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Generation of non-Gaussian stationary stochastic processes
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A procedure is developed to generate a non-Gaussian stationary stochastic process with the knowledge of its
first-order probability density and the spectral density. The procedure is applicable to an arbitrary probability
density if the spectral density is of a low-pass type, and to a large class of probability densities if the spectral
density is of a narrow band, with its peak located at a nonzero frequEBE963-651X%96)07307-2

PACS numbds): 02.50—r

[. INTRODUCTION ing the drift coefficient alone, which is then followed by
adjusting the diffusion coefficient to match the probability
When investigating the response of a randomly excitedlensity. The alternative scheme is more efficient and easier
dynamical system, either analytically or by Monte Carloto apply, as demonstrated in examples.
simulation, the modeling of the excitation process must agree
with experimental evidence. In many cases, it is reasonable [l. LOW-PASS SPECTRAL DENSITY
to assume that the excitation is a stationary stochastic pro- ) i , i
cess, but clearly non-Gaussian, and the experimental know|- COnsider a stationary stochastic procégs) defined on
edge is usually limited to the estimates of the first-ordeitn® interval k;,x,], which can be either bounded or un-
probability density and the spectral density. Early publica-P0unded. Without loss of generality, we assume ¢t)
tions (e.g., [1,2]) on simulating stationary excitation pro- N@s @ zero mean. Thep<0 andx,>0. With the knowledge
cesses made use of the Fourier series expansion, an idgh the probability densityp(x) and the spectral density
traceable to that of Rick8]. However, this procedure is only Pxx(@) 0f X(t), we wish to establish a procedure to model
suitable for matching a target spectral density, not a targef'® Proces(t). _ _
non-Gaussian distribution, since such a series is asymptoti- -€t the spectral density be of the following low-pass type:
cally Gaussian. The matching of both a non-Gaussian first- 5
order probability density and a spectral density is consider- Dy )= aZ‘T -~
ably more difficult. Two approaches have been proposed to T+ a’)
meet the non-Gaussian requirement. One by Yamazaki and
Shinozuka[4] is to incorporate a numerical iterative proce- Whereo? is the mean-square value X{t). If X(t) is also a
dure into the usual Fourier-series representation. Another idiffusive Markov process, then it is governed by the follow-
to apply a zero-memory nonlinear transformation to the outing stochastic differential equation in the sens€10]:
put of a linear filter excited by a Gaussian white nqise8§].
The first procedure is purely numerical, whereas the success dX=—aX dt+D(X)dB(t), (2
of the second procedure is dependent very much on the abil-
ity to devise a particular nonlinear transformation to suit awherea is the same parameter (), B(t) is a unit Wiener
particular case. process, and the coefficientseX and D(X) are known as
In a recent paper, Kontorovich and Lyandf@ have the drift and the diffusion coefficients, respectively. To dem-
proposed a scheme in which the simulated process is otgnstrate that this is the case, multigl®) by X(t—7) and
tained as the output of a nonlinear system under Gaussidake the ensemble average to yield
white-noise input. In this case, the simulated process is a
diffusive Markov process or a component of a Markov vec- dR(7)
tor, and its probability density is governed by a Fokker- dr
Planck equation. In the Kontorovich-Lyandres procedure, the
coefficients in the equation, known as the drift and diffusionwhereR(7) is the correlation function oX(t), namely,R(7)
coefficients, are chosen so that the solution form agrees with E[ X(t — 7) X(t)]. Equation(3) has a solution
that of the target probability density, and the parameters in
the solution form are then determined in order to approxi- R(7)=A exp — a|7]) (4)
mate the target spectral density. This procedure is attractive
since the simulated process is embodied in one or a set dfi which A is arbitrary. By choosing\=0?, expressiongl)
governing equations; thus it is more amenable to analyticahnd (4) become a Fourier transform pair. Thus E2). gen-
treatments, in addition to being a useful tool for Monte Carloerates a procesX(t) with a spectral densityl). Note that
studies. the diffusion coefficienD(X) has no influence on the spec-
In the present paper, an alternative procedure is develtral density.
oped, also on the basis of the Markov theory, in which Now we shall determin® (X) so thatX(t) possesses a
matching of the spectral density is accomplished by adjustgiven stationary probability densify(x). The Fokker-Planck

a>0, 1)

