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The relativistic dynamics of an electron subjected to the classical electromagnetic field of an ultrashort laser
pulse is studied theoretically at arbitrary intensities. Frequency modulation effects associated with the nonlin-
ear relativistic Doppler shift induced on the backscattered radiation are analyzed in detail. For circular polar-
ization, an exact analytical expression for the full nonlinear spectrum is derived. For linear polarization, it is
found that the scattering of coherent light by a single electron describing a well-behaved trajectory can yield
anharmonic spectra when the laser ponderomotive force strongly modulates the electron’s proper time. At
ultrahigh intensities, these nonlinear relativistic spectra exhibit complex structures. In addition, the temporal
laser pulse shapes best suited to generate narrow Compton backscattered spectral lines at ultrahigh intensities
are discussed.@S1063-651X~96!02009-0#

PACS number~s!: 42.65.2k, 42.50.Lc, 41.60.2m, 42.50.Vk

I. INTRODUCTION

The recent advent of extremely high power, ultrafast la-
sers using fiber compression@1#, Kerr-lens mode locking@2#,
and chirped pulse amplification~CPA! @3–5# makes it pos-
sible to study Compton scattering experimentally at ultrahigh
intensities, where the normalized vector potential associated
with the laser wave exceeds unity. For a wavelength of 1
mm, this translates into a focused intensity larger than 0.055
TW/mm2. In this regime, the ponderomotive force acting on
an electron colliding with the laser pulse can induce a strong
axial velocity modulation, which, in turn, results in a nonlin-
ear relativistic Doppler shift on the radiation backscattered
by the electron during the interaction. This phenomenon can
be analyzed in terms of frequency modulation. This type of
effect, as well as ponderomotive scattering@6# and radiation
damping@7–10#, are expected to play an important role in
the physics of the proposedg-g collider. Although the quan-
tum electrodynamical nature of the electron-photon interac-
tion must be taken into account for a full description of such
phenomena, it is hoped that a large class of interactions may
be appropriately studied within the context of high field
strength classical electrodynamics. In addition, a thorough
understanding of that topic is required for a comprehensive
approach to high field QED. Finally, the framework of clas-
sical electrodynamics should be approximately valid for an
intense laser when the number of photons scattered by the
electron is sufficiently high and the coherence of the laser
allows the indefinite number of photons to be treated as a
classical, continuous electromagnetic field.

In this paper we consider ultrahigh intensity Compton
scattering and first demonstrate that the spectrum of the
forward-scattered wave is always identical to that of the
pump field. We then analyze the spectrum of the backscat-
tered wave and show how the nonlinear Doppler shift in-
duced by the radiation pressure of a laser pulse on the elec-
tron during the interaction results in strong frequency

modulation effects, yielding relativistic nonlinear spectra.
This analysis is done within the framework of classical elec-
trodynamics, which should remain appropriate as long as the
average number of photons scattered by the electron is high,
thus allowing the photon field to be treated as a classical,
continuous electromagnetic field. The spectral properties of
the scattered light and their behavior under Lorentz transfor-
mation are examined in detail. In the case of circular polar-
ization, an analytical expression of the nonlinear backscat-
tered spectrum is derived. To our knowledge, this represents
the first exact derivation of the full nonlinear spectrum in
ultrahigh intensity Compton backscattering.

This derivation indicates that at very high laser intensities,
nonlinear spectra are obtained, where the scattered light is
distributed over a large number of lines, even in the case of
circularly polarized light. To alleviate this problem, holo-
graphic filtering techniques@11# can be used at the Fourier
plane of the chirped pulse laser amplifier and are planned to
be fully described within the context of ultrahigh intensity
Compton scattering applications in a future paper. In the
present work, we indicate what temporal laser pulse shapes
are best suited to generate narrow Compton backscattered
spectral lines, without covering the technical details of their
implementation on a CPA laser.

