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The necessary condition for minimizing the emittance of the three- and multiple-bend achromat lattices
is derived. For isomagnetic three- or multiple-bend achromat lattices, the minimum emittance can
only be attained if the length of the dipoles isf a factor of 31/3 longer than that of outer dipoles. For the three-
or multiple-bend achromat with equal length dipoles the minimum emittance can also be achieved by increas-
ing the magnetic field of middle dipoles by a factor ofA3 larger than that of outer dipoles. The minimum
emittance formula for the isomagnetic three-bend achromat with equal length dipole has also been derived.
@S1063-651X~96!11408-2#

PACS number~s!: 29.27.Bd, 41.75.2i, 03.20.1i, 05.45.1b

Recently, electron storage rings have been used frequently
as light sources for research in condensed matter physics,
chemistry, cell biology, microbiology, industrial processing,
etc. For many experiments, it is desirable to use a high
brightness light, which requires high brightness electron
beams. The amplitudes of the betatron and synchrotron os-
cillations are determined by the equilibrium processes of the
quantized emission of photons and the rf acceleration fields
used in compensating the energy loss of the synchrotron ra-
diation @1#. The horizontal emittance of electron beams in
storage rings is given by

ex5Cqg
2 ^H/uru3&
Jx^1/r

2&
, ~1!

whereCq53.84310213 m, r is the bending radius of the
dipole,Jx'1 is the damping partition number, and

H5
1

bx
@D21~axD1bxD8!2# ~2!

is the dispersion action. Hereax ,bx are the Courant-Snyder
betatron amplitude functions, andD andD8 are the disper-
sion function and its derivative@2#.

The design of low emittance optics is to minimize
^H&/Jx in dipoles, where possible lattices are regularly
spaced focusing and defocusing quadrupole~FODO! cells,
the Chasman-Green lattice@3#, and three-bend achromat
~TBA!, etc. @4#. FODO cells, composed of inter-spacing
quadrupole and dipole magnet units, are used mostly in the
collider design due to their simplicity and high packing fac-
tor. A Chasman-Green~CG! lattice is composed of cells with
two dipoles to form an achromat, i.e., a zero dispersion func-
tion at both ends. Thus the CG lattice is also called the
double-bend achromat~DBA!. The three-bend achromat is
composed of three dipoles with zero dispersion function at
both ends.

Since 1980, accelerator physicists have realized that there
is an achievable minimum emittance, which can serve as a
guideline for realistic lattice design@5–7#. SinceH is pro-

portional toLu2, whereu is the bending angle andL5ru is
the length of the dipole, the horizontal emittance obeys a
scaling law:

ex5F
Cqg

2u3

Jx
, ~3!

where the scaling factorF depends on the storage ring lattice
arrangement. For the minimum emittance separate function
DBA, we haveF

MEDBA
51/4A15 in small bending angle ap-

proximation@5,6#. If one removes the constraint of the ach-
romat condition, the achievable minimum emittance factor is
F

ME
51/12A15.
It is generally believed that the achievable minimum emit-

tance in the TBA lattice is the arithmetic mean of the mini-
mum emittance~ME! and the minimum emittance DBA
~MEDBA!, i.e., F

METBA
5 1

3(2FMEDBA
1F

ME
). The four-bend

achromat~QBA! is expected to have an even smaller emit-
tance. In reality, all existing TBA lattices have
F

TBA
>2F

MEDBA
. It is argued that this ‘‘may be simply due to

the TBA being a more recent design, of which the capabili-
ties have not yet been throughly explored’’@8#. Understand-
ing the fundamental limit can relieve the troubles of lattice
designers.

This paper studies the theoretical minimum emittance at-
tainable in storage rings without using wigglers or undula-
tors. Minimum emittance can be examined through minimiz-
ing the^H&/Jx function with respect to lattice functions. For
separate function~dipoles without field gradient! storage
rings, the dispersion function in the dipole region is given by

D5r~12cosf!1D0cosf1rD08sinf,

~4!

