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Dissipative effects on the localization of a charged oscillator in a magnetic field
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%'e consider the eff'ect of dissipation on a charged, quantum harmonic oscillator coupled to a heat
bath, in the presence of an external magnetic field. General conclusions about the equal-time position
autocorrelation functions can be reached by using only those properties of the generalized susceptibility
tensor imposed by fundamental physical principles. Explicit calculations are made for an Ohmic heat
bath at zero temperature, enabling us to show that {unlike the problem without the magnetic field where
dissipation always leads to enhanced localization) when the magnetic field is stronger than a certain criti-
cal value, weak dissipation actually delocalizes the oscillation of the charged particle.

PACS number{s) 05.30.—d

I. INTRODUCTION

The problem of dissipative effects on localization has
been investigated by many people in connection with the
study of dissipative quantum phase coherence [1—6]. It
has been shown recently [7] by calculating explicitly the
equal-time position autocorrelation functions for a
specific model of a one-dimensional quantum harmonic
oscillator in both Ohmic and black-body radiation heat
baths at arbitrary temperatures, that increasing dissipa-
tion always results in enhanced localization, in agreement
with previous work on the subject [6]. These results are
not unexpected. Here we extend these considerations to
include the presence of an external field, specifically a
uniform magnetic field, for a three-dimensional charged
quantum oscillator in a heat bath. (The field produced by
the particle itself by virtue of its interaction with the heat
bath is accounted for by the dissipative and fluctuation
terms in the equations of motion. ) We find that the inter-
play between the dissipation and the external field not
only complicates the problem but also gives rise to un, ex-
pected results.

The organization of this paper is as follows. In Sec. II
we first introduce the general formalism and notation
used in this paper. We then establish several useful prop-
erties about the generalized susceptibility tensor a (co)
obtained from the generalized quantum Langevin equa-
tion (ALE) for an isotropic harmonic oscillator. Since
the symmetrized position correlation functions can be ex-
pressed in terms of the generalized susceptibility tensor
by using the fluctuation-dissipation theorem, we are able
to prove two general theorems concerning the equal-time
position autocorrelation functions (dispersions) that are
true for any physical heat baths. In Sec. III we shall re-
strict our consideration, for simplicity, to the specific
case of Ohmic heat bath. We calculate in detail the

equal-time position autocorrelation functions and their
derivatives with respect to the frictional parameter of the
Ohmic heat bath at zero temperature. In Sec. IV, we
summarize the analysis, discuss possible physical inter-
pretations of our results, and present our conclusions.

II. POSITION AUTOCORRELATION FUNCTION

a) s . +
7T 0

=—J dcolm[a' (co+io+))cothpo 2kT
(2.1)

where the Greek indices p and cr stand for different spa-
tial components of the position operator r, and et& (co) is
the symmetric part (with respect to the indices p and o )
of the generalized susceptibility tensor a (to) [Eqs. (2.14)
and (3.28) of Ref. [8]]. Explicitly,
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(2.2)

For a particle of charge e and mass m in a three-
dimensional (3D) harmonic potential well with spring
constant E, in the presence of a uniform static magnetic
field B, and coupled to a heat bath at zero temperature,
the equal-time position correlation functions can be de-
rived using the GLE with the result [see Eq. (2.17) in Ref.
[8] and set t =t']
1 &rr+rr&—
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(2.3)

with

A, (co)= —m co +X i—coP(co), (2.4)

where P(co) is the spectral distribution of the heat bath
[9], and 5 is the Kronecker delta function, while E „is
the Levi-Civita symbol.

The c-number-generalized susceptibility tensor a (co)

uniquely determines the dynamics of linear systems. As
with the Fourier transform of the memory function P(co)
[9], a (co) obeys several important properties required
by general physical principles. First of all, a (co )

satisfies the reality condition [8]

ap (co)=ap (
—co), (2.5)

which reAects the fact that r is a Hermitian operator.
Thus the real and imaginary parts of a (co) are even and
odd functions of m, respectively. Second, no element of
the matrix a (co) has poles in the upper half-plane
(UHP) (see Appendix A). Furthermore, for the three di-
agonal elements a (co ) [ =a' (co ) ] (with p = 1,2, 3 }, we
have

dimensional problem without the magnetic field, and that
it can be obtained formally by setting B equal to zero in
the expression (2.8) for a'„or a~~. Hence, a,', (co) and
(z & are independent of the magnetic field, which is ex-
pected because a magnetic field does not affect the motion
of particles along the field line itself.