We consider the motion of a relativistic electron submit-
ted to the electromagnetic field of an ultrashort laser pulse
propagatingin vacuo. Diffraction effects are neglected, as
well as radiative corrections@7–10#. This second approxima-
tion is valid as long as the laser wavelength, as measured in
the instantaneous rest frame of the electron, is much longer
than the classical electron radius~a52.8178310215 m!; this
condition is satisfied in most experimental situations, except
for ultrarelativistic electron beams, such as the Stanford Lin-
ear Accelerator Center~SLAC! beam, where the laser field
can also approach the Schwinger critical field. At this point,
it is important to note that in order to provide a correct in-
terpretation of the nonlinear Compton scattering experiments
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currently under way at SLAC@12#, it is useful to take into
account the effects studied in this paper as a zeroth-order
classical description, which further motivates our approach.

This paper is organized as follows. In Sec. II we review
the relativistic dynamics of a single electron subjected to the
classical electromagnetic field of an intense, linearly or cir-
cularly polarized, ultrashort laser pulse in vacuum, neglect-
ing radiative corrections~Lorentz-Maxwell electrodynamics!
and diffraction. In Sec. III the spectral properties of the scat-
tered light and their behavior under Lorentz transformation
are examined. The nonlinear Doppler shift associated with
the laser ponderomotive force is studied in Secs. IV and V.
In the case of circular polarization~Sec. IV!, an exact ana-
lytical expression for the full nonlinear spectrum is derived
and we indicate what temporal laser pulse shapes are best
suited to generate narrow Compton backscattered spectral
lines. For linear polarization~Sec. V!, it is shown that the
scattering of coherent light by a single electron describing a
well-behaved trajectory can yield anharmonic spectra when
the laser ponderomotive force strongly modulates the elec-
tron’s proper time and that these nonlinear relativistic spectra
exhibit complex structures. Finally, conclusions are drawn in
Sec. VI.

II. ELECTRON DYNAMICS
AND CANONICAL INVARIANTS

The electron normalized four-velocity and four-
momentum are defined as

um5
1

c

dxm

dt
5g~1,b!, pm5m0cum ,

where t is the proper time along the electron world line
xm~t!. The energy-momentum transfer equations are given by
the Lorentz force

dtum52
e

m0c
~]mAn2]nAm!un, ~1!

where we have introduced the four-vector potential of the
laser wave

Am5S w

c
,AD , A5 x̂Ax~f!1 ŷAy~f!, w50 ~2!

and defined the invariant phase of the traveling wave

f5v0S t2 z

cD5kmxm~t! ~3!

as a function of the characteristic laser frequencyv0. This
form of the potential corresponds to a transverse plane wave
propagating in vacuum.

Along the electron trajectory, we have the important rela-
tion

dtf5v0~g2uz!. ~4!

The energy-momentum transfer equations now read

dtux,y5v0~g2uz!dfax,y~f!, ~5!

dtuz5dtg5v0@uxdfax~f!1uydfay~f!#, ~6!

wherea5eA/m0c is the invariant normalized vector poten-
tial of the laser wave. Equation~6! yields the well-known
canonical momentum invariant@6#

g2uz5g0~12b0!. ~7!

An important consequence of Eq.~7! is that the electron
phase and proper time are proportional to within a constant:
df/dt5v0g0 ~12b0!. Equation~5! can readily be integrated
to obtain the transverse canonical invariants

ux,y~t!5ax,y~f!. ~8!

Using the conservation of canonical momentum, the normal-
ized electron energy and axial momentum are derived, with
the result that

uz~t!5g0Fb01a2~f!S 11b0

2 D G , ~9!

g~t!5g0F11a2~f!S 11b0

2 D G . ~10!

These results are quite general and hold as long as plane
waves are considered@6#. An important difference between
polarization states immediately appears:a2~f! varies adia-
batically as the pulse envelope for circular polarization,
while there is an extra modulation at 2v0 for linear polariza-
tion. The transverse electron momentum depends linearly on
the laser field, but the axial momentum modulation is a qua-
dratic function of that field, as it results from the coupling of
the transverse velocity to the laser magnetic field through the
ponderomotive force. At low intensities, the radiation pres-
sure of the laser pulse is negligible and the electron basically
propagates through the laser pulse at constant axial velocity,
while its transverse momentum is modulated at the Doppler-
shifted laser frequency. This results in the radiation of the
well-known free-electron laser~FEL! spectral lines on axis
@13#. The situation is very different when the normalized
vector potential of the laser wave exceeds unity: the strong
modulation of the electron axial momentum results in a non-
linear Doppler shift that translates into frequency modulation
effects.