D85S 12
D0

r D sinf1D08cosf,

wheref5s/r with s50 corresponding to the entrance of
the dipole, andD0 andD08 are the values of the dispersion
function and its derivative ats50, respectively. For the
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double-bend achromat we setD050 andD0850 to attain the
achromatic condition. Using Eq.~4!, the evolution of theH
function in a dipole is given by@9#

H~f!5H012~a0D01b0D08!sinf

22~g0D01a0D08!r~12cosf!1b0sin
2f

1g0r
2~12cosf!222a0r sinf~12cosf!, ~5!

whereH05g0D0
212a0D0D081b0D08

2, a0 ,b0, and g0 are
Courant Snyder parameters ats50. Averaging theH func-
tion in the dipole, one obtains
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Hereu is the bending angle of the dipole and

E~u!5
2~12cosu!

u2
, F~u!5

6~u2sinu!

u3
,

A~u!5
6u23sin2u

4u3
, B~u!5
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u4
,

C~u!5
30u240sinu15sin2u

u5
.

In the small angle limit,A→1, B→1, C→1, E→1, and
F→1. Using the normalized scaling parameters,
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, d085
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u
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L
, g̃05g0L, ã05a0 ,

~7!

where L5ru is the length of the dipole, the averagedH
function is given by
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In a special case with achromat condition,d050 and
d0850, the averageH function is given by
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20
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Using the conditionb̃0g̃05(11ã0
2), the minimum of̂ H& is

given by

^H&
MEDBA

5
G

4A15
ru3, ~10!

whereG5A16AC215B2. The corresponding betatron am-
plitude functions areb̃056C/A15G, ã05A15B/G, and
g̃058A5A/A3G. The factor G5A16AC215B2 depends
slowly on the dipole bending angleu shown in Fig. 1, where
^H& is slightly smaller due to the horizontal focusing of the
bending radius. In the small angle approximation, one ob-
tains easily ^H&

MEDBA
5(1/4A15)ru3. The corresponding

minimum emittance ise
MEDBA

5Cqg
2u3/4A15Jx , and theH

function at the dispersive end of the dipole is
H(u)5(1/A15)ru3.

Without the achromat constraint, the lattice can be con-
sidered as a single dipole lattice. Thus the dispersion and the
betatron amplitude functions, which minimize^H&, will be
symmetric with respect to the center of the dipole. The mini-
mization procedure can be accomplished through the follow-
ing steps. First,̂H& can be minimized by finding the optimal
dispersion function with]^H&/]d050, ]^H&/]d0850 to ob-
tain d0,min5

1
6F, d0,min8 52 1

2E, and

^H&5
1

12
ru3S b̃0Ã2ã0B̃1

4g̃0

15
C̃D , ~11!

whereÃ54A23E2, B̃53B22EF, andC̃5 9
4C2 5

4F
2. Us-

ing the relation thatb̃0g̃0511ã0
2, we obtain

^H&
ME

5
G̃

12A15
ru3, ~12!

FIG. 1. The minimum̂H& factorsA16AC215B2 for the DBA
~the lower curve! andA16ÃC̃215B̃2 for the ME ~the upper curve!
lattices are plotted as a function of the bending angleu. Note that
^H& is slightly smaller in long dipoles.
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whereG̃5A16ÃC̃215B̃2 is also shown in Fig. 1. Thus the
minimum ^H& without achromatic constraint is a factor of 3
smaller than that with the achromat condition@5–7#. The
minimum condition corresponds tob̃058C̃/A15G̃, ã0

5A15B̃/G̃, andg̃052A15Ã/G̃.
In the small angle approximation withu!1, where

Ã→1, B̃→1, C̃→1, and G̃→1, the waist of the optimal
betatron amplitude function for the minimum̂H& is located
at the middle of the dipole. The values of the dispersionH
function at both sides of the dipole are important to deter-
mine the beam size in straight sections, where insertion de-
vices such as the undulators are located. At the ME condi-
tion, we have

H~0!5H~u!5
1

3A15G̃
ru3H 6C̃E22

15

2
B̃EF1

5

2
ÃF2J .