The dispersions (x & or (y & may also be expressed in
a series form by means of the theorem of residues from
the theory of functions of a complex variable. First, not-
ing that the integrand in (2.1) is an even function of co be-
cause of the reality condition (2.5) on a»(co), (2.1) can be
rewritten as

(x &= . f dcoa»(co)cath
27Tl —oo 2kT (2.10)

R( v„}=A(i v„)/m ,
=v„+coo+ v„y ( v„) (2.12)

We may now close the contour in the UHP, where only
the factor coth(fico/2kT) in the integrand in (2.10) con-
tributes simple poles at co=iv„(n =1,2, . . . ). Here
v„=2~kTn/fi are the usual Matsubara frequencies [10].
The summation over the residues yields

(x'&=, +2 g „, ", , (2.11)
~o .=i ~'(v. )+(v.~, )'

where coo=(K/m)' is the bare-oscillator frequency and
co, =e8/mc is the cyclotron frequency, and where

Ima (co) )0 for co) 0, (2.6) with

thereby icoa —(co) (p=1,2, 3) are real positive functions
(see Appendix B).

The factor coth(%co/2kT) in (2.1) is a monotonically in-
creasing function of temperature T, so is (r & as deduced
from (2.1) and (2.6), i.e.,

y(v„):P(iv„—)lm . (2.13)

Since P(iz) )0 for z )0 [9], it follows from (2.12) and
(2.13) that A,(v„))0 (n =1,2, . . . ). Therefore (x & de-
creases monotonically with increasing strength of the
magnetic field

(r' & )0 with p=1,2, 3,a
BT

(2.7)
(x'& (0 . (2.14)

a' (co)=aye(co)=
A,

—(e/c) B co
(2.8)

similar to the one-dimensional case [7].
Without loss of generality, we assume for the rest of

the calculations in this paper that the magnetic field is
along the z axis. Then, from (2.2), the only nonzero ele-
ments of a' (co) are

We conclude this section by emphasizing that Eqs.
(2.7) and (2.14) hold for any strength of the magnetic field
and any type of heat baths restricted only by general
physical principles. Equation (2.14) is also closely related
to the fact that the dissipative system of a charged quan-
tum oscillator in an external magnetic field is still gen-
erally diamagnetic (see Appendix C).

1a'„(co)=—= —mco +X icoP,(co)— (2.9)

Correspondingly, the only nonzero equal-time position
autocorrelation functions here are the mean square dis-
placements (also called dispersions) (x &, (y &, and
(z'&

We note here that a'„(co) is the same as that for a one-

III. DISSIPATIVK EFFECT ON THK
LOCALIZATION OF A MAGNETO-OSCILLATOR

To evaluate the effect of dissipation on the localization
of a charged oscillator in a magnetic field, we restrict our-
selves to the case of Ohmic heat bath for simplicity.
Then p(co) =m y is frequency independent, where y is the
so-called friction constant. It follows, by using (2.4) and
(2.8), that

%CO 1 1

2m (co —coo+co, co) +y co (co —coo —co, co) +y co

co 1Im. —
2m g co +co

1

CO +CO
(3.1)
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(3.7)

with

and

CO

2

+Cop

' 2 1/2

2

(3.3)

which has the T power-law correction characteristic of
the Ohmic heat bath. We note in passing that this
leading-order correction term is independent of the mag-
netic field.

Setting co, =0 in (3.7), we have at T =0 K

yCOb= a+
2

(3.4)
mmQcop —y /4

tan —Q~p —y2/4
y

Substituting (3.1) into (2.1) and carrying out the in-
tegration, we obtain

(x ) = 2+ Im —[f(1+co))—g(1+AD@2)] . ,
kT 1 1

2mm

(3.5)

(x') = .

1f Cop )
2

2mm+y /4 —
cop

.(3.8)
y/2+Qy /4 —

cop

y/2 —Qy /4 —
cop

where co, 2=fico, 2/2m. kT, and g(z) is the logarithmic
derivative of the gamma function I (z) [11]. In the high-
temperature region kT»A'co, 2, by expanding the P(z)
functions involved about 1, (3.5) reduces to

&x')=,+O(T '), -
m COp

(3.6)

in accord with the classical equipartition law. While for
low temperatures kT «%co, 2, we may insert the asymp-
totic expansion of g(z) in (3.5) and find

1f Cop 4
2

(3.9)

in agreement with known zero-temperature one-
dimensional results in the absence of a magnetic field
[6»].