III. SCATTERED LIGHT SPECTRA

To derive the spectrum of the scattered radiation, we shall
need an expression of the electron’s position as a function of
its nonlinear phasef. We change variables

dfx5
dtx

dtf
5

cb

v0~12bz!
5

cgb

v0g~12bz!
5

cu

v0g0~12b0!
.

~11!

Equation~9! can be formally integrated to obtain the elec-
tron’s axial position

z~f!5
c

v0~12b0!
E

2`

f Fb01a2~c!S 11b0

2 D Gdc.

~12!
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As discussed by Jackson@14#, the distribution of energy ra-
diated per unit solid angle per unit frequency can be derived
by considering the instantaneous radiated power, as de-
scribed by the Larmor formula, and applying Parsival’s theo-
rem. Using the nonlinear electron phasef as the independent
variable, we obtain

d2I ~v,n!

dvdV
5

e2v2

16p3«0c
U E

2`

1` n3@n3u~f!#

v0g0~12b0!

3expF ivS f

v0
1
z~f!2n•x~f!

c D GdfU2.
~13!

The most interesting case is that of the radiation emitted on
axis, where most of the power is radiated, and where we
obtain the maximum relativistic Doppler upshift. We first
consider the forward scattered wave, which is the classical
equivalent to stimulated emission, by settingn5ẑ. Equation
~13! then reduces to

d2I ~v,ẑ!

dvdV
5

e2

16p3«0c
S 11b0

12b0
D ṽ2

3U E
2`

1`

a~f!exp@ i ṽf#dfU2, ~14!

where we have introduced the normalized frequency
ṽ5v/v0.

Equation ~14! shows that the spectrum of the forward-
scattered wave is always similar to that of the laser wave.
This is due to the fact that the relativistic Doppler shift on
the laser frequency in the electron frame is always exactly
compensated by the opposite shift on the forward-scattered
radiation. For example, in the case of a linearly polarized
Gaussian wave packet of normalized widthDf,

a~f!5 x̂a0expF2S f

Df D 2Gexp~2 if!, ~15!

the Fourier transform can be evaluated analytically@15# and
we find

d2I ~v,ẑ!

dvdV
5
e2a0

2Df2

16p3«0c
S 11b0

12b0
D ṽ2expF2

Df2

2
~ṽ21!2G ,

~16!

which describes a quadratic Gaussian spectrum centered
around the normalized frequencyṽ51.

For the backscattered radiation spectrum, we use the re-
sult concerning the electron’s axial position@Eq. ~12!# and
recast the expression obtained so that its properties under
Lorentz transformation are manifest:

d2I ~v,2 ẑ!

dvdV
5

e2

16p3«0c
S 12b0

11b0
D x2U E

2`

1`

a~f!

3expH ixFf1E
2`

f

a2~c!dcG J dfU2.
~17!

Herex5~v/v0!@~11b0!/~12b0!# is the normalized Doppler-
shifted frequency.

Before studying the nonlinear spectrum, it is interesting to
briefly review the case of a Gaussian wave packet@Eq. ~15!#
of small amplitude, where one can neglecta2 in the argument
of the exponential. Equation~17! can then be integrated ana-
lytically @15#:

d2I ~v,2 ẑ!

dvdV
5
e2a0

2Df2

16p3«0c
S 11b0

12b0
D ṽ2

3expH 2
Df2

2 F ṽS 11b0

12b0
D21G2J . ~18!

We obtain the usual Doppler-shifted Gaussian radiation
spectrum centered around the normalized frequency
ṽ5~12b0!/~11b0!. In the FEL case,b0→21 and we re-
cover the well-known formula@13# ṽ'4g0

2 for an electro-
magnetic wiggler. We note that the duration of the backscat-
tered pulse is also Doppler compressed, becauseDf, which
is related to the number of optical oscillations in the pulse, is
also a relativistic invariant.

We now focus on the nonlinear effects induced by the
variation of the electron Doppler factor along its trajectory.
As seen in Eq.~17!, the functional dependence of the spec-
trum is now independent fromb0, which only sets the fre-
quency scale. This fact is not surprising, as it results directly
from relativistic invariance: by changing the reference frame
in which the scattering process is viewed, one can vary the
sign ofb0 and continuously go from the FEL@13# geometry
to the laser acceleration@16,17# geometry, both depicted in
Fig. 1. For the FEL, the laser frequency is Doppler upshifted
in the electron frame, while it is downshifted in the second
case. In both cases, the normalized vector potential and the
average photon number are conserved as they are Lorentz
invariants. In particular, one can choose a frame where the
electron is initially at rest.

