacements the transverse forces acting on the partiCysieractions by effective pair potentials. This is the main as-

lates remain zero due to the symmetry of the system. This i8umption of our model. By this means, the potential of the
confirmed by experimental observatidid, 13, which show  jon cloud can be written as

that the amplitudes of the transverse particulate oscillations

are much larger than those of the longitudinal motion. There- . . .

fore, we can restrict the analysis of the particle motion to the Upi=— Eiz;, U(lpii—pj2tedl), e=2Z1Z. (8
planep; = (Xix ,Yix) at fixed longitudinal coordinate, where ’

the indexi denotes the number of a particulate in a crystalThe potential is that of a positive point chargesituated at
layer andk=1,2 denotes the uppek€ 1) and lower layer a distanced—d; below the upper particulate as found from
(k=2). To calculate the particulate motion the particle-the MC results. Note the differences betweep; and the
particle interaction and the influence of ions and neutral gagsecond term irlJ,,, decribing the interaction of the lower-
are taken into account. We consider the particle-particle intayer particles with the point charges and with the particles
teraction and particle-ion interaction explicitly. The particle- of the upper layer, respectivelyl ,; is negative(attractive

ion interaction is approximated by the particle—positive-and is evaluated at a vertical distartzgather thard, but the
point-charge interaction discussed above. The influence Qfositionsp;, are the same for the upper particle and for the

electrons in the sheath can be accounted for as an isotropipsitive point charge since they are treated as rigidly con-
screening. Forces from the particulate—neutral-gas collisiongected.

are not treated as random in our model, therefore the kinetic The total force on the particles is then
energy of particulates is zero in the equilibrium state, but

these collisions are considered as velocity-dependent friction R Upp Ui

forces[21]. Fik=— a2 Sk2 P (9)
Then the Newton equations for our system can be written Pik Pik

as Note that for the forces given by the E@) Newton’s third

law actio = reactiois not valid. This is because of the ions
6) that give the essential contribution to the forces acquire their

momentum in the external electric field and lose it in the

collisions with gas atoms. The symmetry breaking by the
where v is the friction constant and/ is the particulate jons streaming from above through the crystal leads to the
mass. The force&=Fi. ,p+ Fik pi acting on the particu- nonreciprocity of the forces. This situation is typical tgpen

P _ Fiue i
dtz2 M dt ’
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system, which cannot be described by any Hamiltonian. Th&Vigner crystal with a Coulomb interaction between particu-
breaking of Newton’sactio=reactio law is the main reason lates is given in Ref[25]. For the calculation of the matrix
for the heating mechanism of the particles. In contrast, alC,, for Debye-Hickel potentials Eq(12) can be used di-
Hamiltonian systems without friction conserve their total en-rectly. But for Coulomb potentials this sum converges very
ergy. Hamiltonian systems with friction achieve a metastableslowly. Therefore, the Fourier transform of Eq2) with fast

state with zero kinetic energy. convergence is taken
22
V. CRYSTAL INSTABILITY CoplGr2)= 2me’Z D (9at0a)(9p+dp)
B MS < I+q
A. General results g lg+ad
Now a linear stability analysis of the system described by xexp(— 2| g+qlz), (13

Egs. (6) and (9) is performed. Therefore small deviations
Eai k= Lax(@)EXPAL+ig- py) from the vertical aligned posi-

tions p;, are considered, whemg is the spatial wave vector

of the displacementx,,a=1,2, indicates the directions
X,Yy. Substituting this into Eq(6), we find the values of

{ .« as the eigenvectors of the dynamical matrix

where the summation is performed over all translation vec-

torsé of the reciprocal lattice.