In order to examine the effect of dissipation on locali-
zation at zero temperature, we evaluate the partial
derivative of (x ) with respect to the friction constant y.
From (3.7), it is straightforward to check that

8
( 2) c

Qy 4~mb 2

b [y /4+(b +a)/2] (b +a)(co, /4—+cop+y /4)
bv'(b +a)/2

2 b+a
tan

r 2

1/2

b [y /4 —(b —a)/2] —(b —a)(co, /4+cop+y /4)
2bv'(b —a)/2

y/2+&(b —a)/2
ln +y

y /2 V(b —a)/2— (3.10)

This form is somewhat complicated for the purpose of ascertaining whether it is negative definite or not. Thus we
first consider its value at zero dissipation by setting y to zero in (3.10):

&x')
ay

Qa), /4+cop+co, /2
ln

~=p 2n m (co, /4+~o) 4+co2/4+~p V m, /4+~p —
coc /2

(3.11)

which can be easily shown to be negative (with a smaller
absolute value than the case with co, =0) if co, (3.018cop,
but positive if co, )3.018cop. Therefore, for magnetic
fields less than the critical value B,=mc co, /e
=3.018mccop/e, the Ohmic dissipation still results in
enhanced localization, but to a less extent than the case

without a magnetic field. On the other hand, for a mag-
netic field surpassing that critical value, the dissipation
instead reduces the localization of the oscillator. This re-
sult is quite intriguing. It might be understood qualita-
tively by noting that both the Lorentz force and the fric-
tional force depend on the velocity of the particle, with
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the latter tending to slow down and hence localize the
particle whereas the former tending to delocalize it [see
Eq. (3.11)]. It is these opposite tendencies of the dissipa-
tion and the magnetic field that give rise to this interest-
ing phenomenon.

In general, the critical value of co, is a function of y for
nonzero friction constant, viz. , co, =f (y), which is the
solution to the equation obtained by setting the right-
hand side of (3.10) to zero. From the discussion follow-
ing (3.11), we immediately have f (0)=3.018coo. Some
other properties of this function can be obtained by
analyzing (3.10) in detail.

For both large co, and y (i.e., co, ))coo and y))coo), we

have, from (3.10),
2 2

B
&

2&
2A' ~c y

By nm (~ +y )

"'-y'
( 2+y2)2

+co +y
COp

2yco co
tan

(
2 +y2)2 y

(3.12)

f'(0) =
a2

&x'&
gy2 y=p

a2
&x'&

By Bco

=—1.420 . (3.13)

Finally, we turn to the case of strong dissipation (i.e.,
y » coo and y )&co, ) and obtain

&x'&- 2%
ln

y ~o

co 2' p y
2 2

ln
y Ct)p

(3.14)

The second leading term in this asymptotic expansion de-
creases with increasing co, . Hence we can see that strong
dissipation leads to strong localization and that the mag-
netic field only slightly enhances this effect.

which implies that the leading term of the asymptotic ex-
pansion of f(y) is y, i.e. , f(y)=y+ . for y))coo.
Furthermore, taking the derivative of f (y) with respect
to y on both sides of (3.10), we find

the diamagnetism of the system even in the presence of a
physical heat bath. The generality of these theorems
stems from the fact that, because of the neutrality of the
heat-bath oscillators implied in the underlying
independent-oscillators model [9], the magnetic field
enters into the GLE only through the Lorentz-force term
so that the external field and the dissipation do not affect
each other. It may be of interest to note in passing a
similar theorem on the magnetoconductivity of metals
that states under rather general assumptions that if an
external magnetic field has no bearing on scattering
mechanisms, then the electric conductivity of metals is a
monotonically nonincreasing function of the magnitude
of the magnetic field [12].

We have calculated explicitly the equal-time position
autocorrelation functions, in the presence of a magnetic
field B, for a charged quantum harmonic oscillator in the
Ohmic heat bath. The motion along B is unaffected by it,
as expected, but the motion perpendicular to it displays,
at zero temperature, an interesting phenomenon due to
interplay between the dissipation and the magnetic field
B. For weak dissipation, the effect of a magnetic field op-
poses that of the dissipation. For a B field less than a cer-
tain critical value, the dissipation effect still dominates
over the magnetic-field effect, resulting in a localization
weakened by B for motion normal to it. However, for a
magnetic field larger than this critical value, weak dissi-
pation is simply overwhelmed by the magnetic field, caus-
ing an overall reduction in the transversal localization of
the particle. Hence the overall shape of the orbit of the
oscillator looks somewhat like an oblate ellipsoid with the
magnetic field along its symmetry axis. Only in the
strong dissipation regime does the magnetic field rein-
force the effect of dissipation, leading to stronger locali-
zation in the direction orthogonal to the field, and thus
the corresponding orbital shape of the oscillator would
look more like a football, a symmetric ellipsoid elongated
along the direction of the magnetic field.