~13!

In the small bending angle approximation, we have
H(u)5(1/3A15)ru3.

The brilliance of the photon beam from the undulator de-
pends on the electron beam width, which depends on the
emittance and momentum spread of the beam. Now we de-
fine the dispersion emittance as@10#

ed[gx~Dd!22bx8~Dd!~D8d!1bx~D8d!25H~0!d2

5
1

3A15
Cqg

2u3

JE
, ~14!

where d25(sE /E)
25Cqg

2/JEr is the equilibrium energy
spread in the beam,JE is the damping partition in synchro-
tron phase space. For a separated function lattice,
JE'2, Jx'1, or JE'2Jx . The total emittance for a bi-
Gaussian distribution is given by

e5eb1ed5
1

4A15
Cqg

2u3

Jx
5e

MEDBA
. ~15!

Thus the decrease in the betatron emittance is consumed by
the dispersion beam size. The brilliance of the photon beam
from insertion devices or equivalently the size of the electron
beam in the ‘‘dispersion free’’ straight section, is not af-
fected by the dispersion introduced to minimize the betatron
emittance. The total electron beam size in the straight section
remains unchanged. Thus the minimization procedure does
not increase the beam brilliance of undulators.

Now we are ready to discuss the minimum emittance for
three-bend achromat lattices, which have often been used in
synchrotron radiation sources such as the Advanced Light
Source in Lawrence Berkeley National Laboratory, the Syn-
chrotron Radiation Research Center in Taiwan, etc. The
TBA is a combination of DBA lattice with a single dipole
cell at the center. If all dipoles have equal length, the mini-
mum emittance is usually quoted to bee

METBA
5 2

3eMEDBA
1 1

3

e
ME

5 7
9eMEDBA

.
To simplify our discussion hereafter, we use a small angle

approximation, which is a good approximation provided that

the bending angle for each dipole is less than 30°. The nor-
malized dispersion coordinates for the minimum emittance
DBA and minimum emittance single dipole lattices are
given, respectively, by

X
MEDBA

5
D

Ab
5

~15!1/4

8

L1
3/2

r1
, ~16!

P
MEDBA

5
aD1bD8

Ab
56

7

8~15!1/4
L1
3/2

r1
, ~17!

at the dispersive ends of the dipoles in the MEDBA lattice,
and

X
ME

5
D

Ab
5

A2~15!1/4

24

L2
3/2

r2
, ~18!

P
ME

5
aD1bD8

Ab
57

3

4A2~15!1/4
L2
3/2

r2
, ~19!

at the entrance and exit locations of the dipole in the ME
lattice, wherer1 and L1 are the bending radius and the
length of the DBA dipoles, andr2 andL2 are the bending
radius and the length of the ME dipoles.

The optical matching between the MEDBA module and
the ME single dipole module is accomplished with quadru-
poles, where the normalized dispersion functions are trans-
formed by the coordinate rotation, i.e.,

S XME

P
ME

D 5S cosF sinF

2sinF cosF D S XMEDBA

P
MEDBA

D , ~20!

whereF is the betatron phase advance. The necessary con-
dition for achieving dispersion phase-space matching is

L2
3

r2
2 53

L1
3

r1
2 , ~21!

with a corresponding phase advanceF5127.76°. The
matching condition of Eq.~21!, based on the small angle
approximation, requiresL2531/3L1 for isomagnetic storage
rings, or r15A3r2 for storage rings with equal length di-
poles. For dipole angle larger than 30°, the scaling factor is
slightly increased.

