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Generalization of Fermat's principle for photons in random media:
The least mean square curvature of paths and photon diffusion on the velocity sphere
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Photon migration in highly forward scattering random media can be described as a non-Euclidean diffusion
(NED) on the velocity sphere. An exact path-integral solution of the corresponding NED equation in the
photon five-dimensional phase space has been obtained. The solution leads to a “generalized Fermat prin-
ciple” (GFP for the most probable photon paths in turbid media: GFP requires the least mean-square curva-
ture of the path. An explicitly analytic description of an ultrashort laser pulse propagation in random media
based on NED equation is presented. Experiments have been performed to verify the NED theory.
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The literature on the problem of electromagnetic wave(Boltzmann equation was undertaken in RéB]. Still, a
propagation in random media is va&ee, e.g.[1]). The formal path-integral solution obtained in R¢B] was re-
theory of this phenomena has been well elaborated especialstricted to the scattering angle less thaf2. This path-
for wave propagation in randomly inhomogeneous media inntegral solution is much too difficult to use for a practical
the small-angle scattering regime, when the characteristianalysis. Actually, it is expressed in terms of an unknown
scale of inhomogeneities>\, the wavelength; for recent functional associated with the so-called pseudo-Fourier rep-
and previous papers see REZ]. These works address the resentation of the scattering phase function. Indeed, the final
case very important in space and atmosphere physics, wheasults of Ref[8] upon absorption effects on radiative trans-
single and multiple scattering angles are always small anéer are limited to the same region of applicability as the PE
therefore an approximation for the wave equation, the soand the SAS. Recently, some attempts to attack again the
called Leontovich stochastic parabolic equati®E) [2], concept of photon paths in turbid media have been under-
holds. A PE’s counterpart, the small angle approximatiortaken. In Ref.[9] the Monte Carlo approach was used to
(SAA) for the radiative-transfer equatiaisee, e.9.[1,3]),  simulate paths of photon migration. The backscattering for a
has the same restrictions. This theory is not applicable for thhighly forward scattering medium was addressed in Ref.
strong deflection angle regime, e.g., backscattering. Furthef410]. Unfortunately, to avoid a cumbersome numerical solu-
more, both the PE and SAA theories are limited to thetion of variational equations, these authors oversimplified the
steady-state case. With the advent of ultrashort laser and eproblem by using model expressions for the most probable
hanced ultrafast time-resolved registration techniques, newhoton paths, which violate the invariability of the speed of
fundamental questions beyond the scope of these previouslight in a homogeneous random medium.
established techniques can be addressed. Among them is theln this paper, we introduce a non-Euclidean diffusion
problem of ultrashort laser pulse propagation in dense(NED) equation, which is a kind of general Boltzmann equa-
highly forward-scattering medidimportant examples are tion for photons in highly forward-scattered media with the
bead suspensions, intralipid aqueous solutions, dense smaogllision integral represented as the non-Euclidean diffusion
and fog, smoke, and biological tisspe$he main feature of in the velocity space. The NED describes the important spe-
this problem that makes both the PE- and SAS-type apeific regimes of photon migration: the near ballistic and
proaches inapplicable is the strong deflection of photon$snake,” developed diffusion regime and the transitional
from the direction of the incident pul§sometimes called the case corresponding to strong multiple scattering angles. An
“diffusion” regime). However, as far as photon migration exact path-integral solution of the NED equation is pre-
on spatial scales less than7l,, the photon transport mean sented, which particularly leads to the “generalized Fermat
free path, is concerned, the conventional diffusion approxiprinciple” (GFP for the most probable photon paths in ran-
mation was experimentally proven to fail for such media fordom media.
the steady-state regime in Ré#l] and for ultrashort laser The conventional Fermat principle for transparent media
pulses propagation in Ref5]. selects the path between a source and a detector possessing

An important step beyond the conventional diffusionthe shortest photon optical paths length. The GFP for uni-
scheme was made in R¢6], in which a telegrapher’'s equa- form random media selects among all photon paths possess-
tion was introduced to optical physics. However, from Ref.ing the same length, photon launching point and direction, as
[7] one concludes, that the telegrapher’s equation is strictlyvell as terminal point and direction, the most probable one
valid in the region where the corrections to the diffusioncharacterized by the least mean-square curvature. An exact
equation are small. A further step to consider arbitrary mul-analytic solution for the “Fermat” paths and an approximate
tiple scattering angles in the frame of the radiative-transfeanalytic intensity temporal profiles describing ultrashort laser
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pulse propagation in highly forward-scattering media aren,(t,r,S,5;) corresponds to a solution of the Sctimger

presented and briefly discussed. The NED theory has beaquation with the imaginary Planck constant for a particle

verified by special time-resolved measurements. Experimermoving on a spher¢l1]: (d§/dt)? stands for the kinetic

tal data favor the NED approach even in the region wherenergy of the particle.

