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In this paper we address the phenomenon we call “stochastic localization,” within which we include a
number of interrelated characteristics exhibited by soft anharmonic oscillators in thermal equilbrium. Principal
among these characteristics are a tendency for soft oscillators to spend more time at higher energies than
comparable harmonic oscillators, and for high-energy fluctuations in soft oscillators to persist longer than
lower-energy fluctuations, leading to a tendency for energy fluctuations to be organized into “bursts” sepa-
rated by intervals of relative quigtS1063-651X96)01110-5

PACS numbg(s): 05.40+j, 63.20.Ry, 63.20.Pw, 65.56m

[. INTRODUCTION meaningful and quantitative characterization of a “lifetime”
that may be attributed to solitonlike initial condition&)

The localization of energy in time, that is, the enhancedThe fact that in many cases of practical interest the relevant
persistence and/or anomalously frequent occurrence of higltircumstance is not a solitonlike initial condition, but the
energy states, is one factor in promoting chemical or physilong-time, unhappy equilibrium in which any solitonlike ex-
cal processes that require epithermal energies for their initiaeitations thatmaybe present have been thoroughly abused by
tion. Another important factor may be the spatial localizationravages of the heat batt8) The fact that most experimental
of energy in otherwise homogeneous extended systems. Biechniques available for probing soliton structure are indirect
ther of these distinct effects may be more prominent than thand nondiscriminating in the sense that bulk properties of
other in a particular instance, and they may be correlated tmaterials are probed; thus, most measurements average sig-
varying degrees depending on ambient conditiidds nals over substantial volumes of space from coherent and

It is well known that a wide variety of translationally incoherent motions simultaneously, presenting serious chal-
invariant, anharmonic systems are capable of supportinfenges to “deconvolution.”(4) The latter experimental dif-
long-lived, localized excitations under appropriate condi-ficulty has a counterpart in theoretical analysis; that of dis-
tions. Among these are systems modeled by completely incriminating a coherent “nonlinear signal,” such as a
tegrable nonlinear wave equations that support robust, spgossible solitonlike component, from the incoherent “non-
tially coherent, infinite-lived localized excitations known as linear noise” that may account for a large fraction of the
“solitons” [2-8]. The beauty and potential power of the energy in an anharmonic system.
soliton concept has motivated a substantial volume of re- We approach the general problem of anharmonic energy
search on solitons and anharmonic models of diverse typefcalization from the noisy side; that is, we look first to en-
There are well-known examples of soliton behavior suffi-sembles of uncoupled anharmonic oscillators to determine
ciently well understood to be the basis of practical devicesgcharacteristics of the intrinsic noise with which any coherent
the best known, perhaps, being the soliton laser pulses usatiucture must coexist in thermal equilibrium. Later, we con-
to transmit information through long optical fibef8]. On  sider arrays of weakly coupled oscillators and analyze the
the other hand, there are examples of solitonlike behavior fonature of the spatial coherence that results from direct inter-
which attempts at experimental observation and control havactions between oscillators. It may be useful to consider
been more equivocal; among these are molecular-scale solsecs. Il and Ill of this paper as being addressed to such
tons that arise from a number of theoretical models of solid@rrays of oscillators in the limit of vanishing coupling; in
and macromoleculgs0,11]. such a limit, spatial averaging reduces to ensemble averag-