=—aR(7), ©)
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equation, governing the probability densiiyx) of X(t) in
the stationary state, is obtained fra®) as follows:

d d 1d_,
d_xG:_d_X aXp(X)+§d_)([D X)p(x)11=0, (B  p)A

where G is known as the probability flow. Sinc¥(t) is
defined on k;,x,], G must vanish at the two boundaries
x=x, and x=X,. In the present one-dimensional casg,
must vanish everywhere; consequently, E5).reduces to

1d ., B
axp(x)+ 5 5= [DHP()]=0. ®)

Integration of(6) results in
FIG. 1. Stationary probability density of(t) generated from

DZ(x)p(x):—2afxup(u)du+c, @ @3
X

dX=—aXdt+\a(A%—X?)dB(t). 12
whereC is an integration constant. To determine the integra- “ a( JdB(t) (12

tion constantC, two cases are considered. df=—c, or |t is of interest to note that a family of stochastic processes
X, =, or both, therp(x) must vanish at the infinite bound- [This family of stochastic processes was discovered in a dis-
ary; thusC=0 from (7). If both x; andx, are finite, then the  cyssion with W. Wedid.may be obtained from the follow-
drift coefficient—ax, at the left boundary is positive, and the jng generalized version dfL2):
drift coefficient —ax, at the right boundary is negative, in-
dicating that the average probability flows at the two bound- dX= — aXdt+ x/aﬁ(Az—Xz)dB(t). (13
aries are directed inward. However, the existence of a sta-
tionary probability density implies that all sample functions The stationary probability densities &f(t) generated from
must remain within X, ,x,], which requires additionally that (13) are shown in Fig. 1 for severd values. Their appear-
the drift coefficient vanish at the two boundaries, namelyances are strikingly diverse, yet they share the same spectral
D?(x;)=D?(x,)=0. This is satisfied only iC=0. In either  density(1).
case, Example 2Let X(t) be governed by a Rayleigh distribu-
tion
D2(x) = — 2% fxu (u)du ) 2
p(X) Jx p - p(x)=9?x exp(— yX), y>0, 0=sx<ow. (14

FunctionD?(x), computed from Eq(8), is non-negative, as Its c_entralized versiony (t)=X(t)—2/y has a probability
it should be, sincep(x)=0 and the mean value of(t) is  density
zero. Thus we have proved that the stochastic progéss 5
generated fron2) with D(X) given by(8) possesses a given )= +2)exp(—yy+2), ——<y<ow. (15
stationary probability densityp(x) and the spectral density PY)= vy K=7y+2) Y y
D).

The Ito type stochastic differential equatiq@) may be
converted to that of the Stratonovich type as follows:

From Eq.(8),

D2( ):Z—a( +E) (16)
: 1 dD3(X) D(X) =5 )
X=—aX— > + (1), C)

4 dX V21 The 1to equation forY(t) is

1/2

dB(t) 17

where &(t) is a Gaussian white noise with a unit spectral
density. Equation(9) is better suited for simulating sample dY=—aYdt+
functions. Some illustrative examples are given below.

Example 1.Assume thatX(t) is uniformly distributed,
namely,

2a

2
Y+ =
Y

and the corresponding equation $6¢t) in the Stratonovich
form is

1
=— - - 3

@ 1/2
p— x) £(t). (18)

Substituting(10) into (8), . .
ubstituting(10) into (8) Note that the spectral density #f{(t) contains a delta func-

D(X)=a(A2—x?). (11  tion (4/v%) & w) due to the nonzero meany2/
Example 3.Consider a family of probability densities,
In this case, the desired lequation is given by which obeys an equation of the form
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d d
dx P(x)=JI(X)p(X). (19 ar Riy(7)=a1Ry1(7) +aRio(7),
28
Equation(19) can be integrated to yield d 28)
ar Ria(7) = a15Rq1(7) + @R 7),