Having derived the expression for the backscattered light
spectrum for an arbitrary polarization state, we will now fo-
cus on the two most important cases: circularly and linearly
polarized plane waves. The electron dynamics are illustrated
in Fig. 2 for both cases.

IV. CIRCULAR POLARIZATION: ANALYTICAL
EXPRESSION OF THE FULL NONLINEAR SPECTRUM

We now consider the case of circular polarization, where
we have

a~f!5g~f!@ x̂ sinf1 ŷ cosf#, a2~f!5g2~f!.

Here we choose a simple physical model of the pulse enve-
lope, namely, a hyperbolic secant

FIG. 1. Geometry of the scattering process.
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g~f!5a0cosh
21S f

Df D . ~19!

The electron’s axial position can then be determined analyti-
cally @15# and we have

E
2`

f

a2~c!dc5E
2`

f a0
2dc

cosh2~c/Df!

5a0
2DfF11tanhS f

Df D G . ~20!

The nonlinear backscattered spectrum is now proportional to

x2Ua0eixa02DfE
2`

1` x̂ sinf1 ŷ cosf

cosh~f/Df!

3expH ixDfF f

Df
1a0

2tanhS f

Df D G J dfU2. ~21!

To evaluate this Fourier transform, we make a first change of
variable and introducey5ef/Df. The integral in Eq.~21!
now reads

DfE
0

1` yiDf~x61!

y211
~ ŷ7 i x̂!expF ia02xDfS y221

y211D Gdy,
~22!

where the plus and minus signs simply indicate the different
contributions of the sine and cosine functions to the argu-
ment of the exponential. We now make a second change of
variable, namely, we letx5(y221)/(y211). Equation~22!
reduces to

E
21

11

~11x!2~1/2!2~ i/2!Df~x61!~12x!2~1/2!1~ i /2!Df~x61!

3~ ŷ7 i x̂!exp@ ia0
2xDfx#dx, ~23!

which has an exact analytical expression@15#. The expres-
sion for the nonlinear Compton backscattered spectrum can
then be given in terms ofB, the beta function~Euler’s inte-
gral of the first kind!, andF, the degenerate~confluent! hy-
pergeometric function@18#. Using the properties of the beta
function and definingm651

2@11iDf~x61!#, the nonlinear
spectrum is shown to further reduce to

d2I ~v,2 ẑ!

dvdV
5
e2a0

2Df2

8p«0c
S 12b0

11b0
D

3x2H UF~m2,1,2ia0
2xDf!

coshFp2 Df~x21!GU
2

1UF~m1,1,2ia0
2xDf!

coshFp2 Df~x11!GU
2J . ~24!

At low intensity ~a0!1!, F;1 and we recover the Doppler-
shifted cosh22 spectral line.

To understand the physics of this solution at high intensi-
ties, it is useful to expandF into a Bessel function series
@18#

F~m,1,z!5ez/2G~ 1
22m!S z4D

m21/2

(
n50

` F ~122m!n
n! G2

3~n1 1
22m!~21!nI n11/22mS z2D , ~25!

where z52ia 0
2xDf and the notation (c)n is defined as

(c)n5c(c11)•••(c1n21).
The behavior of the nonlinear spectral function

uF~m,1,2ia 0
2xDf!/cosh@~p/2!Df~x21!#u2 is illustrated in Fig.

3 for Df55 and different values ofa0. As a0 augments past
unity, the imaginary argument increases quadratically and
higher-order Bessel functions are excited, corresponding to
an increasing number of spectral lines. Within this context,
the onset of nonlinear relativistic spectral effects corresponds
to a situation wheref and*2`

f a2~c!dc become comparable.
Although the derivation presented here is purely classical,

it is interesting to translate Eq.~24! into an average number
of photon radiated per unit frequency per unit solid angle by
dividing this equation by\v. The resulting nonlinear spec-
tral and angular distribution of the photon probability density
is presented in Fig. 4 and the spectral lines can now be ten-
tatively identified with nonlinear 1,2, . . . ,n photon pro-

FIG. 2. Behavior of the normalized function* 2`
f [a2(c)/a 0

2]dc
for circular and linear polarizations.