One of the central difficulties plaguing the attempted ob-ing.
servation of molecular solitons both in laboratory experiment In this paper we focus our attention on fluctuations of the
and numerical simulation is the generally uncooperative nalocal energy density of an oscillator system in both space and
ture of thermal fluctuations at finite temperatures. There aréime. We focus on the energy density rather than more direct
several distinct aspects to this difficultyt) The problem of mechanical coordinates such as oscillator amplitudes for sev-
“soliton stability”; that is, the fact that few situations of eral reasons(l) the energy density determines the range of
practical interest approach a degree of idealization consistemiechanical amplitude$?2) the energy density is an intrinsi-
with the existence of infinite-lived excitations such as soli-cally slow variable relative to mechanical amplitudes, per-
tons. A particular challenge in this regard is arriving at amitting slow dynamics to be observed without the use of
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averaging;(3) the energy density is subject to thermody- A(X)=V(X)— 2xV'(x) (4
namic constraint.
We are concerned primarily with systems of “soft” 0s- js an auxiliary function containingno quadratic terms;
cillators, a soft oscillation being one whose period increasegough A (x) is not equal to the anharmonic part\é(x), it
with increasing amplitude; the periods of “hard” oscilla- js the vehicle through which the anharmonicity of the poten-
tions, on the other hand, decrease with increasing amplitudgig| enters our calculations. We shall see below the) is
The soft or hard nature of an oscillation is reflected as well i”generally positive for soft potentials, indicating that the equi-
the structure of its phase space; the volume of phase spaggrium expectation value of the total energy of a soft anhar-
I'(E) included by the surface of constant total eneggf a  monic oscillator exceeds that of a harmonic oscillator at a
soft (hard oscillation increases morgess rapidly than in gjven temperature. This qualitative conclusion does not de-
the harmonic case. It is important to note that not all oscilpend on the frequency of the harmonic oscillator used for
lators can be labeled definitively as “soft” or “hard”; €.9., comparison, nor on the degree of freedom underlying the
though the period of an oscillation may increase with ampli-yipration, since all harmonic oscillators in equilibrium at the
tude at low amplitudes, this trend may reverse itself anysame temperature share the same energy expectation value.
number of times at higher amplitudes. Thus the characterizqgonsequenﬂy, we may conclude that any soft anharmonic
tion of an oscillation as “soft” or “hard” generally is lim-  qgcillator will equilibrate to an average energy higher than
ited to a specific range of amplitude. girictly soft oscilla-  that of any harmonic oscillator at the same temperature.
tion would be one whose period increases monotonically The magnitude of this excess is not necessarily large, of
with amplitude, or in terms of phase space volume, one foggyrse, Clearly, the magnitude of this disparity increases
which dI'(E)/dE increases monotonically with total energy. with the strength of the anharmonicity, but for the same
A more practical approach is to characterize an oscillation ajue of the anharmonicity the expected value of the higher
as soft or hard depending on tleadinganharmonic behav-  moments(e.g.,(x*)) will be larger in comparable oscillators
ior at low amplitude. This is not only convenient, but it re- hayving lower frequencies at low amplitude. This suggests
flects the circumstance most commonly encountered in praghat we may expect anharmonicity-driven concentrations of
tice. It is this characterization that we shall employ energy to be most pronounced among the lowest-lying vibra-
throughout this paper, taking care that the temperatures cofpnal modes of a complex system.
sidered justify restricting our attention to this low-amplitude  \\e make use of the notion of a “comparable harmonic
regime. _ o oscillator” as a standard to use in discriminating deviations
For simplicity, we confine our explicit examples to sym- from harmonic behavior. This hypothetical harmonic oscilla-
metric potentials, but the same arguments apply to asymmefor s understood to exist in the same degree of freedom as
ric potentials such as the Morse or Lennard-JOfE8.  the anharmonic oscillator in question, and its potential is
Moreover, though much of the argument we present holdgnderstood to be the parabola that osculates the anharmonic
for potentials exhibiting multiple relative minima, we focus potential at its global minimum. In such comparisons, quan-
our discussion on potentials having unique, nondegeneragies associated witfsoft anharmonic oscillators are deco-
global minima and approximate these by monostable potery,e with tildes(e.g., V), while harmonic reference quanti-
tials at low temperatures. ties are decorated with zerdge.g.,V,) to indicate that the
anharmonicity has been set to zero.
Il. THERMODYNAMICS It follows from considering either the behavior of the os-
Consider a single oscillator described by the Hamiltoniarfiliator potential or the included phase space volui{&)
that the partition function
: X2
H{X’X} 2 V), @ Q:f fe*[(l/Z)DZJrV(X)]/kBpodX (5)
in which V(x) is a bound potential. For notational conve-
nience, we set the mass and low-amplitude frequency,  of a soft anharmonic oscillator is greater than the partition
of the oscillator to unity, and complete the scaling to dimen-function of a comparable harmonic oscillator, at least at low

sionless quantities by choosing the length scale to be th{%mperatures@>Q0). Consequently, the free energy
amplitudex. characterizing the onset of softening or harden-

ing of the potential. The energy scale in these terms is A=(E)~TS=—kgTInQ (6)
mwax2. For such systems, the generalized equipartition

theorem|13] reads of the soft anharmonic oscillator is IoweK(<Ao), and (us-

JH JH ing the_equipartition resyltthe entropy and heat capacity
<>’<—_> = < x—> =kgT, 2 higher (> S,, CU>CS) than in a comparable harmonic os-
X X cillator.

From such considerations we may draw some conclusions
regarding energy fluctuations. The variance of the total en-
ergy in thermal equilibrium is related to the heat capacity by

(Ey=(H)=KkgT+(A), (3) the relation
where (AE?)=kgT?C,. )

where (- - -) indicates the ensemble average ahds the
temperature. This implies that



3354 DAVID W. BROWN, L. J. BERNSTEIN, AND KATJA LINDENBERG 54

In view of the equipartition theorem, we may conclude thatT regime, where, for the specific calculations we perform, it
the normalized variance of the total energy of a single haris sufficient to expand quantities to leading orderejrsuch
monic oscillator at thermal equilibrium is equal to unity that

(AER) . _ ¢,
B2~ L tS) (B)~ksT+ 7(x%), (16)

On the other hand, the normalized energy variance for our

=2 4 4\\ —2
anharmonic oscillator is given by <A~E >% € Hx%) 1+iﬂ 17
(AE?) kgT?C,
(E)2  (E)? ~ © Expanding the partition function in orders of the anharmo-

_ nicity parametere, we may computeéx“) approximately as
We can use the relation

€

NE X~ (x*)o+ x8)o— (x*2], 18
c,-XE) 10 ()= (ot gL ()o= ()] (18)
aT
to compute the heat capacity. We have then ~3(kgT)?+24e(kgT)®, (19
d(E) A(A) in which the zero subscript indicates the thermal expectation
=kgt . (1) value in the absence of anharmonicity. From this one may
aT aT
show that the normalized energy variance is greater than
To complete the computation, we note that unity in the soft anharmonic case,
2
<A>=Q‘1f JA(X)e‘[(1’2>pz+V<X”’kBTdpdx (12) CE) 1+ 8 aereny, (20)
(E)? 16 B

so that the differentiation afA) with respect to temperature L ) . .

