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Monte Carlo simulations of a single polymer chain
under extension above and below the 8 temperature
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The deformation behavior of a single three-dimensional polymer chain above and below the 8 temper-
ature was studied using the bond-fluctuation model. Whereas above the 0 temperature only slight
differences to the athermal (infinite temperature) limit occurred, the deformation behavior below the S
temperature was found to be completely di6'erent. The deformation is represented by a coil-strand coex-
istence and is therefore inhomogeneous. During the coil-strand coexistence the retractive force is in-

dependent of the extension. At large strains the coil-strand system becomes unstable; this instability was
monitored by the computation of several properties.

PACS number(s): 36.20.—r, 87.15.—v, 83.20.Jp

I. INTRQDUCTIQN

The mechanical properties and deformation behavior
of polymers have attracted much attention in polymer
physics. It would be desirable to understand the micro-
scopic mechanisms of the deformation process. Howev-
er, in most cases a complete theoretical description is not
possible. Also experiments are limited in exploring mi-
croscopic details of deformation processes. In this situa-
tion computer simulations are a rather simple and reli-
able method to get some insight into the deformation
behavior. In this paper we will focus on three-
dimensional single isolated polymer chains, which can be
seen as chains in a very dilute solution.

Most former work concentrated on ideal chains
without long-range interactions, i.e., random walks. The
force dependence on the end-to-end distance was de-
scribed by an inverse Langevin function [1—3]. Weiner
and Perchak discussed the differences between rigid and
Aexible chain models [4,5] as well as the inhuence of
quantum calculations [6]. Both theoretically and within
computer simulations Weiner and Herman [7,8] studied
bond forces in the backbone and Auctuations of axial
forces in time. Recently Davis [9] presented a molecular-
dynamics simulation of Kuhn and Grun chain segments
and discussed anisotropy eAects. In recent years exten-
sions and generalizations of the ideal chain were present-
ed by Altenberger, Rosa, and Dahler [10] and by Glat-
ting, Winkler, and Reineker [11—13].

The situation for chains with excluded volume, i.e.,
self-avoiding walks, is more complicated since this long-
range interaction cannot be treated easily. The depen-
dence of the end-to-end distance on the force, projected
on the force direction, is quite diIIerent from the
Langevin function [14,15]. Within a simulation Webman,
Lebowitz, and Kalos [14] observed a linear force regime
for weak forces and a Pincus-scaling [16] regime for large
forces. The crossover region between both scaling re-
gimes was found to be very narrow in contrast to first-
order renormalization-group calculations given by Oono,

Ohta, and Freed [15]. In a previous work [17] we studied
both regimes and the crossover. We also found a rather
narrow crossover regime, but this is in agreement with
scaling functions obtained from more recent
renormalization-group studies.

The inclusion of nonbonded intramolecular forces, usu-
ally assumed to be of van der Waals type, leads to a col-
lapse transition when the temperature is lowered. At high
temperatures or good solvent conditions the repulsive
parts of the interaction (excluded volume) dominate, re-
sulting in a swelling of the chain relative to a random
coil. At low temperatures or poor solvent conditions on
the other hand, monomer-monomer contacts become
favorable and the chain tends to collapse into a compact
dense globule. At an intermediate temperature, the 8
temperature To, the repulsive and attractive parts of the
interaction cancel each other [18,19].

Regarding the deformation below the 0 temperature
only a few works exist. These works indicate a deforma-
tion behavior completely diferent from that above To.
Considering only surface energy terms, Halperin and
Zhulina [20,21] proposed a linear force response for weak
deformations and a constant force regime for intermedi-
ate stretching. The constant force regime involves a
coexistence of a weakly deformed globular coil and a
highly stretched strand. A more general description of
the deformation behavior of a coil-strand system is the
coil-strand-transition model [22,23], which was success-
fully used to describe crazes [23] and fibrils during the de-
formation of hard elastic polymers [24,25]. This model
proposed a constant force regime too. With energy
minimization techniques we studied in a previous paper
[26] the deformation at zero temperature. These simula-
tions showed clearly a coil-strand transition during
stretching and a constant retractive force in this regime.
Energy minimizations were also used to study the energy
distribution in an extended chain under stress [27] and
strain-induced conformational transitions [28]. Most re-
cently Cifra and Bleha [29] discussed a bimodal shape of
the end-to-end vector distribution function of stretched
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chains below the 0 temperature. This bimodal shape in-
dicates a coexistence of molecules in globular and extend-
ed coil formation. However, a complete investigation of
the changes in deformation behavior changing the tem-
perature from above to below To is outstanding.