Note that finding the spectrum of the matfk0) allows
us to treat the behavior of all eigenmodes of the dust crystal.
Since it is the aim of this study to investigate the instability
mechanism of the dust crystal, we restrict the problem to

1 L;ZUpp finding only those eigenvalues and eigenvectors of the dy-
Ack.pn= "~ 37 E ) (W namical matrix that have the maximum value of the real part
pi=pitp al, k72BN Re(\). The eigenvaluex of the system(6) are given by the
2 relation
+ 5k2(9—Upi) eld-(r=pi), (10
IXai kIXgj n NEE — v+ 2+ Anm 14
m )
where the summation is performed over all translation vec- 2
torsﬁ of the hexagonal lattice. Since the dynamical matrixwhere,?m, m=1, ... ,4, are theigenvalues of the dynami-

(10) is expressed through the lattice sums, a numerical teChsa| matrix A. The analysis of Eq(14) allows us to obtain
nique is necessary to obtain its eigenvalues. An expandeghme general statements about the influence of friction on
form of the dynamical matrix can be written as the crystal stability. Depending on there are three possible
types of solutions. For Ref) >0 the aligned situation is ab-

~Wapt Sap(0) ~Sap(Q) solutely unstable for any values of the friction constant. For
A= ~Sup(A)+ €D p(A)  —W, 5+ S,s(0)— €D, 4(0) [*  Re(7)<0 the imaginary part Img) of the eigenvalue be-
comes important. For Imf)=0 the alignment is always
h stable. For Imf) #0 there is a critical value of frictiow,,
where above which the system is aligned and below which the sys-
tem will be oscillatory unstable, i.e., it shows oscillations
1 O,p U X Xg d 10U ' '
W, ==, (Lﬁ (p) yB (p) about the aligned positions with growing amplitude. In con-
MZol P dp p dpp dp trast, for a Hamiltonian system the eigenvalues of the dy-

namical matrix are always real, so the system is either stable
or absolutely unstable independent of friction. The valye
and corresponding oscillation frequeney, are easily de-
rived from relation(14)

(%oﬂ)(— \p"+7°) v.=Im(n)/w,,0,=—Re 7). (15

p ap

X[1—expiq-p)], (12)

S.5(0)=C,z(a,d), D,s(d)=C,z(a,d;), and

R 1
Cap(0,2)= 12
M
g The eigenvalues; of the dynamic matrixA are obtained

L XaXp 91 IU(p?+2°) exp(iG- 5) numerically. We normalize distances to the interparticle dis-
p dpp ap q-p) tancea and the time to the plasma frequency of the Wigner

(12) crystal wp= J4me?Z?[Ma3. Then the system characteris-
tics can be analyzed with the unitless parametérs,, e,
with summations over the translation vectprsf the lattice. ~ d/&, di/a, andrq/a. Following the experimental results
S.s describes therepulsive interaction between the two [11,13, the interlayer distance is set ¢fa=0.8.

particle layers seperated by a vertical distad@ndD ,; the The critical value of the damping constant and the
(attractive interaction between the lower layer and the layerfrequencye, as functions of the amplitudg of the wave
of the positive point charges with a vertical distarte vectorq are shown in Fig. 7 for different orientations. It is

Note that for our open system the dynamical matfi)  well known [25] that only the values of the wave vector
is not Hermitian and its eigenvalues are generally complexlying inside the irreducible element of the two-dimensional
The matrixW,z describes the behavior of a layered systemfirst Brillouin zone (see inset in Fig. ’/need to be consid-
in which the two layers are noncoupled. A technique forered. The most unstable modee., the one with the highest
calculatingW,z and its eigenvalues for the two-dimensional v,) is seen to be orientated in direction 3. This corresponds
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-0.1 . . . . .
0.9 1 0.5 1.0 1.5 2.0 2.5 3.0
- Q@
3
o8 FIG. 8. Increment of the instability as a function of the ampli-
3* tude of the wave vector of orientation(Biset of Fig. 7 for differ-
0.7 ent values of the friction. Other parameters are the same as for Fig.
7.
0.6
vector the nondiagonal elementy, .z, S,.z, andD ..z
0.5 vanish and the eigenvaluescan be obtained analytically