FIG. 3. Behavior of the nonlinear spectral function for circularly
polarized light and different values ofa0; Df55.
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cesses. In that case, the effect of a multiphoton interaction
can be described as a combination of ponderomotive recoil
and harmonic generation.

The most important consequence of the nonlinear Doppler
effect, however, resides in the fact that, at ultrahigh intensi-
ties, the peak photon number density in each line is approxi-
mately constant across the spectrum. This indicates that for
ultrashort laser pulses, even in the case of circularly polar-
ized light, the backscattered energy is redistributed over a
wide spectral range instead of contributing to a single, nar-
row Compton backscattered line. This is a potentially serious
difficulty for applications, such as theg-g collider, which
require the generation of a single, intense, highly collimated,
narrowg-ray line. Such a problem can be partially alleviated
by shaping the temporal envelope of the pump laser pulse in
order to minimize the nonlinear Doppler shift during the in-
teraction. In such a scheme, as illustrated in Fig. 5~top!, the
main part of the laser pulse is flat, thereby yielding constant
axial electron velocity during most of the interaction. The
associated Doppler shift thus remains nearly constant, result-
ing in the radiation of a narrow spectral line, as indicated in
Fig. 5 ~bottom!. During the rise and fall of the laser pulse
envelope, transient lines are radiated, but they are kept to a
minimum by using this technique, which is rather analogous
to the use of a tapered wiggler entrance for a FEL@13#.

This procedure can be modeled theoretically by consider-
ing a circularly polarized pulse with a composite envelope,
including a hyperbolic secant rise and fall and a constant flat
top:

g~f!5a0cosh
21S f

Df D , f<0 ~26a!

g~f!5a0 , 0<
f

Df
<h ~26b!

g~f!5a0cosh
21S f

Df
2h D , f

Df
>h. ~26c!

The resulting axial electron position is now given by

E
2`

f

a2~c!dc5a0
2DfF11tanhS f

Df D G , f<0 ~27a!

E
2`

f

a2~c!dc5a0
2~Df1f!, 0<

f

Df
<h ~27b!

E
2`

f

a2~c!dc5a0
2DfF11tanhS f

Df
2h D1hG , f

Df
>h.

~27c!

It is easily seen that in the nonlinear Fourier integral@Eq.
~17!#, Eqs.~27a! and ~27c! can be grouped together, as they
differ only by a constant phase shift. The corresponding in-
tegral is then directly obtained by the changes of variables
described in Eqs.~21!–~23!. The contribution of the flat top
is simply proportional to

a0e
ixa0

2DfE
0

hDf

~ x̂ sinf1 ŷcosf!exp@ ixf~11a0
2!#df,

~28!

where we recognize the factor 11a0
2, which lowers the rela-

tivistic Doppler shift. The integral in Eq.~28! is readily per-
formed to yield a sinc spectrum.

It is clear that for h@1, the line at the normalized
Doppler-shifted frequencyx51/~11a0

2! dominates the back-
scattered spectrum, as shown in Fig. 6~h510!. The shorter
wavelength lines correspond to a combination of the multi-
photon lines resulting from the nonlinear Doppler shift dur-

FIG. 4. Backscattered photon probability density per unit solid
per unit frequency in the case of a circularly polarized hyperbolic
secant pulse of widthDf55, for different intensities.

FIG. 5. Top: hyperbolic secant pulse envelope with a flat top
~Df55, a052, andh53! and normalized axial position. Bottom:
comparison of the backscattered photon probability density for the
same pulse with and without a flat top.
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ing the transient parts of the pulse and the oscillations of the
sinc spectrum associated with the rectangle window in Eq.
~28!. The relatively long flat top both enhances the contrast
between the nonlinear transient lines and the main line and
narrows the spectral width of the radiation backscattered at
maximum laser intensity~constant Doppler shift!.