, (20

p(x)= Clexp( f J(x)dx

] o ] where
whereC, is a normalization constant. In this case,

R11(7) =E[X1(t— 1) X1(1)],
D2(x)=—2a exr[—J(x)]J x exdJ(x)Jdx. (21 (29)
Rz 7)=E[Xy(t— 1) Xa(D)].
Several special cases may be noted. Let
Equation set298) is solved subject to the initial conditions

J(X)=—yx2— x4, —oo<x<oo, (22
. — 2 .
where y may be arbitrary if§>0. Substitution of(22) into R11(0)=my;=E[XT], Ri(0)=mp=E[X1X;].
(8) leads to (30)
2 In order to obtain directly the spectral den w) of
a 4 04 y p siby 1(w)
D?(x)= 5 @l 5 exp 8| x*+ o=| |erfg Vo| X+ 55 |, X,(t), define the following integral transformation:
2 26 26 1
(23) L
where erfcg) is the complementary error function defined as Rij(0)=71R;j(1]=— fo Rij(re 'dr. (31
2 (> .
erfay)= — f e tdt. (24 Then®,,(w) can be obtained as
NE
The case ofy<0 and 6>0 corresponds to a bimodal distri- ®yy(w)= i fx Ry(r)e 7dr= Re[En(w)] (32
bution, and the case o§y>0 and =0 corresponds to a 2w ) o ’

Gaussian distribution.
The Pearson family of probability distributios.g.,[11])  where Re denotes the real part. Sifg(r)—0 asr—o, it

corresponds to can be shown that
a;x+ap
I = T bx by’ (25) AR R (0)- L R(0). (33
dr ! a1

In the special case af,+b,=0,
Differential equations(28) in the time domain can be

2a transformed into algebraic equations in the frequency do-
20y — 2 , ;
D*(x)= a,+2b, (b2x"+byX+Do). (26 main as follows, using31) and(33):
I1l. NARROW-BAND SPECTRAL DENSITY = My

toRy— 7: apRyt+aRyy,
To generate a narrow-band stochastic process with the
spectrum peak located at a nonzero frequency, a two- m
d!mens!onal system is req'uwed. A large qlass Qf _two- i lez__lzzaanlJrazlezl
dimensional system is described by the following pair of Ito ™
equations:

(34)

Solving for Ry;(w) and taking its real part, we obtain
dX;=(a12X1+a;2Xp)dt+ D (Xq,X5)dBy(1),
— (ayMyg+a5Myp) 0+ Ag(agMy—apMy )

mlw*+ (AI—2A,) w?+A5] '

whereB;(t) andB,(t) are two independent unit Wiener pro- (39
cesses. Note that the drift coefficients are assumed to be
linear in X; and X,, with constantsa;; to be determined where A;=a;;+az, and Ay;=a;13,,— 23,31, Expression
along with the functional forms for the diffusion coefficients (35) is quite general for a narrow-band spectral density. The
D,(X;,X,) andD,(X;,X,). For the system to be stable and constants,q, a;,, a,;, anda,, can be adjusted to obtain a
possess a stationary probability density, it is required thabest fit for a target spectrum.
a;1<0, a,,<0, anda,;a,,—a;,3,,>0. Multiplying (27) by The Fokker-Planck equation for the joint probability den-
X;(t—7) and taking the ensemble average, we have sity of X;(t) and X,(t) in the stationary state is given by

(27)
dX2: (a21X1+ a22X2)dt+ D2(X1 ,Xz)d Bz(t), (I)ll(w) =
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9 [(aye+ Brke) p— = — [D(x x)]) J 19 5
axg | (1X1 T a12X2 p 2 9%, P12 IO’ ﬁ_xl allxlp—ia—xl[Dl(xl,xz)p]
g | 19
+a—X2((321X1+322X2)p—73—)(2[Dz(Xl,Xz)p])=0- a 19
+a_x2 a22X2p_§(9_X2[D2(X11X2)p] =0. (43

