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Entrainment and termination of reentrant wave propagation
in a periodically stimulated ring of excitable media
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Excitable media, such as nerve, heart, and the Belousov-Zhabotinsky reaction, exhibit a large excursion from
equilibrium in response to a small but finite perturbation. Assuming a one-dimensional ring geometry of
sufficient length, excitable media support a periodic wave of circulation. In analogy with earlier results found
from the periodic stimulation of oscillations in ordinary differential equations, the effects of periodic stimula-
tion of the periodically circulating wave can be described by a one-dimensional map called the Pwiapare
Depending on the period and intensity of the stimulation as well as its initial phase, either entrainment or
termination of the original circulating wave is observed. These phenomena are directly related to clinical
observations concerning periodic stimulation of a class of cardiac arrhythmias caused by reentrant wave
propagation in the human hear§1063-651X96)08606-0

PACS numbdss): 87.22~q, 03.40.Kf, 87.10+e

I. INTRODUCTION the refractory period. A consequence of the refractory period
is that colliding waves annihilate each other.

Cardiac tachycardias are abnormal cardiac rhythms in Examples of excitable media include chemical media
which the heartbeat is too ragidl,2). It is believed that some such as the Belousov-Zhabotinsky reactii#)17], nerve
tachycardias are caused by circulating excitation waves ihl3—16, and hear{5,8,9,1§. We consider one of the sim-
the heart. Such waves are often called reentrant. In cardioRlest theoretical models for excitable media, the FitzHugh-
ogy, it is common to imagine a reentrant wave as circulating@gumo equation, which supports a periodically circulating
on a one-dimensional rin@—7]. This is the simple model of Wave of_exuta_tlon if _the excitable medium is in the form of
reentrant tachycardias that we adopt, though other geonft One-dimensional rin¢15,16,18—2Q Although we could
etries may prevail in some circumstand@s-11. The pre- have selepted a th(_aoretlcal model that is more reghgtlc. for
vention of the occurrence of tachycardia is a key objective i ome particular Se“".‘@’?ll thgre should pe broad s!m|lar|-
cardiology. A secondary objective is termination of tachycar- les between dynamics in excitable media under single and

dias when and if they arise. A generation of implantableperiodic stimulation, independent of the details of the equa-
' tions.

medical devices called “antitachycardia pacers” delivers a Analysis of the effects of single and periodic stimulation