A coil-strand formation is not quite unknown in the
wide Geld of polymer physics. In extensional Aows in di-
lute solutions there exists a transition to a stretched coil
(cf. Frenkel [30]; a coil-stretch transition, cf. de Gennes
[31]; and a "yo-yo" model, cf. Ryskin [32,33]), which
also has been studied by computer simulations [34,35].
However, in these models the reason for the transition is
the balance of the nonlinear stretching force due to the
high gradients in the Aow with the entropic retractive
force, whereas in the present work nonbonded interac-
tions lead to the coil-strand system. The possibility of
forming coil-strand systems due to nonbonded forces can
be seen in the work of Kavassalis and Sundararajan [36],
who found such a behavior during a molecular-dynamics
study of polyethylene crystallization. Similarities to a
coil-strand formation can also be found when a polymer
chain is pulled through a network with a certain velocity:
the chain can be described by plume and sticklike regions
[37].

On related topics computer simulations have shown
their great possibilities to investigate elastic properties of
polymers. Weiner and co-workers studied conformational
transitions in an idealized polymer melt [38] and the
behavior of tie molecules [39]. Termonia et al.
developed a kinetic model for tensile deformation
[40—42]. The mechanical properties of networks were
studied extensively under various viewpoints (see Weiner
and Stevens [43], Gao and Weiner [44—50], and Ter-
monia [51—53]). Brown and co-workers performed a
molecular-dynamics simulation of the deformation of po-
lymer fiber microstructures [54] and of glasses [55,56] on
short time scales. With energy minimization techniques
the mechanical properties of certain polymers were com-
puted by various authors (Suter and co-workers [57—62],
Boyd and Pant [63,64], and Fan et al. [65,66]). Cook
[67,68] investigated cold drawing at zero temperature.
Dickman and Hong [69] computed the force between
grafted polymeric brushes and Haliloglu, Behar, and Er-
man [70,71] studied oriental and conformational correla-
tions in deformed chains.

The intention of this paper is to close the large gap be-
tween our previous works performed in the athermal lim-
it of infinite temperature [17] and at zero temperature
[26]. In the next section the simulation method will be
described. The presentation of the results and a discus-
sion will follow.

II. SIMUI.ATION METHOD

Since we are not interested in chemical details of a cer-
tain polymer, we took advantage of the eKciency of a
coarse-grained lattice model. The bond fluctuation mod-
el developed by Carmesin and Kremer [72] in three di-
mensions was taken. On a simple cubic lattice the mono-
mers are represented by cubes of eight positions. The
monomers are connected by a set of possible bond vectors

(108 in three dimensions). The diffusion dynamic in the
free draining limit is simulated by randomly chosen
jumps of monomers in spatial directions. For more de-
tails on the bond fluctuation model we refer to the origi-
nal papers [72—76].

In addition to the purely excluded-volume interaction,
incorporated in the bond-fluctuation algorithm, we took
into account a truncated Lennard-Jones potential V(r)
with a range of three grid units between all points of the
monomers (r is the distance between the monomers) and
a bond-length potential V (I) describing the increasing
backbone stiffness with decreasing temperature:

' —12 —6
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lV'(I)= —c +c —+cz0 1 2

rp

+C3

3

(2)

We tested this method at temperatures above To by com-

where t is the unit of energy, rp = 1. la, I is the bond
length, and a is the lattice spacing. The parameters
cp = 207. 12 c 1

=342. 88 c2 = 163.52& and c3 =24. 32
were estimated from a static energy-minimization simula-
tion, including ten unified polyethylene (PE) monomers
interacting by bond-stretching, torsional, and van der
Waals forces. The identification of a bond with a Kuhni-
an segment [2] of ten PE segments is somewhat arbitrary,
but is in agreement with values used in the literature
[77,78]. With this choice of parameters the chains are
flexible in contrast to stiff chains; see Ref. [79]. At low
temperatures long bonds are more likely leading to a
higher acceptance rate within our model. Simulations of
dense systems with the same parameters show that they
can produce glassy samples [80]. The exact form of V'(l)
and the exact values of the constants have no inAuence on
the qualitative results. Using the Metropolis criterion
[81], the energies due to these potentials determined
whether the jumps of monomers in our model were ac-
cepted.