(36)
Our objective is to determine the non-negative functionsEquat'on(43) is satisfied by two non-negative functions,
D %(x;,X,) and D3(x;,x,) for a given p(x;,x,). If such 2a %
D %(x;,X,) andD 3(x;,x,) functions can be found, then the Di(xl,xz): oo f up(u,x,)du,
equations for simulation in the Stratonovich form are given P(X1,X2) Jxy wa
by 44

D2(xy xp) = — 22 f 2 p(x,v)d
X1,Xp) = ——— X1, .
270720 (X, Xa) xmvp LRy

\ 2 D1 (Xy,X3)
Xi=apXg+agpXo— 2 9%, D1(X1,X2) + ? &1(1),
1 2m @7 One useful form fop(\) is
3
TV D2(X1. X) + D,(X1,X5) £,(0 P(X1,Xz)=p(N)=Cexp(—bA—by\?), b,>0. 45
2 21/M1 22/7\2 4 0"X2 PASAYEEA Y \/ﬂ 2 ’ ( )
The marginal probability density foX,(t) is then
where &,(t) and &(t) are two independent unit Gaussian
white noises. p(x1)=C.f(xy)exp — 3byx2— 2b,x3), (46)
Example 4.Consider two independent uniformly distrib-
uted stochastic procesg (t) and X,(t), namely, where
2
1 * ag 2 boas,
- f(x =J exp(— by +byxf)uz— u*|du.
P(X1,X7) 25,3, (X1) . 2a21( 11+ b2X3) a2,
(47)
TAISXSA, TApSXesAg. @8 1he equation se37) with D2 andD 3 given by(44) may be
- - - used to generate a stochastic procéds) which has a prob-
Substituting(38) into (36), we obtain ability density of the form(46) and a spectral density of the
1 52 52 form (35. Constantsy;; in (35 can be adjusted to match a
a;— = —5 Di+ay,— - —5 D5=0, (39  target spectral density, while constabisin (46) can be ad-
24 2 9%; justed to match a target probability density.
o o Another useful form foip(\) is given by
which is satisfied if
) . s ) . s P(X1,X)=p(\)=Cy(\+b)~% b>0, &>1. (48
Di=—a;(AT—X7), D5=—axn(A5—x5). (40
In this case,
The two equations it37) are now )
an
1 an , | %2 Di(x1,Xg) == 5— (A +b),
X1:§ ay Xy tapXot+| — > (Al_xl)) &1(1),
2ap817
. 1 2 12 “D Da(X1,X2) = ao—1) (A D), (49
Xp=ap X1+ 5 apXot| = 5 <A§—X§)) &(1),
2 2
and
which generate a uniformly distributed stochastic process % (1 a )
X, (t) with a spectral density given biB5). p(x1)=le (E X2— % u?+b| du. (50)
—oo 21

Example 5Consider a joint stationary probability density

Of X,(t) andX,(t) in the form A large class of probability densities may be fitted in the

form of (46) or (50). Once the parametels andb, in (46)

(Xix)=p(\), A= xEe 232 2
P(X1,X2)=p(A), 2717 28, "%

—00<X1,X2<OO, (42)
where the rati@,,/a,, is assumed to be negative, ad) is
an arbitrary function such that(x, ,x,) is both non-negative
and normalizable. Substitution ¢42) into (36) leads to

or b andéin (50) are determined), andD, can be calcu-
lated from(44).

IV. CONCLUSION

A systematic procedure is developed to model a non-

Gaussian stochastic process as a diffusive Markov process,

or a component of a diffusive Markov vector, with the
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knowledge of its probability density and spectral density.fitted within a large class of non-Gaussian distributions.
The key step is to obtain the drift and diffusion coefficientsSince the stochastic process model so obtained is described
in the associated Fokker-Planck equation; the former are ddsy stochastic differential equations, it can be used in analyti-
termined from the given spectral density and the latter frontal investigations or as a basis for Monte Carlo simulation.
the probability density. It is shown that, if the given spectral

density is of a low-pass type, then a one-dimensional Mar- ACKNOWLEDGMENT

kov model is adequate regardless of the type of the probabil-
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