sequence of periodic electrical pulsgs directly to the heart_s cgn spontaneously oscillating systems has played an impor-
patients who suffer from tachycardias. Thg effect of th_e iM-ant role in the development of modern dynanii2g]. Peri-
plantable pacemaker depends on the location of the stimulaggic stimulation of spontaneously oscillating systems can of-
ing electrode in the heart, the number of pulses, the currentp pe approximated by low-dimensional maps. For example,
in each pulse, the frequency of the periodic pulses, the initia,lnaps of the circle into itself: S!— St often arise in the
phase of the first stimulus, and whether or not the rate ofontext of periodic stimulation of oscillating systems de-
pulse delivery changes during the sequefd2. Despite  scribed by ordinary differential equations if the oscillating
the importance of these questions to human health, the vasystem displays a stable limit cycle that is strongly attracting.
majority of clinical studies in this area are based on empiri-Extensive studies of periodic forcing of oscillations in bio-
cal evaluation of pacing algorithms, rather than an analysifogical and physical systems and in models formulated as
of the fundamental theory. ordinary differential equations demonstrated a variety of dy-
We place this clinical problem in a more general context.namical phenomena including entrainment, quasiperiodicity,
The current paper deals with single and periodic stimulatiorand chao$23—-27.
of oscillations in nonlinear partial differential equations that Theoretical analysis of the effects of single and periodic
can be used to model excitable media. Excitable media arstimulation of spatially distributed systems is much less de-
defined by the following two properti¢d3—-16: (1) A small  veloped. However, one important result is that a single
but finite perturbation away from a steady state will lead to astimulus delivered to a reentrant excitation on a one-
large excursior(an excitation or an action potenfiddefore  dimensional ring will either reset or annihilate the excitation
the steady state is reestablish¢g) following the onset of depending on the phase and amplitude of the stimulus
the excitation, there is an interval during which a perturba{5,9,18. In recent work, we used continuity arguments to
tion does not induce a new excitation. The interval is callecshow that annihilation of a reentrant wave in a one-
dimensional ring by an appropriate single stimulus should be
a general phenomenon, independent of the particular details
*Electronic address: taishin@cnd.mcgill.ca of the nonlinear partial differential equation or physical or
"Electronic address: glass@cnd.mcgill.ca biological system supporting the excitati@0]. The current
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paper shows how these earlier results can be used to predjgartial differential equation at all points along the ring. Nev-
the effects of periodic stimulation. ertheless, we conjecture that the basic concepts from the
The plan of this paper is as follows. In Sec. Il, we discusdfinite-dimensional systems described above should still pre-
the mathematical foundation for this work. We discuss resetvail.
ting of nonlinear oscillations using isolated stimuli, and the The effect of a perturbation delivered during the course of
prediction of the effects of periodic stimulation using one-the cycle is to shift the state offe y on isochronwW®(x) to
dimensional maps. In Sec. lll, we study the resetting andh perturbed state. If the perturbed state is in the basin of
annihilation of reentrant excitation in a one-dimensional ringattraction ofy, the effects of the perturbation can be repre-
by a single pulse. In Sec. IV we use these results to predictented by a phase transition curngd,¢), where ¢ is the
the effects of multiple stimuli. We compare the results foundphase of the initial state at which the stimulus is presented,
from iteration of one-dimensional maps to the results founcandg(¢) is the latent phase at the termination of the stimu-
from numerical integration of the appropriate nonlinear pardus. If the differential equations for the perturbed system sat-
tial differential equation. The results are discussed in Sec. Visfy certain regularity conditions, and if all perturbed states
for all xe y are in the basin of attraction of, g(¢) is a
Il. MATHEMATICAL BACKGROUND continuous circle mag: S!—S! [28,29. In some circum-
stances, the effect of a single stimulus is to shift the system
Single and periodic stimuli delivered to oscillating non- gytside the basin of attraction of Although, in principle,
linear systems have a range of effects. Most studies focus ogtimulation may lead to a different periodic or aperiodic
perturbation of finite-dimensional systems that can be derhythm, the most usual finding is that if the oscillation is
scribed by low-dimensional maps. In this section we reviewannihilated, and the system approaches a stable steady state.
the basic theory and discuss its extension to reentrant wavegse phase transition curvg(¢) is not defined for those

in one-dimensional rings of excitable media. More detailedyhases which lead to shifting an oscillation outside of its
discussions of the theory as applied to ordinary differentiabasin of attraction.

equations are iHi23—30.
B. Periodic stimulation of oscillations

A. Resetting of oscillations o .
g The phase transition curve can be used to predict the ef-

Following a single perturbation of relatively short dura- fects of periodic stimulation provided the following two con-
tion delivered to an oscillating system, the oscillation is oftenditions hold[23—27: (1) The stimulation does not affect the
reestablished with the same period as before, but with a|tel‘q5|arameters of the underlying system or the equation which
timing of subsequent oscillations. This shift in the phase ofmay model it; and?2) the period of the stimulation is suffi-
the oscillation is called phase resetting or simply resetting. ciently long that following stimulation there is a return to the

Assume a dynamical system with a stable limit cygle |imit cycle.
with periodT,. We choose a marker event on the cycle. The We use the intrinsic cycle length, to set the scale of
phase at the marker event is taken as 0. The phase at afjne. Letr be the normalized period of stimulatiom,be the
subsequent time Qt<T, is defined to be¢=t/T,. If @  normalized duration of the stimulation, ahdbe the stimula-
stimulus is delivered at a timé following a marker event, tion intensity. Suppose the first stimulation is applied at
the phase of the stimulus &T,. phase¢. The stimulus shifts the phase ¢g¢¢) at the end of

The basin of attraction of corresponds to all states that the stimulation. After an additional timer{-d), the second
approachy in the limit t—co. Each pointxe y has a stable stimulation is applied at phasg#. Then¢' is
setW®(x) defined as the sdly:||x—¥(y,t)|—0} ast—oe,
where ||-| represents some metric defined on the solution ¢'=9(¢)+r—d(mod H=f(¢;7). (2.9)
space, andV represents a flow of the system. For a state
Yoe W3(x), we can construct a sequenog),Yi,---Yn:---
asy,=¥(yy,nTy). All the states are oW®*(x), and the

sequence converges xasn—«. The latent phase for all : L A )
a g = P For any given initial phase,, we define inductively the

y e W3(X) is ¢ where the phase of is ¢. The stable sets . :
WS(x) are called isochrons. In finite-dimensional systemsS€duenced;} using the magf (4):

Guckenheimer has proven that the stableV&&tx) of each

X € vy is a cross section of and a manifold diffeomorphic to _ CON—f2( A N—..._fN

Euclidean space. Moreover, the union of the stable Fr)nanifolds $i=H(¢i-)=1"di-2) o).