involves two contributions, one involving/A ) arising from This indicates that relative to harmonic oscillators, the en-
the differentiation of the integral written explicitly above, €rdy fluctuations of soft anharmonic oscillators are marked
and one involving A Y(V) arising from the differentiation of DY @n increased preponderance of high-energy fluctuations.

the normalizatiorQ~L: thus We can elaborate on this characterization by considering
an example for which the entire energy distribution can be
A(A) 1 determined and not just its low moments.
T:kBT2(<VA>_<A><V>)' (13 The partition function of a simple, monostable oscillator

such as we considered above may be written
Substituting these expressions into our formula for the en-

ergy fluctuations, we get Q= JwefﬁEdF(E), (21)
0
1
+ — —

(AE?) 1 kéTz«VA> (AYVD) in whichT'(E) is the phase space volume as discussed in the
)2~ 1 2 (149 Introduction. The probability density for finding the energy

1+ ﬁ<A>) E in a particular observation at thermal equilibrium is given

B by

This quantity may be greater or less than unity, depending on ~BE 4r(E
the nature of the potenti&.g., whether hard or s¢fand the p(E)= € (B) _
temperature. Q dE
To make this more concrete, consider the example of a
bound, anharmonic oscillation in a potential whose Taylor A harmonic oscillator is characterized by IAE)=E,
expansion at small amplitudes begins while a soft(hard oscillator is characterized byla(E) that
increases more rapidlfslowly) than a simple linear depen-

(22

~ 1 € dence orE [14]. As a specific example, consider the piece-
_ 2_ " 4 )
V()= 5x"= X"+ Riex}, 19 \ise linearT (E)
wheree>0. This potential is harmonic at small amplitudes I'E)=y[E+e(E—E.)6(E—E.)], (23

and softens initially as a quartic potential. The remainder

R{e,x} is understood to vanish relative to the exhibited termsn which 6(u) is the unit step functionyX1 expresses the

as eithere or x goes to zero; however, consistent with therate at which phase space volume increases with respect to
physical meaning of/(x) as a bound potentiaR{e,x} is  energy alow amplitudes, and/(1+ €) expresses the corre-
understood to dominate positively for any positivevhen  sponding rate above the energy. Thus, theonsetof the

x is sufficiently large. We concentrate on the smalbmall-  soft anharmonicity is characterized by the energy s&ale
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and thestrength of the anharmonicity is characterized by 05
ee (0,0) for soft anharmonicity anc¢e[—1,0) for hard 0.45
anharmonicity. o
The partition function and mean energy are given by ’
035 |
_7 ~ BE 5 oar
Q= [1+ee "], (24) 2
B .‘:_; 0.25 |
J 1 e PEe =
(E>=—£InQ=,8 +mEC. (25) 0.15
01
The probability density is given by 005 |
Bl1+ e€b(E— EC)]ef'BE % 5 oo 20 25
P(E)= 1+ ee PEc : (26)

FIG. 1. Kinetic energy of free oscillations in the potent{ar)
for initial conditionsx(0)=0, x(0)=0.25,0.5,0.7,0.9,0.99, in or-
der of increasing total energy. Elapsed time for all traces is approxi-
mately four harmonic oscillator periods.

The probability density for a harmonic oscillatog=€ 0) is
simply the normalized exponentigby(E)=Be PE. The
probability densityp(E) for the soft anharmonic oscillator,
on the other hand, is piecewise exponential with the property

thatP(E) < po(E) below E, andp(E) > p,(E) aboveE,. Ill. DUTY CYCLE AND DISSIPATION