diffusion theory was commonly believed to hold. Representing the function in Eq.(3) as 8(F— SR 1§,
Photon migration in a macroscopically homogeneous ran--¢s) and using the first-order Taylor expansion with respect

dom medium characterized by the speed of ligapparently  to £§, one obtains a recurrent relation, which can be repre-
can be described as a random walk on a spherical surface génted in the limiN>1 as

the radiusc, non-Euclidean velocity spa&® . For a medium

composed of highly forward directed scatterers, the mean- L dSy-1

square value of the deflection angle in a single collision M1(N:FS:So) f exp(——(s Sn-1) )
event is given byA%~2[1—(cogA))]<1. After each colli-

sion a photon undergoes a small velocity change $ep dsy_1
=c\(A?% in a random direction on a small almost flat XNy (N=1F,Sn-1,50) ~ ¢S 'fsz A
spherical segment 0§,. Given the photon collision fre-

qguency 1#, the photon random walk in the velocity space is X . .

simply diffusion with an effective diffusion coefficient Xex;{——(s Sn-1) )

=(68s)%l4r=c?*(A%)/4r=c>2l,, wherel, is the photon
transport mean free pafmote thatD.=c*(6D) %, where XNy (N=1F,8y-1,50)- 4
D=cl/3 is the usual photon diffusion coeffici@niAs a re- _ ) ) _
sult, the photon distribution function(t,7,$,S,) satisfies the In the limit e—0 the second integral on the right-hand side of

—».).)

non-Euclidean diffusion equation in the photon phase spacd:q. (4) reduces to- £8V,n,(t,7,8,5). Only the first integral
term would appear in Ed4) if the Schralinger equation for

a particle on a sphere were considered. So one can handle the
first integral in Eq.(4), recalling the above analogy with the
Schradinger equation. This means that the first integral in
wherev, is the absorption collision frequency and the right-Eq. (4) reduces to n;(N—1,,5,5,)+¢&/(4x)Agn.(N
hand side of Eq(1) simulates an incident light pulse. —1r,5,5y), whereAg is the spherical part of the Laplace

A proof is given below that the probability of each photon operator acting upoB. The use of the apparent relation for
path[given by a photon velocity functiog(t) ] is determined the derivative dn,/dt=[n;(N)—n;(N—1)]/e then would
by «(t), the curvature of the photon path in real three-lead to the Schuinger equation on a sphere if the second
dimensional spac&?«(t)=|d&dt|, and that the solution of term on the right-hand side of E¢4) were neglected. When
Eq. (2) for constantD and v, can be represented in the form the latter is yet taken into account, one immediately arrives

4

an c
E%—sVn 6DAsn+van=6(t)5(r)5(s—so), (1)

of a path integral as at the conclusion that the function=n, exp(— v,t) satisfies
Eq. ().
sz _ = N According to Eq.(2), the probability of a particular path
_ vat _ ’ ’ y
n(t.r,s,So)=e j 1:[ dS(T)é(r fos(t dt ) from the branch of all paths, connecting a collimated source

and a detector and possessing the same path langts
2 well as initial S, and terminal§S propagation directions, is
><exp< a TJ o (t)dt)' @ determined by its mean-square curvature )(1§«2(t")dt’.

Therefore, the most favorable path corresponds to the least
One should not confuse this description with the completelynean-square curvature and satisfies the equation
different summation-over-paths picture of the conventional
diffusion in the coordinate space. Note, for instance, that the
exponential term in Eq(2) contains the factoD, while the 85(t)
corresponding exponential term in the path-integral solution

of the conventional diffusion equatigi 1] contains the fac-  Here\ (t) andC are the Lagrange multipliers corresponding,