0.0 0.5 1.0 1. 2.5 3.0 3.5

5 2.0
qa ) c
N1,2= _Waa+ Saa(o) - EDaa(o)

FIG. 7. Critical value of the@) friction constanty, and (b)

corresponding oscillation frequenay, versus the amplitude of the € 2

wave vector for different orientations. In the inset the first Brillouin Vi3 Da(0) ] —Saa(A)[ €D 4o(A) = Spal(d) ]
zone for the two-dimensional hexagonal lattice is shown and the

orientations of the wave vector are indicated. The reduced effective (16

ion cloud charge i€=0.5 and the distance i =0.4a.
The two transverse modes,=x and x,=y modes are

to the direction connecting two neighboring particles in thedecoupled. It should be emphasized thatder0 the eigen-
direct hexagonal lattice. The incremeptRe(\) of the in-  values%f, are real and the crystal structure may be either
stability as a function of wavelength is given in Fig. 8 for stable or absolutely unstable. Unstable oscillations appear for
different values of the friction constant. For small deviationsfinite values of the wavelength. It can be shown that waves
of the friction constan®v from its critical value, the eigen- in thex direction become unstable first.
value has the form To investigate the conditions for alignment the term
eD,,(0) has to be analyzed. This term is the first derivative
of the restoring forcd~, in the x direction. When the par-
N=iw,———— 6. ticulates of the two layers move relative to each other as a
whole (@ = 0), the eigenvaluep=2S,,(0)— €D ,,(0) re-
mains negative for

That means that near the critical friction the frequency
Im(\) weakly depends on the frictiofsee Fig. 123) for €>2S,,(0)/D,,(0). a7
comparison with experimehtand Red)x— §v. Thus the
increment of the instability Ra() increases linearly when Note that the restoring force on the lower particulates out-
the gas pressure is reduced below the critical value since thgeights the repulsion for the weaker condition
friction constant is proportional to the gas presq&. €>S,,(0)/D,,(0). This means that vertical alignment ex-
ists only when the radial attraction due to the positive ion
clouds is at least twice as large as the repulsion between the
negatively charged particulates. Otherwise the alignment will

From Fig. 7 it is seen that the critical friction, and  be unstable for any value of friction and a transition to a
frequencyw, only very weakly depend on the orientation of close-packed lattice takes place. If conditidd) is fulfilled,
the wave vector. This is found to be true for a wide range ofthen
parameters. Therefore we treat the particular (Easéq,O)
(curve 1 in Fig. 7 in more detail. For this specific wave wo= \/eDaa(O)—ZSw(O), (18

B. Results for a definite orientation of the wave vector
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FIG. 9. (a) CoefficientsC,,(0,d) as a function of distance for |
the Coulomb interactiofsolid line). The dashed curve corresponds %.0 0.5 1.0 1.5 2.0 25
to the analytical approximatior{b) Ratio C,,(q,d)/C,,(0d) as a
function of the amplitude of the wave vector directed alongxhe wWo /wpc

axis (line 1, inset of Fig. ¥ for the different distances between ion

clouds and the lower layer. FIG. 10. () Amplitude of the wave vector corresponding to the

. o most unstable situatiorih) associated frequencie&) ratio of os-
whereawy is the frequency of damped oscillations of the lay- cillation amplitudes of the lowef, and upper, particles, andd)

ers relative to each other. From the Monte Carlo reg#i3.  phase shift of the oscillation between the upper and the lower layer
6), one can see that the ion-particulate restoring force igs a function of the characteristic frequenay for differentd; .

much larger than the repulsive force from upper particulates

andeD,,(0)>S,,(0). Consequently, the vertical alignment For a Coulomb potential and 72>a the first term

is stable and for a crude estimation of the damped frequendyn the sum (13) is sufficient to calculateC,,(0,2)

wq one can use the first derivative of the restoring force~ 4mu exp(—4mz/3a) [see the dashed curve in Figag.
Since under this conditiom3= ¢, in further discussions the The oscnlanon frequency of the layers relative to each other
dependence on the frequeney rather than on the reduced is proportional to the square root of the ion-cloud charge and
ion-cloud chargee is used to describe the particulate-ion decreases almost exponentially with the distance between the
interaction. The dependence of the frequengyon the dis- ion clouds and the lower layer.