_ Itis worth noting, perhaps, that although soft anharmonic-  The duty cycle of an oscillation is the ratio of the frac-
ity is responsible for an increase in the mean engfyand  tjons of a cycle that the oscillator spends in two essentially
a spreading of the energy distribution to higher energies conaxcjusive states: for example, a square wave may be “on”
sistent with the notion of a “hot” oscillator, the energy dis- tor one third of a cycle and “off” for two thirds, for a duty
tribution of a soft oscillator differs from that of a harmonic cycle of 1:2. For ourpurposes, it is useful to consider as
oscillatorqualitativelyas well asquantitatively To illustrate  exclysjve states the conditions that the energy of an oscilla-
these qualitative_differe_nces, consider the artifice of a comyjgp, reside(a) primarily in the kinetic form or(b) primarily
parable harmonic oscillatooverheatedto a temperature iy the potential form. For harmonic oscillators, the energy
T*>T chosen such that the harmonic and anharmonic OSC"SpendS equal times in the two forms, for a duty cycle of
lators have the same mean energies. The probability density: 1 Forsoft anharmonic oscillators, the period of oscillation
pg (E) for the energy in this overheated harmonic oscillatorjs greater than that of the reference harmonic oscillator, and
is @ normalized exponential, just likg,(E), but decreases most of this increase is accounted for by a lengthening of the
more slowly with increasing energy. time that the energy spends in the potential form. This leads
At low energiespo(E)>pg (E),p(E), with the relation- to a duty cycle of 1:3 7, where » is a measure of the
ship betweempf (E) andp(E) being determined by the tem- lengthening of the period due to anharmonicity.
perature; e.g., at higher temperaturg$(E)>p(E), such For use in concrete examples, we consider the symmetric
that the soft anharmonic oscillator experiences fewer lowsoft potential
energy fluctuations than even the overheated harmonic oscil-
lator. At high energie®pg (E)>p(E)>po(E), reflecting the 1 %2+ ax®
fact that the exponential high-energy tails of the probability V(X)= PR (27
densities for both the harmonic and soft anharmonic oscilla- X
tors are controlled by the ambient temperaflirend thus fall
off more rapidly with increasing temperature. The typical For the immediate example, we set0, such that the po-
circumstance at intermediate temperatures is characterizegntial is harmonic with unit frequency at low amplitudes,
by P(E)>po(E),ps (E). In terms of the specific phase space and saturates to a constant at high amplitudes. The nature of
measurd’(E) employed in our example, the strength of the this oscillator's duty cycle can be shown by comparing the
anharmonicity as measured kyindicateshow muchenergy time traces of the kinetic energy for “kicked” initial condi-
redistribution occurs, while the energy scdle indicates tionsx(0)=0, x(0) e (0,1) (See Fig. L
wherethe redistributed energgoes The duty cycle affords a dynamical understanding of the
Thus, although the notion of overheating can account foequipartition results obtained earlier. Since the kinetic en-
(1) an anomalous increase in the mean enef®ya relative  ergy of both harmonic and anharmonic oscillators is a qua-
decrease in the probability of low-energy fluctuations, anddratic degree of freedom, the equipartition theorem requires
(3) a relative increase in the probability of high-energy fluc-that both harmonic and anharmonic oscillators have the same
tuations, the actual reshaping of the energy distribution duaverage kinetic energy. However, since the energy of soft
to soft anharmonicity differs in significant respects; namely,anharmonic oscillators spends relatively more time in the
a soft oscillator experiencdswer high-energy fluctuations, potential form than is the case for harmonic oscillators, the
more intermediate-energy fluctuations, and may experiencequality of the average kinetic energies forcesiaaquality
more or fewerlow-energy fluctuations than does a compa-of the average total energies such that the greater average
rable harmonic oscillator having the same mean energy. energy is found in the soft anharmonic oscillator.
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The duty cycle also allows some conclusions to be drawn 05
regarding dissipation. Using the Langevin approach, for ex-
ample, one may model the dynamics of an oscillator in con-
tact with a heat bath by the equation of motion

045

LA 28

Total Energy

in which vy represents the dissipation arit) is a zero-
centered stochastic force. This implies that energy drains
from the oscillator according to

0.05

E=—2y(En) +Xf (1), (29)

L L L L ) ' L
0 10 20 30 40 50 60 70 80
Time

whereE,;, is the kinetic energy. Note that the oscillator po-

tential V(x) does _not appear explicitly In the latter equgﬁtlon,_ FIG. 2. Total energy of oscillations decaying freely according to
so that the relationship among the displayed quantities igq (2g) for a small value of the damping constantSolid curves
valid for any oscillator. Since the kinetic energy is positive computed using the soft potentié?7); dashed curves computed
definite, the first term on the right-hand side is strictly dissi-ysing the corresponding unit-frequency harmonic potential. Initial
pative; the noise term, on the other hand, may either increasgta for all curves are the same as in Fig. 1. All harmonic oscilla-
or decrease the total energy depending on the net sign of th@ns (dashed curvgsdecay at the same rate regardless of initial
fluctuation and the instantaneous velocity. For bound oscilenergy, while oscillations in the soft potentiablid curve$ decay
lations such as we consider, the kinetic term is “on” only more slowly at higher energies. Elapsed time for all traces is ap-
half of the time(harmonic potentialor less(soft potential. proximately 13 harmonic oscillator periods.

Moreover, though the fluctuation can be either a source or a

sink of energy, the fact that the fluctuation is weighted by thgangedso as to reflect the relative persistence of high-energy
velocity causes this term also to have greater impact duringctyations found to characterize soft oscillations. The es-
the “kinetic” phase of oscillation. Thus, regardless of poten-sential point of this illustration is that the rearrangement of
tial type, the energy drains nonuniformly in time, and prima-energy excursions that is required to reflect the relative per-
rily during that fraction of the cycle in which the energy sjstence of high-energy fluctuationscessarilyresults in an
resides mainly in the kinetic form. Since soft anharmonicityjncreased persistence of low-energy fluctuations as well.
lengthens the time that an oscillator's energy resides in the This bunching of energy fluctuations into bursts separated
potential form, extending the phase lefstdissipation, we  py intervals of relative quiet is one aspect of the anharmonic
may conclude that softened oscillations decay more slowlyffect we call “stochastic localization.” This bunching phe-
than corresponding harmonic oscillations. Since the low ampomenon is distinct from the reshaping of the energy prob-
plitude oscillations of a soft oscillator are quite harmonic, wegpjlity density discussed at the end of the last section. Were
may conclude as well that low-amplitude oscillations of aye to refine the second panel of Fig. 3 to include that redis-
soft oscillator decay more rapidly than do high amplitudetipytion effect, we would have to reduce the height of some
oscillations in thesameoscillator. This phenomenon is illus- of the larger fluctuations and increase the height of some of
trated in Fig. 2. This relative persistence of high-energy flucthe smaller fluctuations keeping the average energy across
tuations is quiteunlike the behavior of a harmonic oscillator, the time record fixed, reflecting the increased probability of
in which oscillations of all amplitudes decay at the same ratemidrange fluctuations relative to the extremes.