ftdt’[(d/dt’)z—)\(t’)§2(t’)—é~§(t’)]=0. (5)
0

tor D%, respectively, to the speed of light mvarlablllty condition
A finite-difference representation of the function |5(t)|=c, and the arrival point restrlctlorfos(t ydt' =F.
ny=n exp(v,t) resulting from Eq(2) is When the source and detector are chosen sa&ghas lie on
N1 qa N the same plane, Ed5) can be solved exactly analytically.
ny(N,7,8,5) = H f A% 5 F—sE 5 This leads to the_foIIO\_Nlng general _expres§|ons for the most
Ak=1 |\ s, A k=1 probable paths given in a parametric form:
N
X .. ) _ [ fy(a—o@)da
Xex% Skzl (Sk Skfl) ) ’ (3) v=r 70(5 sin a+ 1)172! (6)

wheret=Ne, A=mely, x=1/2c¢3, §, denotes the velocity whereW stands forx, y, or z, spatial coordinates dr the
at the timet=ke, and§y=S. Each integration in Eq3) is  time corresponding to a current point on the path, with
performed over the spherical surfa& of the radiusc. being a parameter on the path curve anfla)=c cosea,
When one omits thé function in Eq.(3) or (2), the function  f,(a)=c sina, f(@)=0, andf,(a)=1. Arbitrary constants
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7,6,¢,7, are to be determined by the initial and final condi- 0 1000 2000
tions. The details of the derivation of E) have been dis- ~ -

cussed elsewhefé2]. The validity of Eq.(6), however, can

be verified just by straightforwardly substituting it into Eq.
(5).

There are few known examples of physical equations pos-
sessing an exact tractable path-integral solution with a clear
and straightforward physical interpretation: the diffusion
(heat transferequation and its quantum mechanical analog, s
the Schrdinger equatiofl11]; the telegrapher’s equation and
its quantum mechanical counterpart, the Dirac equatiiy
and an equation essentially very close to the diffusion equa-
tion, the Fokker-Planck equati¢h4]. The transport equation
(1) adds a fundamentally and practically important member
to this small family. The NED equation, E{l), is appar-
ently not a kind of Fokker-Planck equation since the third o 50 100
term on the left-hand side of E¢l) cannot be represented as
a divergence. Despite that, E(.) satisfies the law of con-
servation of particles as it should be. This follows from the L X
fact thatfs d$ Af(5)=0 for an arbitrary functiorf defined %" N(t,r,So), measured and calculated using the NED and the con-

2 ventional diffusion approximation for the source-detector distance
on a spherical surfac,. Note that the most probable paths 7| (see the text for more detailsVavy solid lines, the experimen-
for particles moving according to the Fokker-Plariok dif- 5] resuits; curve 1, Eq8); curve 2, Green’s function for the con-
fusion equation with constant coefficients are infinite yentional diffusion equation. The rise part and entire pulse are de-
straight lineg14] in striking contrast to Eq(6). picted separatelyarrows indicate the corresponding time axes

Earlier an approximate analytic description of short pulserhe inset shows the experimental geometry. Soueg an opti-
propagation in random media based on a modified diffusioreal fiber with a divergence angle of 5°. The orientation of the re-
(telegrapherequation was presented in RES], resulting in  ceiver (D) (a fiber with 15° collection angjevas changed to detect
isotropic photon distribution. As a simple illustrative ex- scattered light propagating in different directions.
ample of how the NED equation, E(l), helps to describe
anisotropy effects, we now present an approximate analytiowherer=ct/l, is the reduced time ar#~* denotes the ma-
solution of Eq.(1) for the function representing photon num- trix reciprocal toB.
ber density The following interpretation of Eq(8) can be given. It
describes the evolution of a photon “cloud” initially con-
centrated at the origin and launched in the direcBgnThe
center-of-mass motion of the cloud is described by the func-
tion a(t). The spreading of the cloud is described by the

1 N -t . matrix B(t). For small timeg¢<1 one hasi(t) =Syt, which
_Wj%dsf dk<exp(|kjos(t)dt |kr)>,

.2

150
Time (ps)

FIG. 1. Normalized intensity temporal profilé$t) =1(t,r,S)

1
N(t,F,go) = ?jszdg n(tar_)1§1§0)

corresponds to the near ballistic photon motion. According to
Eq. (8) in the near ballistic regime, the spreading of the pho-
(M ton “clot” in the §o (longitudina) direction is governed by
expressed in terms of the random vector functigt) with thﬁ law Ax,~t° agd irglthel transtrsaI d(ijrectiahgtfr; % |
. ' . . These are considerably slower than ordinary diffusion law
the averaging defined in terms of a path integral by @4. tAxd~t1’2. For large timye57->1 Eq. (8) describi/es the ordi-