W3(x) for x e y is an open neighborhood gfand the stable

manifold of y [28]. The sequence, is well defined, provided no stimulus falls
An example may be useful in visualizing these ideasin the range of values dip) that leads to annihilation of the

Consider a two-dimensional ordinary differential equationoscillation. If ¢,= ¢, and ¢, # ¢, for 1<i<n with i andn

with a single unstable steady state and stable limit cycle th:’:ﬁ)eing positive integerse; is a periodic cycle of perioa.

is globally attracting for all points except the steady statewe also say that the rhythm is entrained or phase-locked

The isochrons are line segments that cut transversely acroggth periodn. A periodic point of perioch is stable if

the limit cycle. The steady state is a singular point. All iso-

chrons approach the neighborhood of the steady state.

f,: S'—S! is a one-dimensional Poincameap under the two
assumptions above. We usually abbrevigg(ep; r) asf(¢).

In the current setting, the state of the system is associated If"( ) "l of
with functions that give the values of the variables in the e :iHo i <1. (2.2
B &
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- 0.15 through 0.5. This is the case shown in Fig. 1. Subsequent
505 N\ o1 timest>0 are identified with phas¢=1t/T, (mod 1) of the
0 % 008 @ reentrant rhythm.
3°~; O e We will apply stimulation(injected currentat a single
0 02 04 08 08 1 ' Ty grid point of the discretized equations with a magnituder
10 iteration step§l mseg. Let ;= 0.5 be the locus where
current is injected.

FIG. 1. (left pane) Numerically computed solution of the If a stimulation is delivered at phagkand if the reentrant

FitzHugh-Nagumo equatiofB.1) as a function of ring positionx . ; . . .
(normalized to unit length A single pulse propagates from right to rhythm is reestablished after the stlmulathn, SUCcessive ex-
citations are observed atx,,. at times T,(¢),

left. We assume parameters in the text and cyclic boundary condiz . . :
tions. This represent$=0 (right pane). The projection of the so- T2(¢)"j"TJ(¢) i I there is no resetting, we haﬁ%:JTO'
lution into the ,w) plane(right pane). As x increases, the coor- |f there is resetting, thei; —T; _, should converge 1@ for
dinates ofy andw as a function ok trace out a closed loop that is Sufficiently largej since the reentrant rhythm is stable. For
traversed in a counterclockwise direction. By rotational symmetrySufficiently large values of, we define the phase transition
of the ring, this loop is invariant over time provided the wave is Curve based on the sequente We find

rotating stably.

T
I1l. RESETTING AND ANNIHILATION 9()=4 To (mod 1. 32
OF REENTRANT EXCITATIONS . . .
OF REENTRANT WAVES BY A SINGLE STIMULUS This means that the phase of the reentrant rhythm is shifted
from ¢ to g(¢) when the stimulation is applied ap
In this section we consider the effects of a single stimulug20,29,3(; see Sec. Il. If the reentrant rhythm is reestab-
on a reentrant wave. We consider the FitzHugh-Nagumadished following stimulation at any phase, the cury/ep) is
equationg 13] continuous. If the reentrant rhythm is annihilated for some
stimulus phasegj( ¢) is not defined for those phases leading
v 9% to discontinuities ing(¢).

52—0(0_0.139(0_1)_W+|+D W’

In excitable media, if stimulation is delivered when the

(3.1) system is at its steady state there will be an excitation in-
W duced if the stimulation is suprathreshold. If the stimulation
EzO.OOE{v—Z.SLW), intensity is decreased, a critical magnitude will be reached
that will fail to generate a new excitation. Such a stimulus is

called subthreshold. During the course of stimulation, the

whereD is a diffusion coefficient] is a time- and space- : A
S threshold separating subthreshold and suprathreshold stimuli,
dependent injected current, and the parameters are{tt5n depends on the past history of the excitation. A medium that