These observations allow us to conclude that the time The quality of persistence that figures centrally in the con-
trace of the total energy of a soft anharmonic oscillator incept of stochastic localization can be measured quantitatively
thermal equilibrium is, in a sensmore organizedhan that  ysing time correlation functions. We have made such mea-
of a comparable harmonic oscillator under the same condigyrements in the course of Langevin simulations of both har-
tions, despite the fact noted previously that the entropy ofnonic and soft oscillations under identical conditions. In

such a soft oscillation is greater than that of a comparabl@ach case the total ener@t) in the oscillator was moni-

harmonic oscillation. o ~tored as a function of time and used to construct the correla-
The nature of this organization is illustrated schematically;q,

in Fig. 3 using the previously introduced artifice of a com-

parable harmonic oscillator overheated to a temperature

T*, such that the mean energy of the harmonic oscillator at E(t)E(t+7)

T* is equal to the mean energy of the soft oscillatoT at C(n= W (30)
Since the overheated harmonic oscillator has the same

mean energy as the soft oscillator, the areas under the time

traces of the total energy in these two oscillators are equaln which the overbar indicates the time average. Results typi-

The first panel of Fig. 3 offers a schematic representation o€al of such calculations are shown in Fig. 4, which clearly

the energy time trace of the overheated harmonic oscillatoishow the markedly increased persistence of energy fluctua-

The time trace shown in the second panel of Fig. 3 consistons in soft oscillations relative to comparable harmonic os-

of exactly the same energy excursions heuristicadigr-  cillations under identical conditions.
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Energy (a)

70 F

Energy {b)

IV. SPATIAL COHERENCE

FIG. 3. Left panel: Schematic
representation of the energy time
trace in a harmonic oscillator
overheatedo T* as discussed in
the text. Right panel: Theameset
of energy excursions heuristically
reordered to reflect the persistence
of high-energy fluctuations in a
soft anharmonic oscillator aT.
As a schematic representation
only, energy and time scales are
arbitrary.

Tine

Time

not individual oscillators, but collections of coupled oscilla-
tors arrayed in specific configurations; e.g., as in vibrational

The previous sections have addressed the dynamics amgétworks and lattices.
thermodynamics of single oscillators in contact with a heat The generalization from single oscillators to collections of
bath. In many cases, however, what is of primary interest iglecoupledoscillators is straightforward, and therefore omit-

Energy-Energy Correlation

0.9

40 -20 0 20 40
Relative Time

ted, except to observe that through the equivalence of time
and ensemble averages, increased variability of the energy of
a single oscillator irtime as found in the case of soft oscil-
lations implies a corresponding increase in the variability of
the energy density across the ensemble. In the absence of any
mechanical coupling between oscillators, we mayexpect
this increased variability to be manifested in spatial localiza-
tion per se However, the increased variability of the energy
must be present in equilibrium averages, implying that al-
though arrays of decoupled soft oscillators cannot display
any collective behavior, the energy distribution across arrays
of such oscillators must display increasathomogeneity
relative to arrays of comparable harmonic oscillators under
the same conditions.

This influence of anharmonicity upon the spatial inhomo-
geneity of the energy density originates from exactly the

FIG. 4. Time correlation functions computed by Langevin simu-Same physical mechanisms and thermodynamic consider-

lation at intermediate temperature. Dotted li@€:7), computed for
the unit-frequency harmonic oscillator using potential) with
a=1.0. Solid line:C(7), computed using the potentié27) with
a=0.2.

ations as discussed in the preceding section, and may be
properly considered to be part of the same phenomenon of
stochastic localizationthough in the absence of any cou-
pling between distinct oscillators there can be none of the
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organization one might otherwise associate with the notion 2
of localization.

Spatial organization of the energy density requires me- °T '.‘;,,’“"’w’ @-’M ; @
chanical couplings that allow spatially distinct oscillators to 2f WJ&/@%‘—_@%&W
interact directly, and through such interactions establish spa- | @M@‘“ ey,
tial coherence. The most elementary interaction between _J@%%M‘%%
neighboring oscillators is the harmonic one giving rise to the § 6F QW@%
propagation of energy through space; e.g., B =) % Wﬁ‘w '

g S RN
o WWJ@,}%JJJJJW
y y =)
H{X,X}ZE [%Xﬁ"_%CZ(Xn_Xn—l)z—i—V(Xn)]- (31 12 ﬂﬁ@?&fgfﬁ!’l&
DT =
In the absence of an on-site potenti4lx), this describes " "@@J,’%%
acoustic vibrations in whick is the speed of sound in units 16 ” Z'O‘VJ;A VP ERr—— P,