tance between the ion cloud and the lower particulates can be For nonzero values of the wave vector, the instability of
obtained on the basis of results given in Fig.[Bote that the dust crystal will occur with decreasing gas pressure if the
C,.(0d)=S,,(0) andC,,(0d))=D,,(0); see Eq(12)].  expression under the square root in ELp) is negative, i.e.,
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2 FIG. 12. Experimental values of the oscillation characteristics of

€
B=S.a(q)[eD aa(q)_saa(q)]_(iDaa(o) >0. the vertical aligned pairs as a function of gas pressi@ethe fre-
(19 guency,(b) the amplitude of the lower particld, and the ratio of
the amplitude®\, /A, , (c) the phase shift between the upper and the
SettingB=0, we obtain two critical values of the reduced lower particle, andd) the measured dust temperature.
charge of the ion cloud

S,.(q) wavelength.w, lies in a range of 0.8,.—1.4w,. and in-
61,2=Lq[D,m(q) +\D,.(q)2-D,,(0)2]. (20)  creases witho, [see Fig. 1(b)]. Note that the system is most

D 40(0) unstable for short wavelengths and hence the oscillations
would be also expected for the liquid state, in which short-

For e<e, ande>e,, B is negative and the system will be range order still exists. The most important characteristic of
stable for any value of friction. Thus the enhancement of th(?he instability is the critical value of frictiorv,, which is

ion-particulate interaction can lead to a stabilization of the P : . ;
dust crystal. The critical values of friction and the corre—ShOWn in Fig. 11. I_:or a fixed dlstar_lce bet\_/veen the ion cloud
y
. e ; and the lower particulate, reaches its maximum value for a
sponding(undampedl oscillation frequency are given by the - : .
relations definite value of the charge_ of the ion cl_oud. Neglecting
the dependence af, on wg in the denominator of the rela-
- =W+ w22 tion (21), we estimate the value of,=2S,,(q)D,.(q)/
v Bl 0= Wt off2 G D,.(0)? from the condition of maximum of/B [Eq. (19)].
One can see that the frequency of the unstable mode Substituting this into Eq(18), one obtains the value of the
higher than the frequencyW,, for the crystal with non- frequency
coupled layers.
Since there is some uncertainty in the effective ion charge x —
e and the distancel;, which are calculated above on the 06~ VSx(04) Dy 6,)/Dyx(0) = 25,,(0),
basis of a non-self-consistent approach in the MC model, the
influence of these parameters on the stability of a dust crystdbr which the dust crystal is most unstable. Since the ratio of
is investigated here. Calculations in a wide rangelofind  D,,(q,)/Dy(0) increases wittd; [see Fig. ®)], both the
wg were performed. First, we determined the most unstablealue of w, and the critical frictionv, increase withd; .
wave vectom,, i.e., the wave vector with the highest critical
value of the friction constank, [see Fig. 1(8)]. Hereafter
the oscillation frequencw, according to Eq(21) is found
as a function ofvg,d; for the given value, [see Fig. 1(b)]. For the experimental conditions of the dust crystal the
Except for smallwg,d;, the most unstable wave vector is Monte Carlo calculations give the valug/a = 0.35-0.5
g.a~1.5 and depends only weakly on the parameters of theepending on gas pressure and particulate charge. At a gas
ion cloud. For these values of the wave vector the frequencpressure of about 100 Pa the reduced charge of an ion cloud
of the crystal plasma wave, is almost independent of the is in the range 0:/3/¢-0.41,/0. For typical values of

C. Comparison with experiment
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ng/e =1-3 the frequencyw, ranges from 0.4,4 to  and increases with distance between the ion cloud and the
1.1w,. The corresponding values of the critical friction are lower layer, but decreases with the characteristic frequency
v, =0.250,c—0.50. wo. o _