The FltzH_ugh-Nagumo equation is a generic modellof exCIt'has recently been excited usually has a higher threshold than
able media. We choose parameters consistent with values :
X . ; . a fully recovered medium.
appropriate for cardiac conduction. We assume the circum-
ference isL=2x 5 cm,D=1 cnf/sec, and cyclic bound-
ary equationg20]. The equations are integrated using the
Euler method withAt=0.1 msec and\x=0.009.. We ini- In a previous papef20], we considered the effects of a
tiate a reentrant rhythm in which a single wave propagatesingle suprathreshold stimulus. Since these results form the
by appropriate choice of initial condition®0]. Figure 1  foundation for this paper, we briefly review them here.
shows the numerically computed solutions (8f1). In the The effect of a stimulus depends on its phase in the cycle.
left-hand panelsy andw are shown as a function of ring If the stimulus is applied during the action potential it has
position x. In the biological contexty is analogous to the negligible effect. The excitation continues to circulate and is
membrane voltage, and is a variable that determines the not reset by the stimulus.
refractory time. The projection of the solution into the\{) Suprathreshold stimuli delivered after the medium has
plane is shown in the right-hand panel. Because of the cirfully recovered from a wave of excitation lead to two waves,
cular symmetry the projection in the (W) plane remains one propagating in the anterograde direction and the other
invariant over time. Asx increases the projection in the propagating in the retrograde direction. The dynamics in this
(v,w) plane traces out a closed curve that is traversed oncease is illustrated in Fig.(2) which shows a series of traces
in the counterclockwise direction. As time evolves, the waveat successive times following a stimulation at phese0.70.
propagates from right to left in the left-hand panels. ThisAt t=45, there is a collision between the retrogradely propa-
direction of propagation is called the anterograde directiorgating wave and the original wave. The collision leads to an
and the opposite direction of propagation is called the retroannihilation of the original wave and the retrogradely propa-
grade direction. The intrinsic cycle length of the reentrantgating wave, leaving only the anterogradely propagating
excitation, isT,=356.1 mse¢20]. wave initiated by the stimulus. The projections in thew)

Let X, be a specific position in the ring. Since the ring plane(right panelg show a complex progression eventually
has circular symmetryx,..eS* is arbitrary. We choose leaving only a single wave. The timing of the reentrant ex-
Xec=0.5. We define the phase as follows. Suppose the resitation is reset.
entrant rhythm is stably circulating on the ring. Then we A stimulus that occurs in a narrow interval of phases fol-
associate =0, ¢=0 with the time when (X,..,t) increases lowing the action potential leads to annihilation of the reen-

A. Suprathreshold stimulation
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z 0.1 o =
0 02 0 02 04 06 08 Y 3
0 02 04 06 08 1 ) VA o 206
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0 0.5 1 0 0.5 1

= 0.15 o o
t=70  © ® 005

201 o FIG. 3. (@) The normalized times of successive occurrences of
% oz 04 o8 o8 1 02 0 02040608 action potentialdT; as a function of the phase of the stimuli with a
1 = 0.15 suprathreshold stimulug €5). The wave circulation is annihilated
>°-g_/\/\f s O if a stimulus is delivered within a critical window of phaséb)
=0 0 0.5 Phase transition curve defined by H8.2. The curve has been
0.08 7 & 02 o1 05 0s shifted up by 0.5 to clarify presentation.
0 0.2 0.4 0.6 0.8 1 v
(a) x (position)

1= = 0.15 phase 0.25. The reentrant rhythm is terminated by stimula-
>°‘§J\//L s O tion applied at phases within the window. [[20] we argued
o o that for suprathreshold stimuli, the same basic shape of the

s 02 0 02 04 06 08 phase transition curve should be observed for a broad class

0.6 0.8 1
1= = 0.15 . of excitable media even though the detailed kinetics will
>o-§,/\J\/L_ s m@ differ from case to case.
=50 0.05
201 0
% "oz o4 o0& o8 1 02 0 02 040608 B. Subthreshold stimulation

v

0.15 The situation is different for a subthreshold stimulation

»05 V7 ' ; ] . - ’
=120 °/“J/\ ;o.(;; @ | =2.0. For subthreshold stimulation, there is little effect for

501 o stimuli delivered over most of the cycle. However, a stimu-
% oz o+ os o8 1 020 02040808 lus delivered in the time interval preceding the invasion of
o 0.15 the reentrant wave wi.II Igad to it; termination; see F.ig. 4.
g0, p———— | 0‘;;\ The membrane potential in the neighborhood of the stimula-
201 o tion site is increased by the stimulation. Following the stimu-
% o2 o4 o8 o8 4 02 0 02040608 lation, the membrane potential decreases since the stimula-