of the lattice constant. The effect of the nearest-neighbor ° Distance
interaction is to drive neighboring oscillators toward the
same phase, and thus to establish coherence on the smallest

spatial scale. Dynamically, this local drive toward spatial 0 ﬁf?}'/ ®
coherence has the effect of dispersing any localized energy 2 2N

distribution, since such a distribution constitutedeviation M

from perfect alignment. Thus the main dynamical conse- > *1 W’W
guence of building spatial coherence in vibrational systems § 8 ==/ N

is dispersion 5, . -&V:f{/\

Thus we have the tendency of soft anharmonicity to in- & M’W‘/\,\J«
crease inhomogeneity, and the tendency of a drive toward 1or %4%‘ ":,
spatial coherence to lead to the dispersion of energy. Since a2l W\éw
these opposing tendencies coexist in the same dynamical = "\.‘__@
system, it is reasonable to expect optimal solutions to r M@@@%gj/gé
achieve some degree of balance between them. Indeed thisis . . s SN
the case, and it is this physical need to balance anharmonic L

focusing against dispersion that gives rise to solitary waves,

and their idealization in the concept of the solif@-6].
The value of the dispersion parameteplays a central

FIG. 5. Time dependence of the energy density in a chain of
oscillators evolving according t81) for c=0.5. (a) the harmonic

role in deciding the nature of the ultimate self-consistentcase.«=1; (b) the most anharmonic case=0. Vertical axis rep-

state in the absence of thermal flucuations; large values terf§Sents energy in dlme_nsmnless units; horl_zontal axis represents
to result in broad solitary waves spanning many lattice sitesdistance along the chain of 64 sites; time increases from top to
and small values tend to result in compact localized vibraPottom and is represented by the incremental offset of successive

tions that may be “pinned” to particular lattice sitg8]. The
illustrations to follow use the value=0.5, which besides P
being “intermediate”[the allowed range is € (0,1)], is mo-

‘strobes.” Overall time elapsed from top to bottom is 8 harmonic
eriods, with the strobe interval corresponding to approximately
two radians.

tivated by consideration of the actual dispersion relations ofhermal equilibrium simulations of both harmonic and anhar-
low-lying librations in certain organic molecular crystals monic systems showing the time evolution of the energy

[11].

density are presented in Fig. 5.

As in other aspects of our analysis, the energy density To obtain these results, we used Langevin terms as in Eq.
proves to be a useful discriminator of overall dynamical be+2g), following Heun’s method15,16. Each simulation be-
havior. In light of the coupling between oscillators, hOWEVEI’,gan with a warm-up phase, during which the system was
we must expand our notion of a local energy to include theyarmed to the desired temperature from a zero-temperature
contribution from the nearest-neighbor restoring forces givinitial state. Measurement began only after thermal equilib-

ing rise to dispersion. Thus we define

En= 332+ 16 (X1 1~ Xn) 2+ (Xn—Xn_1) 2]+ V(Xp),

EZE En,
n

rium diagnostics fell within required tolerances. These par-
ticular runs were engineered such that both the harmonic and
anharmonic systems had the same temperature; that is, both
evolved with the same mean kinetic energy per oscillator
equal to3V(=), which in our units is 0.25. The rms ampli-
tudes of oscillators in the harmonianharmoni¢ system was
less(greatey than the amplitude threshold., which in our

whereinE is now the total energy of the entire system of units is 1.0. It is important to note that unlike the situation in
oscillators. With this definition, all of the energy is capturedFigs. 1 and 2, the initial data for the harmonic and anhar-
in local functionsk,, that can be meaningfully analyzed and monic records shown aneot the same; since harmonic and

visualized.

anharmonic systems thermalize differently, it is not possible

For simulating anharmonic lattices at finite temperatureto make such direct comparisons. Instead, care has been

we useH{x,x} with the potential27). Typical outtakes from

taken to assure that the records shown draracteristicof
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FIG. 6. Energy-energy correla-
5 16 ] tion function C, as defined in
'§ a5k | (34). From top to bottom, center:
§ ’ Solid, «= 1.0, (harmonig. Dotted,
5 1al ] a=0.2, (anharmoniz Dashed,
g a=0.0, (saturated, maximum an-
% 13t 4 harmonicity for this potential All
e results are from Langevin simula-
w . .
12 | - tions for c=0.5 under equivalent
equilibrium conditions at interme-
14 F 8 diate temperatures.
1k .
0.9 . - L
-10 5 5 10

0
Relative Distance

the typical energy landscape of both systems.