Thus we have proved a theorem stating that the isomag-
netic TBA with equal length dipolescannotbe matched to
attain the advertised minimum emittance. For an isomagnetic
storage ring, the center dipole for the TBA should be 31/3

longer than those of outer dipoles in order to achieve disper-
sion function matching. In this case, one can prove the fol-
lowing trivial theorem: The emittance of the matched mini-
mum TBA ~QBA, etc.! lattice is

e
METBA

5
1

4A15
Cqg

2u1
3

Jx
, ~22!
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whereu1 is the bending angle of outer dipoles, provided that
the length of the middle dipole is 31/3 longer than that of
outer dipoles. Although the factorF

METBA
51/4A15 is identi-

cal to that of the MEDBA, the actual emittance of the
METBA is lower due to its smaller outer dipole bend angle.
To provide a fair comparison of emittances, we assume that
the number of dipoles in the TBA or the QBA is the same as
that of the DBA lattice. Because the bend angle of the outer
dipole in TBA or QBA is smaller, the resulting minimum
emittances of METBA and MEQBA are related to that of the
MEDBA by

e
METBA

5S 3

2131/3D
3

e
MEDBA

50.66e
MEDBA

, ~23!

e
MEQBA

5S 2

1131/3D
3

e
MEDBA

50.55e
MEDBA

. ~24!

Thus a TBA or QBA lattice can provide smaller emittance
for future synchrotron radiation light sources.

At present, all TBA light sources have equal length iso-
magnetic dipoles; the minimum emittance can be evaluated
as follows. The averageH function is given by

^H&5 1
3 @2^H&o1^H& i #, ~25!

where the subscriptso and i are used to identify the outer
and inner dipoles, respectively. First, we minimize^H&o to
obtain ^H&o5(1/4A15)ru3. Once ^H&o is minimized, the
^H& i is determined by the optical matching condition.

To match the optical function in the TBA lattice, the be-
tatron functions must be symmetric with respect to the center
of the middle dipole. Using the symmetry condition, we ob-
tain

b̃05b̃*1
1

4b̃*
, ã05

1

2b̃*
, g̃05

1

b̃*
, ~26!

d05
1

6
, d0852

1

2
, ~27!

whereb̃*5b* /L is the normalized betatron amplitude func-
tion at the center of the middle dipole. Using Eq.~8!, we
obtain

^H& i5ru3F 1

A15
1S Ab̃02

ã0

3Ab̃0
D P̃02

1

3Ab̃0

X̃01
b̃0

3

2
ã0

4
1

g̃0

20G , ~28!

where the normalized dispersion coordinates are given by

X̃05
d0

Ab̃0

5
1

6~ b̃*11/4b̃* !1/2
, ~29!

P̃05
ã0d01b̃0d08

Ab̃0

52
b̃*11/12b̃*

2~ b̃*11/4b̃* !1/2
. ~30!

Using the matching condition of Eq.~20!, possible solutions
are given by

b̃* F ^H& i

0.027635 144.79° (1/A15)(120.79643)
1.005160 134.01° (1/A15)(120.67023)

Here, we disregard the solution withb̃*50.027635, which is
not easy attainable. The resulting emittance for the isomag-
netic TBA lattices with equal length dipoles is given by

e
METBA

5
1.1064

4A15
Cqg

2u3

Jx
. ~31!

In conclusion, we show that the minimum emittance iso-
magnetic TBA is not attainable with equal dipole length. The
necessary condition for achieving a minimum emittance in
the TBA ~or NBA! lattice is that the length of the middle
dipole~s! should be a factor of 31/3 longer than that of the
outer dipole~in small angle approximation!. Further reduc-
tion in emittance can only be achieved by varying the damp-
ing partition number.

For existing TBA storage rings, the minimum emittance
condition can be fulfilled by increasing the dipole field of the
center dipole so that the bending radius of the center dipole
is smaller by the factor 1/A3 than that of the outer dipole
@11#. The resulting minimum emittance factor is

F
METBA

5S 2133/2

5 D 1

4A15
.

In this paper we do not discuss the emittance reduction
using wigglers or undulators to increase the radiation damp-
ing rate in zero dispersion straight sections, which would
increase the momentum spread of the beam as well.
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