® X (position) ! tion intensity is subthreshold. In parallel with this process,

. . o . at the stimulation site also increases; see the left-hand panels
FIG. 2. Dynamics of phase resetting and annihilation using sufor t=9.5,t=29.5. This makes the tissue less excitable and

prathreshold stimul(l =5.0; duration of the stimulus is always 1 the wave fails to propagate. In the right-hand panels, we see
msec or 10 iteration stepsThe panels are presented using the same

format as in Fig. 1. The time following the onset of the stimulus is
given at the left side of the figuréa) Resetting with a pulse deliv-

ered at phase)=0.70. (b) Annihilation by a pulse delivered at >o.;‘ A 001?
phase$=0.25. =05 3 % 005 @

2041 []

0 -0.2 0.2 04 068 08
trant excitation[Fig. 2(b)]. A stimulus delivered at phase A R
¢$=0.25 induces a wave that propagates only in the retro- >0 /\/ z 01
grade direction. When the retrograde wave collides with the t=29'5; o o‘oz @
original wave at =120, the two waves annihilate each other o or o o o 1 0.2 02 04 06 08
and the medium returns to a resting stbt€160. The pro- 1 0.15
jection of the dynamics to thev(w) plane, Fig. 2b) (right ~0% N 5 o
panel$, gives insight into this process. The projection at ‘=42'5gg-3 005 @
t=35 shows a small gap opened up just above the origin. 'oo o e e %z o oz 04 05 08
The curve is nevertheless continuous. As time progresses, . - ot
the projection smooths out due to collisions of the waves, but .05 01
the whole curve shrinks to a point. For analytic approaches 145 o3 %005 x
to the phenomena described above [§6818. ol 53 61 35 3
Figure 3a) shows the resetting curve and Figbgillus- 0 02 st & v

trates the associated phase transition curve for a suprathresh-
old stimulation intensity (=5.0) based on Eq3.2). The FIG. 4. Dynamics of annihilation using subthreshold stimulus

curve has been shifted up by 0.5 to improve clarity. The(l=2.0) applied at the phasg=0.90. The same format as in Fig. 2
curve is discontinuous, with the critical window around theis used.
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FIG. 5. Representation of resetting by a single stimulus using a

subthreshold stimulusl &2). The same format as in Fig. 4. © 1M/__MMUW\U\U\L_M
>0

that the projections in thev(w) plane develop a small kink e .
near the origin, and the continuous curve is shifted slightly 1boo 1500 2000 2500 3000 3500
above the origin. The projection in the,(v) plane shrinks

to a point at the origin as time proceeds. The associated
resetting curve is in Fig.(8). There is again a critical win-

FIG. 6. Entrained reentrant waves by periodic stimuli. For each

AR . . . trace, the stimulus is suprathreshold=(5.0), and the first stimulus
dow that leads to annihilation but this window is around is applied at$=0.9. When the periodic stimuli are terminated, the

phasg_ 0.9. Figure (b) illustrates the_disco_ntingous phase original reentrant wave is reestablishéd. 7=0.402. Period 1 en-
transition curve for a subthreshold stimulation intensity. Fortrainment.(b) 7=0.285. Period 3 entrainmen(t) 7=0.193. Period

clarity the curve is shifted up by 0.5. 2 entrainment. Time units are in sec.

IV. PERIODIC STIMULATION whereas three stimuli do annihilate (iight panel. In Fig.

In this section, we investigate the response of the reen?(b)‘ using a stimulus period of 0.29Which is the same

trant wave in the FitzHugh-Nagumo equation to periodicperiOd as in p‘?‘”e@ if the pgriod i taken quulo]lit also
stimulation. Then we show how these results can be act_aklsjrtztriiweuf;t?(:w:‘rf 3222gztteh:;ﬁegfjcy(l)a:r?t?éinment some
counted for using simple considerations based on iteration of ... . d Lo ’
the phase transition curves Initial phases will neverthgles_s lead to ann|h|lat|or_1 of the
Periodic stimulation With.suprathreshold stimuli leads toreentrant wave. This annihilation can occur after either one

either leads to entrainment of the reentrant wave to théﬂrgwu:auds :r: rg:tlrtg:i):]emset:]rptrjrl]l. ti%r \?v)iﬁrr][ﬁlree’elr;tli:rLng(l?%o\:veeach
stimulus or annihilation of the reentrant wave. If there is y

entrainment of the reentrant wave there is a periodic rhythrrg'glgﬁgnt%gvagﬁovéhgfres;&iI:,{'fg’:}' \?ngsg ;&QSSUIT(;J\L?;\(/); Vﬁd
in which the ratio of the number of stimuli to the number of W‘e selected Ft)he initial phase as 0.298 With ihe same 'eriod
rotations of the reentrant wave is a rational number. P ’ ! P

of stimulation, there would have been annihilation after two
stimuli, Fig. 7c).
A. Numerical studies of the FitzHugh-Nagumo equation