There are two principal possibilities to perform a de-
formation experiment. One is to impose the force and
measure the end-to-end distance in the force direction
(stress ensemble) and the other is to increase the end-to-
end distance in a certain direction and measure the re-
tractive force in this direction (strain ensemble). We
chose the second possibility since it is rather hard to
study a constant force regime if one would impose the
force. Weiner and Perchak [6] showed that there are
differences between these two ensembles, but the
differences vanish for chain lengths X &6. Within our
model we changed the end-to-end distance Rf in the z
direction and measured the retractive force fk~T (k~
denotes Boltzmann's constant and T the temperature) by
counting the tried jumps n+ with Rf —+Rf +a and n

with Rf —+Rf —a. a is the lattice spacing. Then the force
f, normalized by the temperature, was computed by

nf=—ln
a n+
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paring the data with those obtained by imposing the force
and found excellent agreement.

We studied single chains of (%+1)=20, 60, and 100
monomers on lattices with periodic boundary conditions.
The lattice extensions were 20 X20 X 50 up to
56X56X 176. The dimensions of the lattices were large
enough that interactions of the chain with itself over
periodic boundary conditions can be neglected. To ob-
tain proper statistics we performed 100—140 independent
simulations.

A single simulation was done in the following manner:
After creating the chains they were relaxed at least for
1000000 Monte Carlo steps (MCS). One MCS is one at-
tempted jump per monomer. After this equilibration a
continuous cooling process was started with the cooling
rate I &

=4 X 10 (MCS) '. I & denotes the reciprocal
temperature step per time unit of the Monte Carlo simu-
lation. The inverse temperature /3=1/kii T at time t fol-
lows from Pe= I &t. During cooling, configurations were
extracted in intervals of APe =0.05 and afterward sub-
jected to isothermal relaxation for a duration of 1 000000
MCS. Then the measurements of the undeformed state
were performed in intervals of 500 MCS for a total
amount of 1000000 MCS. After that the deformation
was started. First Rf =0 was imposed by applying a
force at the chain until 8f =0 was reached. This
configurations were equilibrated for 1000000 MCS. The
distance 8I was then increased stepwise by an amount of
2a. After each step a equilibration run was carried out
for at least 150000 MCS. Then the measurements were
performed in intervals of 500 MCS for a total amount of
150000 MCS. The data were averaged over the time and
the independent simulations. We tested longer equilibra-
tion runs than 150000 MCS after each strain step and
found only slight differences. Thus 150000 MCS is a
sufficiently long time for the main part of the relaxation
process after a strain step.
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length N ihe temperature distance Tfa —T from the 0
temperature must increase to obtain a significant col-
lapse, i.e., To —T)To/X' [19,85]. The observed
behavior is in accordance with other investigators; see,
for example, the works by Kremer, Baumgartner, and
Binder [86] and Grassberger and Hegger [87].

At the lowest simulated temperatures (/3e) 0. 5) also
the short chains are fully collapsed and (g ) scales ac-

cording to the law (Sz ) -X ' with v, =
—,
' [19,83]. Thus

the fully collapsed regime is reached and the chains are
compact dense globules.

In order to determine the 0 temperature To we plot-
ted in Fig. 2 (Sz ) /X versus the inverse temperature /3e.
Since at the 8 temperature the chains behave as

0.40 Pc 0.70
~ Pc. = 0.45 ~ Pc = 0.80

2 I I

10 2 3

Chain length N

FIG. 1. log-log plot of (g ) /X versus X for various temper-
atures. The points represent the simulated data and the dotted
lines are guides to the eye. The solid lines represent -X '
and -X-'".

III. RESULTS AND DISCUSSIQN

A. COIlayse transition

In order to characterize the undeformed state we give
here a brief overview of the collapse transition. A de-
tailed analysis of the collapse transition can be found in
another paper [82].

In Fig. 1 we plotted the normalized mean square radius
of gyration (g )/X versus the chain length n. The
points represent the simulated data and the solid lines
represent the limiting scaling laws -X ' and -X
In the infinite temperature limit (athermal limit /3@=0)
the chains are swollen, in agreement with the theory [83].