For experimental conditions the typical frequenagy, are The oscillations and the increase qf dusj[ temp.erature haye
predicted to bew,/2m =10-20 Hz. Unstable oscillations also been observed for smaller particles in rf discharges in
develop with characteristic frequencieg2m=7-22 Hz at  Krypton by Thomas and Morfill12]. The onset of instability
critical friction in the range & (2.5-10) s'* correspond-  Occurs at a lower gas density. This can be understood since
ing to a gas pressure of 30—150 Pa in helif@d]. From the friction exerted by krypton is Igrgerthan that of helium at
experimental data the critical value of friction issx5 € Same pressure and the friction constaris larger for

s~ 1 (80 Pa with a frequency of about 13 HgFig. 12a)], smaller particles.

both within a range of the theoretical prediction. To carry out V1. CONCLUSION

more precise estimations for the critical friction one has to _ _

use a self-consistent approach for ion motion simulation and We have presented Monte Carlo calculations of the ion

more accurate experimental data for the dust particulatglotion through a two-layer dust crystal located in the elec-

charge. trode sheath of a rf discharge in helium. The transverse de-
For further comparison of our model with the experimen-ﬂeCtion of ions by the electric field of the upper dust particles

tal results, the phase shift and the ratio between amplitudg€Sults in the formation of regions of enhanced ion space-

of the particulate oscillation in the upper and lower layers isch@rge density below the upper particles. The attractive

idered he simol - h 0 of th forces of these ion clouds on the lower-layer particles are
considered. For the simplest cage (9,0), the ratio of the  ghown 1o lead to the vertical alignment as observed in many
eigenvectors of perturbation is given by

experiments. From these MC results an analytical model for
. the investigation of the stability of such an arrangement was
&: €D oo(0)/2F1 VB (22) derived. T%is model treats thg many-body ion s?/stem as an
i~ S,e(Q) ' effective pair potential resulting in a non-Hamiltonian sys-
] . o tem with nonreciprocal forces on lower and upper particles.
The ratio of the amplitudes of oscillation and the phaseThe nonreciprocity is induced by the symmetry breaking of
shift versusw, for different distances between the ion cloud the ions streaming from above through the crystal. From the
and lower layer are shown in Figs. (&Dand 1Qd), respec- model the vertical alignment is found to become unstable,
tively. The oscillation amplitude of the lower particles is leading to oscillations of the aligned particles below a thresh-
larger by a factor of 1.5—2.fexperimentally 2—3, see Fig. old value of friction. Furthermore, the characteristics of these
12(b)] than that of the upper particle. The absolute value ofunstable oscillations such as the wave frequency, the ratio
the oscillation amplitude increases with reduced pressure, fbetween amplitudes of upper and lower particulates, and the
nally leading to a dramatic increase in the dust temperaturghase shifts between the particle oscillations have been de-
as one can see from Figs.(b2and 12d). Since the imagi- termined. These values are in close agreement with that
nary part in Eq(22) is less than its real part, the difference in found in experiments. So the mel_ting_ transition is explained
the amplitudes increases almost linearly wit, which is by the onset of self-excited oscillations due to a plasma-
proportional toeD,,(0). Both the phase shift and the critical mduped |nst§p|llty. The oscillations are the cause for the
value of friction are proportional tq'B. Therefore their be- melting transition, not an effect of the phase transition.

havior with changed system parameters has many features in
common. In particular, they tend to zero for the same
values of wq,d;. For the experimental conditions This work was supported by INTASSrant No. 94-74§)
0o=0.70,—1.1w,c andd; = 0.35-0.5 the phase shift lies the Russian Foundation for Basic Reseaf@nant No. 96-
in the range 25°—-50Pexperimentally 30°— 80°, Fig. 18)] 023-191343 and DFG(Grant No. Pi185/8-1
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