Stimulation is delivered at position;;,, with suprathresh- @
old stimuli.| is taken to be 5.0 since this gives a typical form 1 1
of the phase transition curve for suprathreshold stimulation > oMJMJ‘/—MrLL z OMMMh/v
intensities. Figure 6 shows examples of several different p [ | ; [ | |
types of entrainment. When=0.402 there is period 1 en- 100 2000 3000 4000 1000 2000 3000 4000
trainment, whenr=0.285 there is period 3 entrainment, and
when7=0.193 there is period 2 entrainment. The basic cycle ® 1
length of the reentrant wave is perturbed from the value it - >

. . . . . . 0 0

would have had without the periodic stimulation. Following 1] 1

cessation of the stimulation the original wave is reestablished b 7500 2000 2500 000 iboo 1500 2000 2500 3000
with propagation in the sam@nterogradedirection and pe- me fme

riod as before the stimulation. During the stimulation, the © . .
local appearance of the waveforms will depend on the site at n ﬂ ] n ﬂ n | . n ﬂhh
which the activity is measured. 0 0

Stimulation can also lead to annihilation of the reentrant 15 15L0 550 5555 5000 oo 15c|)o| 00 T30
wave. As described in Sec. lll, the annihilation will always time time
be immediate if the initial stimulus falls in the critical win-
dow. However, if the first stimulus does not lie in the critical i, 7. Annihilation of reentrant waves using several stimuli. In
window, it is possible that a subsequent stimulus will neverthe left-hand columns the periodic stimuli do not terminate the re-
theless lead to annihilation. In Fig(aJ we show stimulation entry. Adding an additional pulsé&ight-hand columnsleads to
with a period of 1.293 with an initial phase of 0.9. Two annihilation of the excitation(@) 7=1.293, ¢,=0.9. (b) 7=0.293,

stimuli (left pane) do not annihilate the reentrant wave, ¢,=0.9.(c) =0.285, $,=0.298. Time units are in sec.
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E NN E FIG. 9. Numerical iteration of the one-dimensional Poinadee
o~~~ termined from the resetting experiments. The maps can be used to
| A predict the qualitative dynamics arising from periodic stimulation of

" N T the FitzHugh-Nagumo equationl£0.003).(a) 7 =0.193,¢,=0.9.
—— N This corresponds to the period 2 cycle in Figc)6 (b) 7=0.293,
— o~ L A~ A $0=0.9. This corresponds to the annihilation in Figh)7 (c)
A R . .
~ ~ 7=0.285. Starting from a phase ¢{=0.9 the orbit converges to a
= A — =N periodic orbit with period Jcompare with Fig. @)]. Starting from
X (position) X (position)

a phase oth,=0.298 the orbit reaches the critical window after two

. . ) iterations and is annihilated; compare with Figc)7
FIG. 8. Transitions out of the basin of attraction of the reentrant

wave to basins of attraction of different attractors using high- _ _ o
frequency stimulation and suprathreshold stimii=6.0). Succes- B. Analysis using the Poincaremap

sive traces shown show as a function ok. Earliest time is at the The Poincaranap, Eq.(2.1), provides a basis for under-

tzoop Otf th?. flgfuri.olrggilly the W"l".ved 'ts F;Lopggatm_g:r:‘ rom_rl_gt;_htl tohleft. standing the results presented above. The following two rules
Stmu ot 7 =2, are applied to the ring with an intial phase o, ., arize the effects of periodic stimulation.

of ¢y=0.1 starting at a time between the sixth and seventh traces. (1) If there is a stable periodic point in the Poincane
The initial phase of the simulations in the right- and left-hand pan-th il be stabl t P i pf th odicall f
els differed by~1/3561. (a) The original leftward propagating ere will be stable entrainment of the periodically stimu-

wave is annihilated and is replaced by a wave propagating to th@t(Ed reentrant wave. Al ',n't'al phases W,h'Ch approach t_he
right. (b) The original leftward propagating wave is replaced by aSteady Stat? of the_map W'I,I lead t9 entralnment. The period
wave with two action potentials propagating to the left. of the entrainment is associated with the period of the steady
state in the map.
(2) If the iterates of the Poincamap land in the critical