2vo
They obey the scaling law ( S& ) —X, with
vo =0.588+0.001 [84].

With increasing P the curves become Ilatter, indicating
the approach to the 0 point. At lower temperatures,
higher P, than Pe=0.20, (Sz) /X is no longer a linear
function of A in the log-log-plot. This is due to the fact
that the longest chains are already significantly collapsed,
in contrast to the short chains. With decreasing chain
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FIG. 2. Plot of (Sg ) /X versus pe for various chain lengths
X. The points represent the simulated data and the dotted lines
are guides to the eye.
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(Sz ) —N (besides logarithmic corrections) [83] the
curves for different N should intersect at Po. The curves
in Fig. 2 show a clear intersection point at
Poe= 1 /( k To ) =0.2 14+0.008. This temperature is in
good agreement with other methods to determine To as
we pointed out in [82]. Moreover, it can be seen that the
transition becomes sharper with increasing X, in agree-
ment with other investigators [86—88].

B. Conformational changes

We now turn to the deformation behavior. To get a
first impression of the conformational changes during de-
formation, Fig. 3 displays time shots of the shape of the
deformed coil of a chain consisting of 100 rnonomers at
Rf /a =0,40, 80, 120, 160. All conformations are plotted
with the same scale. At Pe =0 [Fig. 3(a)] no prominent
properties can be found, thus the deformation is horno-
geneous, as expected. At Pe=0. 3 [Fig. 3(b)] the unde-
formed chain is collapsed since the temperature is below
the 0 temperature. At Rf =40a a clear distinction be-
tween a stretched strand and a nearly unaltered residual
coil can be seen. At higher strains the conformations are
similar to those obtained above To. At Pe=0. 5 the un-
deformed chain is fully collapsed, being a dense globule.
The coil-strand coexistence can be observed for all Rf .
The strand is in a more elongated conformation than at
Pe =0.3. The deformation is obviously inhomogeneous.
The coil-strand. coexistence is in agreement with the ideas
of Halperin and Zhulina [20,21] and the coil-strand-
transition model [22,23]. To get a quantitative impres-
sion of the changes in the deformation behavior we ana-
lyze in the next subsection the dependence of the force on
Rf .

C. Force dependence on the strain

Figures 4 and 5 display the achieved forces versus
elongation of chains consisting of 20 and 100 monorners.
The results for 60 rnonomers are in between.

At temperatures above the 0 temperature
(Poe =0.2 14 ) only slight differences to the infinite tem-
perature limit Pe =0 (the athermal limit) occur. As we
discussed in our previous paper [17], the behavior at
Pe=0 can be described in the following way: for small
strains (Rf « ( R& ) ' ) there is a linear response to the
deformation, i.e., (f ) =3Rf /( R& ), where (R& ) is the
mean-square end-to-end distance of the undeformed
chain. For intermediate strains the force scales with Rf
as (f ) -Rf [16,83]. Since the chain length is finite this
scaling regime is only valid as long as Rf «Nl, where I is
the length of a segment. Lowering the temperature to
pe=0. 2 results in an increase of the linear force regime
since at the 0 point the repulsive and attractive parts of
the interaction cancel each other and the end-to-end dis-
tance distribution becomes very similar to a Gaussian dis-
tribution, as for random walks [82]. This is in agreement
with the work of Webman, Lebowitz, and Kalos [14],
who found that a chain at the 0 point obeys some ideal
elastic properties. However, in this paper we concentrate
on temperatures below To .

At temperatures below the 0 temperature the defor-
rnation behavior is completely different from that at
Pe =0. At small strains the force rises nearly linearly to a
high stress level. Then at larger Rf and Pe=0. 5 a regime
with constant force can be observed. This regime is
characterized by the coil-strand coexistence, which can
be seen in Fig. 3(c). The constancy of the force during the
coil-strand coexistence is in agreement with the predic-

FIG. 3 . Snapshots of the conformation of a coil consisting of 100 monomers for stretching steps Rf /a =0,40, 80, 120, 160: (a)
Pe =0, (b) Pe=0. 3, and (c) Pe=0. 5. All conformations are plotted with the same scale.
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FIG. 6. Lateral spread (R~„—R& ) versus end-to-end dis-
r f

tance in force direction Rf for a chain consisting of 20 mono-
mers at various temperatures.