. L . . . soliton; it shows significant temporal persistence and appears
The outstanding characteristic of these simulations is th g b P bp

) . > % retain its integrity while meandering somewhat in space.
the difference between the harmonic and anharmonic SIMUrig suggests t%atythe “ridge” mightg be interpreted F;S a

lations isnot dramatic; it is difficult with the naked eye and o : - :
a common vocabulary to characterize the diﬁerencgs in tex§0“t(.)n“keoI odeeCt [7.’8]’ farlsmg Ifromblt_>a(ljanung O_f anhﬁr-
ture. One may say that the energy density in the anharmonig o¢ an _lshpek;sn/_e Iprcgs. nha in _Comhparlsc_)ni ﬁw'
simulation is generally more smooth, and marked by a Ver, one m|g_t e Incine t(.) ¢ a_lracterlzet e strictly har-
smaller number of high-energy excursions that are generall;rpon.IC s_muJatpn |IIustrate_d in Fig. (8) as pelng more
more broad in space; i.e., the anharmonic simulation displayssomon.“ke’ since the. high-energy excursions in that
. Space-time record are in some respects more discrete and
more spatial coherence. more “ballistic” in their propagation, traits commonly at-
A more quantitative characterization can be made usm?ributed 10 solitons: that bglligtiga ' h Yy d
the space correlation function LT ppearance, NOWever, 1S due
to the weak dispersion characteristic of Klein-Gordon equa-
(ZmEm()Emen(t)) tions in the parameter range studied and not any anharmonic
Ch= S B2 (34  effect. Since the word “soliton” carries with it far greater
mem implications than we have been able to substantiate thus far,
in which (- - -} indicates the ensemble average, or, as implewe are reluctant to make such an assignment. A more com-
mented in the Langevin simulation, a mixed time and en-lete analysis of the thermal behavior of soft, low-lying, dis-
semble average over large space-time records. persive librations in certain organic molecular crystals will
In the absence ainyspatial coherence,, should consist be presented elsewhelr&7].
of a central spike above a uniform background; i.e.,
Cn~adno+ b. Itis deviation.from thi_s fprm, primarily the V. CONCLUSION
broadening of the central spike, that indicates the presence of
nontrivial spatial coherence. The result of computing the In this paper we have addressed the phenomenon we call
space correlation function for the two scenarios of Fig. 5 aré'stochastic localization,” within which we include a number
shown in Fig. 6. of characteristics exhibited by soft anharmonic oscillators in
Clearly, the presence of nontrivial dispersion#0) thermal equilbrium. Principal among these characteristics are
causes a broadening @, indicative of nontrivial spatial a tendency for soft oscillators to spend more time at higher
coherence. Other conditions being equal, it is clear as weknergies than comparable harmonic oscillators, and for high-
that under the conditions simulated in Fig. 5, increasing thenergy fluctuations in soft oscillators to persist longer than
“softness” of the oscillator potentiaincreasesthe amount lower-energy fluctuations, leading to a tendency for energy
of spatial coherence. This is consistent with our qualitativefluctuations to be organized into “bursts” separated by in-
characterization of Fig. 5, but has the benefit of being subjedervals of relative quiet. These characteristics of stochastic
to quantitative measurement. localization can be traced to the entropic drive of a system in
Those familiar with the study of solitons may find that thermal equilibrium to sample the “extra” phase space ren-
our simulations and quantitative characterization leave a naglered accessible by the softening of the vibrational potential,
ging question unanswered; namely, is the obvious “ridge”and to the lengthening of the duty cycle of softened vibra-
in Fig. 5(b) a solitor? While we do not expect our Langevin tions that decreases the effectiveness of dissipation at higher
model to support true infinite-lived solitons, the energy ex-energies.
cursion in question does have some of the characteristic fea- These characteristics of soft oscillators in thermal equilib-
tures of a rium are distinct from the spatial localization characteristic
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of solitons. In general terms, solitonlike order follows from a driving thermal fluctuations toward a solitonlike order, only
minimization of the mechanical energy that brings dispersiorto see that growing order continuously degraded by never-
and anharmonic focusing into balance. Stochastic localizaending waves of randomizing fluctuations.
tion, on the other hand, depends on the promoting effects of Stochastic localization may be thought of as the constel-
the entropy. In thermal equilibrium, the minimization of the lation of dynamic and thermodynamic correlations that de-
free energyE—TS has the effect of balancing solitonlike pend on the existence of soft anharmonicity, butndd de-
orderagainststochastic localization. pend on existence of spatial coherence. Stochastic
Thermal equilibrium in vibrational systems is inhospitable localization thus describes the properties of the background
to solitonlike excitations in the sense that it is typically dif- against which solitons must be resolved in any practical cir-
ficult to resolve well-defined, long-lived vibrational excita- cumstance.
tions. The leading causes of this difficulty are tliar the
“substance” of which any such excitation is made is thermal
energy that is not conserved except in a statistical sense,
being subject to loss through dissipation and being regener- We gratefully acknowledge the partial support of this re-
ated only stochastically2) solitons are low-entropy states search by the Department of Energy through Grant No. DE-
that exact a significant free-energy cost at elevated temper&G03-86ER13606, by the National Science Foundation
tures, and3) in order to achieve mean energies sufficientlythrough Grant No. NSF/DMR-91-6731, and Donors of the
high to allow a significant penetration of the anharmonicPetroleum Research Fund, administered by the American
regime, the temperature must be significant as well, such th&hemical Society. One of U&.J.B.) wishes to acknowledge
whatever thermally generated solitonsy appear are vul- support for this work from the University of California and
nerable to(1) and(2). Soft anharmonic vibrations in thermal from the Idaho State Board of Education through the Specific
equilibrium thusly execute a Sisyphean dance, perpetualliResearch Grant program.