Although annihilation of the reentrant wave almost al-\yindow afterj iterates, then the reentrant wave will be an-
ways led to the quiescent steady state, the theory does nghilated afterj stimuli.

exclude the pOSSlblllty of initiation of a different oscillation The app"cation of these rules is illustrated in F|g 9. F|g-
[20]. This behavior was observed in the simulations but onlyyre 9a) shows a period 2 orbit following a transient re-
rarely. In Fig. 8 we show the effects of 20 stimuli with sponseg=5.0, 7=0.193, $,=0.9). The parameters corre-
period 0.084. The successive traces show the value of spond to those of Fig.(6). In this case, the phase of the
along the ring at equal time intervalthe earliest time is at stimuli alternate. Figure () corresponds to Fig. (B) (I
the top of the figurg Initially the wave is travelling from =5.0,7=0.293, and$,=0.9. The iterates land in the critical
right to left (this is the anterograde directiprStimulation is ~ window after three stimuli leading to termination of the re-
initiated between the sixth and seventh traces. Following cesntry. In this map, periodic stimulation starting from differ-
sation of stimulation, there is again a single reentrant wav€nt initial phases will lead to different dynamics. Figufe)9
on the ring—but it is traveling in the oppositeetrograde  illustrates an example in which=0.285. The parameters are
direction to the initial wave. This case arose as a consedSsociated with those of Figs(t§ and 1c). Starting from
quence of a complex sequence, in which the initial wave wago=0-9 we obtain stable entrainment with period 3, while
first annihilatedceasing stimulation after 10 stimuli leads to $0=0.298 leads to termination after two iterates.
cessation of all activity but then a new wave traveling in O @ fixed stimulus intensityl 5.0) the dynamics de-
the opposite direction is initiated as a consequence of thBENd on both the period and the initial phase of the periodic

interaction of the stimuli with the medium. In Fig(t8, 20 stimuli. Figure 10 summarizes these dependencies found

o ) . . from numerical iteration of the Poincaneap. The horizontal
stimuli are again delivered with the same parameters as in_.

. . . . o . axis isT—d (mod 1), and the vertical axis is the initial phase
Fig. 8@), but with sllgh_tly dlfferent initial phase. In this case &, of the ite(ration.])The symbols1 andp?2 designate pgriod
double wave reentry, in which two pulses are on the ring a4 and period 2 entrainment. Similarly, the numbers 1,...,5 in
the same time, is initiated by the stimuli. ' "y

: _ We show thesee regions indicate the number of stimuli that are needed to
traces because they pose interesting theoretical questiong,ninilate the reentrant rhythm. For example, the horizontal

and similar phenomena are observed in experimental angand |abeled wit a 1 represents annihilation by a single
clinical settings. Experimental studies have demonstrated restimulus falling in the critical window. In the heavily shaded
versal of rotation of reentrant waves and initiation of doubleregion aroundr—d~0.27, period 3 entrainment regions and
wave reentry following rapid periodic stimulation of reen- terminations by different numbers of stimuli are mixed in a
trant waveq 7]. complicated manner. The boundaries in this figure are simple
Finally, using subthreshold stimuli, it is difficult to obtain consequences of the iteration of the one-dimensional map.
entrainment. Rather, the usual circumstance is that there wikor example, the region labeled 2 represents all combina-
be annihilation following some number of stimuli. tions of period and initial phase that map to the critical win-
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cillators in finite-dimensional systeni23-30. In ordinary
differential equations, it is often easy to get a complete pic-
ture of the flow in phase space. When the limit cycle is
strongly attracting and the stimulation does not affect the
properties of the limit cycle oscillation, the one-dimensional
map provides a good description of the dynamics under pe-
riodic stimulation.
4 For infinite-dimensional systems such as we have here,
the current state is defined by functions defined on the ring.
The ring can support many attractors. For example, the dif-