tions of Halperin and Zhulina [20,21] and the coil-
strand-transition model [22,23]. In the cases
Pe=0.25 —0.4 this regime is shorter or missing entirely.
Because of the elongation the collapsed state is no longer
stable at large RI since the number of segments X„in the
residual coil decreases. The coil is only significantly col-
lapsed as long as To —T ) Te/N„'~ [19,85]. This can be
already seen in Fig. 1, where for a given temperature only
long enough chains reach the fully collapsed state with
(S~ ) /N-N ' . Hence, at a certain R& the coil-strand
system becomes unstable and the deformation behavior
approaches the behavior above To. Clearly, the elonga-
tion R& where this happens decreases with decreasing
chain length X and increasing temperature. This is in
agreement with Halperin and Zhulina [20,21], who pro-

posed that the end of the coexistence region should vary
as N(To —T)/To. During the approach to the behavior
above To the force even decreases with increasing R&, as
can be seen most pronounced in Fig. 5 at (3@=0.35. The
change of an inhomogeneous deformed coil-strand system
to a homogeneous deformed chain is displayed in Fig.
3(b). At R&=40a a coil-strand system exists, which van-
ishes for larger RI. On the other hand, the coil-strand
coexistence is present over the whole deformation regime
at Pe=0. 5 [Fig. 3(c)].

D. Lateral spread

The change in the deformation behavior can be found
in the variation of the mean-square end-to-end distance
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ance is maximal in the undeformed state (Rf =0) and for
n =X since there are fewer accessible distances for short
subchains and Af =0 does not restrict the accessible dis-
tances for R&z too much. %'ith increasing Rf the vari-f
ance for long subchains decreases since R& z gets lockedf
at values close to Rf. Hence, for large Rf the variance
becomes maximal for n =X/2.

Below the 8 temperature [Figs. 8(c)—8(f)] the chains
are globules. Thus at Rf =0 the variance of all subchains
is smaller than above To, particularly for long subchains.
As above To, the variance for long subchains decreases
with increasing Rf. However, at intermediate Rf a max-
imum around n =X/2 occurs, which becomes more
prominent with decreasing temperature. This is a clear
sign for the coil-strand coexistence. Some of the sub-
chains are in the nearly unaltered residual coil having a
smaller R„~ than subchains in the strand. With de-f
creasing temperature the residual globular coil becomes
more compact and the strand more stretched (see also
Fig. 3). Thus the difference between subchains in the coil
and the strand increases leading to higher values of
Var(R„).For larger values of Rf the pronounced max-
imum disappears and the behavior of the variance be-
comes similar to that above To, indicating the disintegra-
tion of the coil-strand system. This changes take place at
values of Rf in agreement with those where the force and
the lateral spread are turning to the behavior above To,
as discussed in the previous sections.

IV. SUMMARY AND CONCI. USION

Using the bond-Auctuation model we investigated the
deformation behavior of a single polymer chain above
and below the 0 temperature in three dimensions. Study-
ing the conformational changes during the deformation,

we found that above the 0 temperature no prominent
properties can be seen, thus the deformation is homo-
geneous. In contrast to that below the 0 temperature, a
clear distinction between a stretched strand and a nearly
unaltered residual coil was observed, i.e., the deformation
is inhomogeneous. At low temperatures this coil-strand
coexistence was observed during a large extension range
whereas at higher temperatures, but still below To, the
coil-strand system disappeared at large strains.

The force dependence on the strain Rf showed only
slight difFerences to the athermal limit as long as the tem-
perature was above To. Below To a constant force re-
gime was observed in the coil-strand coexistence regime.
This is in agreement with the predictions of Halperin and
Zhulina [20,21] and the coil-strand-transition model
[22,23]. The range and existence of this regime depends
on the temperature distance to Te and the chain length
X. It is Inore pronounced for low temperatures and long
chains. This was interpreted in terms of an unstability of
the coil-strand system caused by the elongation. Investi-
gations of the lateral spreads and the variance of internal
distances supported this viewpoint. In future work we

plan to analyze the energetic and entropic parts dnring
the creation and vanishing of the coil-strand system.
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