ACKNOWLEDGMENTS

[1] David W. Brown and Lisa Bernstein, J. Phys. IV, Colldg.
C4-461(1995.

[2] G. H. Derrick, J. Math. Phys, 1252(1962.

[3] E. Fermi, J. R. Pasta, and S. M. Ulam,@ollected Works of
Enrico Fermj Vol. Il (University of Chicago Press, Chicago,
1965, pp. 978-980.

[4] G. B. Whitham, Linear and Nonlinear Waveg§Wiley, New
York, 1974.

[5] R. K. Dodd, J. C. Eilbeck, J. D. Gibbon, and H. C. Morris,
Solitons and Nonlinear Wave Equatioriéicademic, New
York, 1982.

[6] Alan Newell, Solitons in Mathematics and Physi¢SIAM,
Philadelphia, 1986

[7] S. Takeno, K. Kisoda and A. J. Sievers, Prog. Theor. Phys.

Suppl.95, 242(1988.
[8] R. S. MacKay and S. Aubry, Nonlinearif§; 1623(1994.

Steve Benson, John Madey, Shahab Etemad, and Robert Aus-
tin, Phys. Rev. Lett64, 607 (1990; M. Barthes, H. Kellouai,

G. Page, J. Morett al, Physica D68, 45 (1993; M. Sakai,

N. Kuroda, and Y. Nishina, Phys. Rev.& 150(1993; R. L.
Hayward, H. D. Middendorf, U. Wanderlingh, and J. C. Smith,

J. Chem. Physl02 5525(1995; Samuel W. Johnson, Mari-
ette Barthes, Juergen Eckert, Richard K. McMullan, and
Michel Muller, Phys. Rev. Lett74, 2844 (1995; Robert H.
Austin, ibid. 74, 2845(1995.

[11] A. Migliori, P. M. Maxton, A. M. Clogston, E. Zirngiebl, and

M. Lowe, Phys. Rev. B88, 13464(1988; A. Migliori, A. M.
Clogston, P. M. Maxton, J. R. Hill, D. S. Moore, and H. K.
McDowell, in Davydov’s Soliton Revisitededited by P. L.
Christiansen and A. C. ScotPlenum, New York, 1990 R.
Crowell and E. L. Chronister, Phys. Rev.4B, 172(1993; A.
M. Micu, D. Durand, M. Quilichini, M. J. Field, and J. C.
Smith, J. Phys. Chen®9, 5645(1995.

[9] L. F. Mollenauer, R. H. Stolen, and J. P. Gordon, Phys. ReV{lz] T. Dauxois, M. Peyrard, and A. R. Bishop, Phys. ReWE

Lett. 45, 1095 (1980; Opt. Lett. 9, 13 (1984; L. F. Mol-
lenauer, Philos. Trans. R. Soc. London3A5, 437 (1985.
[10] G. Careri, inCooperative Phenomenadited by H. Haken and

M. Wagner(Springer-Verlag, Berlin, 1993p. 391; G. Careri,

Rev. Lett.51, 304 (1983; G. Careri, U. Buontempo, I. Gal-

684 (1993; 47, R44 (1993; Physica D66, 35 (1993; T.
Dauxois and M. Peyrard, Phys. Rev. LetD 3935 (1993;
Phys. Rev. B51, 4027(1995.

[13] Richard C. Tolman, Phys. Re%1, 261(1918; The Principles
U. Buontempo, F. Carta, E. Gratton, and A. C. Scott, Phys.

of Statistical Mechanic§Oxford University Press, London,
1938.

luzzi, A. C. Scott, E. Gratton, and E. Shyamsunder, Phys. ReV{14] This linear relationship between phase space measure and the

B 30, 4689(1984; J. C. Eilbeck, P. S. Lomdahl, and A. C.
Scott,ibid. 30, 4703(1984; C. T. Johnston and B. |. Swanson,
Chem. Phys. Lettl14, 547(1985; A. C. Scott, E. Gratton, E.
Shyamsunder, and G. Careri, Phys. Rev3B 5551 (1985
Shozo Takeno, Prog. Theor. Phy&, 1 (19859; D. M. Alex-
ander and J. A. Krumhansl, Phys. Rev3B 7172(1986); G.
Careri, E. Gratton, and E. Shyamsunder, Phys. Re\37A

4048(1988; A. C. Scaott, I. J. Bigio, and C. T. Johnston, Phys.

Rev. B39, 12883(1989; M. Barthes, J. Molec. Lig41, 143

(1989; Wunshain Fann, Lewis Rothenberg, Mark Roberson,

energy is related to the adiabatic invariance of the former; see,
for example, Ryugo KuboStatistical Mechanics(North-
Holland, Amsterdam, 1978

[15] T. C. Gard,Introduction to Stochastic Differential Equations

(Marcel Dekker, New York, 1988

[16] J. HonerkampStochastic Dynamical Systems: Concepts, Nu-

merical Methods, Data Analysis(VCH, New York,
1993.

[17] Lisa J. Bernstein, David W. Brown, and Katja Lindenbéug-

published.