V. LINEAR POLARIZATION

In the case of linear polarization, no simple analytical
derivation of the full nonlinear spectrum has been obtained
yet. This is due in part to the extra modulation of the electron
axial momentum at the second harmonic of the laser
Doppler-shifted frequency. Therefore, in this section, we
study the interaction of linearly polarized laser pulses with a
relativistic electron by performing the Fourier transform in
Eq. ~17! numerically.

Figure 7 illustrates the evolution of the normalized back-
scattered radiation spectrum with the laser intensity, in the
case of linear polarization. Fora050, one obtains the ex-
pected linear FEL Doppler-shifted cosh22 spectrum atx51.
For a051, the main spectral line is shifted from the normal-
ized value of 1, because the average electron velocity differs
from b0 during the interaction; some additional nonlinear
spectral features start to appear. At higher laser intensities,
the onset of relativistic anharmonicity is clearly visible. In
particular, the amplitude of the main spectral lines does not
increase asa0

2; instead, the energy is redistributed over a
‘‘dense’’ spectrum, thus indicating the excitation of new os-
cillation modes@19#, each corresponding to a degree of free-
dom. A parametric study indicates that these results depend
only weakly onDf.

The main difference between polarization states resides in
the fact that at high intensities, the extra modulation term at
2v0 ~see Fig. 2!, which characterizes linearly polarized light,
yields arbitrarily short-wavelength lines, while the nonlinear
spectrum for circular polarization appears to be bounded to
subharmonics of the Doppler-shifted laser line~Fig. 4!. In
both cases, however, the full nonlinear Compton backscat-
tered spectra become very complex at high field strengths.

These results are relevant to the nonlinear Compton scat-
tering experiments currently underway at SLAC@12#, as well
as to the proposedg-g collider: for such experiments, the
nonlinear Doppler shift is a first-order effect, even for circu-
larly polarized light, and dominates over the recoil effect
~electron self-interaction! associated with nonlinear Compton
scattering.

It is quite remarkable that such an elementary electrody-
namical process as the scattering of coherent light by a single
electron describing a well-behaved trajectory can yield rela-
tivistic spectral effects when the laser ponderomotive force
strongly modulates the electron’s proper time. This suggests
that, in this case, nonlinear spectral features arise from the
local variation of the relativistic Doppler shift. In other
words, as clocks in the laboratory frame and in the electron’s
instantaneous rest frame cannot be synchronized, the coher-
ent light signal scattered by the electron appears anharmonic
to any observer in uniform motion with respect to the labo-
ratory frame.

VI. CONCLUSION

The relativistic dynamics of an electron subjected to the
classical electromagnetic field of an ultrashort laser pulse has

FIG. 6. Backscattered photon probability density for a longer
flat top ~h510! pulse; the other parameters are the same as in Fig.
5. The bottom figure shows a closeup of the main spectral line. FIG. 7. Normalized backscattered radiation spectra for a linearly

polarized hyperbolic secant pulse of widthDf55 and increasing
laser intensities.
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been studied theoretically at arbitrary intensities. Frequency
modulation effects associated with the nonlinear relativistic
Doppler shift induced on the backscattered radiation were
investigated in detail. For circular polarization, an exact ana-
lytical expression for the full nonlinear spectrum has been
derived. For linear polarization, it was found that the scatter-
ing of coherent light by a single electron describing a well-
behaved trajectory can yield anharmonic spectra when the
laser ponderomotive force strongly modulates the electron’s
proper time. These nonlinear relativistic spectra exhibit com-
plex structures. It is quite remarkable that such an elementary
electrodynamical process can yield relativistic spectral ef-
fects when the laser ponderomotive force strongly modulates
the electron’s proper time. This suggests that, in this case,
nonlinear spectral features arise from the local variation of
the relativistic Doppler shift.

In addition, it was shown that circularly polarized laser
pulses with a flat top are best suited to generate narrow
Compton backscattered spectral lines at ultrahigh intensities.
In this case, the relatively long flat top both enhances the

contrast between the nonlinear transient lines and the main
line and narrows the spectral width of the radiation backscat-
tered at maximum laser intensity~constant Doppler shift!.
Experimental studies of these phenomena, using a 50-TW
CPA laser and a mildly relativistic electron beam, are
planned to be performed in the near future, and the imple-
mentation of holographic filtering@11# on a CPA laser to
obtain flat-top pulses are planned to be presented in an up-
coming paper.
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