Equation (7) can be evaluated using standard cumulan nary diffusion spreading with respect to an imaginary point
decomposition interrupted after the second term. The calcu- y P 9 P ginary p

lations are lengthy but straightforward and will be presente(f'ource shifted from the origin by the veplzmt Sol/c.
elsewhere. We thus obtain To support the NED theory at spatial scales where the

diffusion approximation is commonly supposed to hold, the

1 1 experiment was performed using a 100-fs laser pulse at 625
N(t,F,S)= A [Gas exp(— %Bgﬁl(r —a),(r—a)y), nm, a streak camera detection system wit0-ps time reso-
(4m)=* JdetB lution, and 0.132 vol % aqueous suspension of polystyrene

spheres(0.303+0.0057 um in diameter,g=({cosA)~0.7),
contained in a 10-cm cylindrical tank. For such a concentra-
tion |; was experimentally shown to be exactly proportional
to the concentration of scatterdikb]. The calculations lead

=

. Solt s,
= (1-e™),

|t2 . to the Mie-based value df=2.00+0.04 mm. The effective
Bap=>% Supl37—(1—e ) +5(1—-e %] absorption length ,=c/v, was estimated to be 7650

mm. Time-resolved intensitidgt,r,m,S;) were measured in

|t2 - . . the photon launching direction atl,7from the source for
+5c2(S0)alSo)pl(1-€ ) —5(1-e"™) different orientationsh of detecting fibergFig. 1). The in-

tensity 1(t,r,m,S;) can be related to the photon
—(1—-e 2], (8)  distribution  function n(t,r,5,5,) as I(t,F,M,Sy)
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=[A(M3)N(t,r,5,5)dS whereA(m,S) is the so-called receiv- can be covered by a grid formed as a set of intersecting
ing cross sectiofil]. The corresponding experimental data Fermat pathglike coordinate lines on a mapPlaced some-
I(t,r,m,S,) were combined to obtain the angle-averagedwhere inside the medium, an absorbing foreign object would
profile 1(t,F,5,)=fdml(t,F,m,5;)=AN(t,r,S,), where A cover certain grid nodes and its location can be determined
=[A(m,8§)dm is a constant characterizing the fiber. This as a crossing points of the corresponding Fermat paths from
condition makes possible the comparison of B).with the  comparative intensity measurements. Though this imaging
experimental data. A particular distanck Was selected for scheme, introducing the idea of utilizing collimated sources
the experiment since the conventional diffusion theory isand detectors and the correspondence between Fermat pho-
commonly supposed to be valid at such distances and it wagns paths and source-detector configurations, looks simple
demonstrated to hold within 1% accuracy for the net transznq attractive, one important question is the accuracy of
mission through a slab thicker tham8.6]. The experimen-  yasolytion, which depends on the effective width of the
tal intensity temporal profild (t.F,Sp) is shown in Fig. 1 pranch of paths concentrated around a Fermat path. Since a
along with two theoretical curves, based on E).and the  ¢o|limated detector selects a certain group of paths, while
conventional diffusion model, calculated using the Mie-terminating the others arriving at the same location and time
basedl;=2.00 mm and,=700 mm. The rise part and the pt 4t different angles, one can exp¥ét to be smaller than
peak region of the temporal profile are not sensitivel f0  the giffusion regime would assume.
within the given range. It is seen that experimental data defi- The non-Euclidean diffusion equation in the photon ve-
nitely favor the NED theory in spite of the large source-|ocjty space can be important for many challenging applica-
detector distance used in measurementsgndt very close  tions of ultrafast optical phenomena, when the spatial reso-
to 1. ) o lution of the order of, is of interest such as, for instance, in
The GFP approach may have a potential to simplify thepptical imaging(l,~1 mm for biological tissues We also
solution of the object recognition problem for optical tomog- pejieve that the nontrivial feasibility to observe well defined
raphy. Different photon paths between a sousa@nd a de-  cyvilinear photon paths in multiply scattering media and to
tectorD (both well collimated to emit and collect light in a jnterpret the respective intensity temporal profiles will attract
narrow solid angle corresponding to a detection time slice the attention of groups working at the frontier of ultrafast
T,T+dT have the same lengths and tangents alShedD  |aser optics of random media for optical tomography.
points, but the Fermat path, E@), has the largest probabil-
ity. If an obstacle crossed this particular Fermat path, it This work is supported in part by ONR, New York State
would lead to the largest change in the detector readings. B$cience and Technology Foundation, and Mediscience Tech-
varying the source and detector positions the whole mediumology Corp.
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