\ N K
RN ! ferent attractors include the steady state, a single wave
H\ 3 a(s o1 propagating clockwise or counterclockwise around the ring,
NUANCRNN 2,,2 and solutions with two or more propagating pulses traveling
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- simultaneously in the same direction. Each of the different
Period - d (mod 1) ' attractors has its own basin of attraction. The basins of at-
traction of the oscillating systems are foliated by isochrons.
FIG. 10. Summary of dynamics of the periodically stimulated The boundaries between the basins is of crucial importance
FitzHugh-Nagumo equation based on numerical iteration of thdn determining the stability of oscillations and steady states
Poincaremap found for suprathreshold stimiil= 5.0. The symbols  to perturbations. We conjecture that oscillating solutions can
pl andp2 designate periodic 1 and 2 entrainment. The numberge characterized by an index, e.g.1, —2, which indicates
1,...,5in the regions designate the number of stimuli that are needagye number of propagating pulses in the ring at a given time
to annihilate the reentrant rhythm. In the heavily shaded regioynq their direction. The index would be an invariant of all
aroundr—d~0.27, period 3 entrainment region and terminations¢nctions in the basin of attraction of a given attractor. Al-
by several different numbers of stimuli are mixed. though we have been unable to find an appropriate definition
) , i i of the index, we expect the projection of the functions on the
dow in two iterations. B(_ecause of the smple structure of thering to the @,w) plane, e.g., right-hand panels in Figs. 2 and
ma_lg_)r,] this ar|1d chlf.r relg(;ons c;m bg reqdﬂy c'ompl;tehd. Poi 4 are a good place to start. We have tried to define an index
e results in Fig. are based on iteration of the Omby computing the winding number of the projections in the

care map. Although we have not carried out a systematic w) plane about points slightly displaced from the origin
analysis, these results also give an accurate representation of P P ghtly disp . igin,
but have been unable to come up with a suitable definition

the periodic stimulation of the partial differential equation ) _ )
over a broad frequency range for which we have dondn@!is appropriate for the many trials we have tested.
sample computations. However, for high-frequency stimula- N medicine, it is well known that it is possible to termi-
tion (Fig. 8 the dynamics do not have time to relax to the Nate and entrain reentrant tachycardias by single or periodic
attractor between stimuli, and the predictions of the map ar§timulation and many of the simulations here are similar to
not accurate. clinical recordings[1,2,4,6,7,11 There is a family of im-
Thus, periodic stimulation of a nonlinear partial differen- plantable cardiac devices that terminate tachycarfias
tial equation supporting stable oscillations caused by a circuAlthough some theoretical modeling of these phenomena has
lating reentrant wave on a one-dimensional ring can be unbeen carried ou5,9,11 we are not aware of earlier studies
derstood to a first approximation by the iteration of a onethat use resetting of tachycardias to predict the effects of
dimensional map based on the resetting of the reentrant wavaultiple stimuli. Thus, although it is well known in cardiol-
by a single pulse. ogy that a train of stimuli will lead to resetting, entrainment,
or annihilation of tachycardias, it is not recognized that this
V. DISCUSSION range of phenomena can be captured by very simple iterative

A ring of excitable medium can support a circulating re- models.
9 . e PP e 9 The current work therefore suggests quantitative cardio-
entrant wave which will either be reset or annihilated by a

single stimulus. In this paper we have shown that once Wéogical studies in which data from resetting experiments is
know the effects of a single stimulus as a function of itSus:ed to predict the effects of multiple stimuli. Such studies

phase, we can predict the effects of multiple stimuli by itera-might have practical utility if they could lead to better fine

tion of an appropriate one-dimensional map. In most circumuning of medical devices since battery life is an important

stances, annihilation or entrainment will result depending orfactor in implantable devices. In this regard it is interesting
the initial phase of the stimulus, the amplitude of the stimu-that low-amplitude—low-frequency stimulation should also
lus, the number of stimuli, and the period of the stimuli. be able to annihilate reentrant excitation, since this might be
There is close agreement between the numerical integratig#esirable in many settings. Also, better means of interpreting
of a nonlinear partial differential modeling excitable media, clinical protocols that use resetting and entrainment, might
and iteration of the associated Poincanap. These results lead to better localization of anatomical sites involved in
are interesting from a perspective of the underlying theory atachycardia generation.
well as medical applications. However, it is inevitable that quantitative tests of the
The basic theory that is sketched out in Sec. Il was develtheoretical approach outlined here will lead to some discrep-
oped specifically for the periodic forcing of limit cycle os- ancies with experimental and clinical studies. Since the real

0.
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heart is a complex three-dimensional structure with anatomithe mechanisms of tachycardia and to develop better thera-
cal and physiological heterogeneity, it might seem preposterpies for these dangerous rhythms.

ous to believe that these methods will have any applicability.
However, the many correspondences between the theoretical
results and the clinical results invite further investigation. A
better understanding of the basic physics and mathematics of This research has been partially funded by the MRC and
resetting and entrainment of reentrant tachycardias in a oné&NSERC of Canada. T. N. thanks Professor S. Sato for his
dimensional ring should help the cardiologist to understandgupport and the JSPS for financial support.
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