ACKNOWLEDGMENT

This work was supported in part by the U.S. Army
Research Once under Grant No. DAAHO4-94-G-0333.

APPENDIX A

IV. CONCLUSIONS

We have considered the problem of calculating the
symmetrized equal-time position correlation functions for
a charged quantum oscillator linearly coupled to a heat
bath, and in the presence of a constant homogeneous
magnetic field. We have started off by examining some
general properties of the generalized susceptibility tensor
of the dynamical system involved, which in turn have en-
abled us to reach two general conclusions about the
equal-time position autocorrelation functions (also called
dispersions) of the magnetic system in an arbitrary heat
bath. In addition to the transversal dispersions of a
charged quantum particle, the free energy of such a sys-
tem can also be shown to decrease monotonically with in-
creasing intensity of the magnetic field, hence indicating

Since I/A, —=a' '(co) is simply the generalized suscepti-
bility for a one-dimensional oscillator, —iz/A. (z)= —iza' '(z) is a positive real function for X)0 [13],and
thus its real part everywhere in the UHP is positive [9],

Re[ iz/A(z) ] )—0 for , Imz )0 .

Let us now suppose that

A, (z) =+m co,z

for some z in the UHP. Then we would get

—iz /A, (z) = + i /m co, ,

(A 1)

(A2)

(A3)

which contradicts (Al). Therefore (A2) has no roots in
the UHP. It follows that a (co), given by (2.2), has no
poles in the UHP.



53 DISSIPATIVE EFFECTS ON THE LOCALIZATION OF A ~ . . 3363

APPENDIX B

To prove (2.6), we need first to establish the following
two useful identities of a (co):

where we have used the reality condition on V (co):
v ( —co)=v*(co). Forming complex conjugate of (Bll)
and interchanging the dummy indices p and v, one then
finds

and

a,„(co) —a„*,(co) =2i a „(co)a',(co)co Rep(co) (81) f dcocoa „(co)f„(co)f"(co) .
2 lT

(812)

a „(co) a„* (c—o) =2ia (co)a„* (co)co Rep(co) . (82)
Assembling (811), (812), (81), (89), and (810), one finally
obtains

For this, let us introduce the inverse matrix, denoted by
D (co), of a (co) [8]: W= I dcoco [a—„(.co) a„* —(co))f~(co)f '(co)2' —a) 2l

D (co) = A,5 +i cog—„B„,
C

(83) d R p

which is related to a (co) by definition through the equa-
tions (813)

D „(co)a„(co)=5

a „(co)D„(co)=5

(84)

(85)

which is positive as demanded by the second law of ther-
modynamics.

Equation (811)may also be written as

where the Kronecker delta function 6 is unity for p =o.,
and zero otherwise.

From (83) and (2.4), we have

D~ (co) Dz(co) =—2i5 cep( )co. (86)

Multiplying (86) by a (co)a" (co) and using (84), we ob-
tain (81) and, similarly, (82) by multiplying (86) by
a, (co)a„* (co) with the aid of (85).

Now we turn to the proof of (2.6) itself by calculating
the work done by an external, c-number force f (aside
from the magnetic field) in a complete cycle on an other-
wise isolated system [9]

W= J dtf (t)(v (t))

I dcof (co)(v (
—co)), (87)

where the second equality is obtained by using the Par-
seval theorem [14] and where v (t) is the velocity opera-
tor of the particle, and f(t) is assumed to be arbitrary ex-
cept for the requirement that it vanish at both the distant
past and the distant future. Here tilde denotes the
Fourier transform as usual, e.g.,

v (co)=I dte' 'v (t) . (88)

W'= —I dcoco[Ima„„(co)Re[f„(co)f*(co)]

—Rea„(co)Im[f„(co)f*(co)]j, (814)

where we have used the fact that, due to the reality con-
ditions on a (co) and f„(co), Rea„(co) and Ima„(co), as
well as Ref„(co) and Imf„(co), are even and odd func-
tions of co, respectively. Since f„(co) are arbitrary other
than the boundary conditions lim +„f„(co)=0, f„(co)
(p, =1,2, 3) may well be chosen all real (and thus even
functions of co). Then the integrand in (814), according
to (813), must be positive for all co,

1m[a„(co)f„(co)f (co)]=Im[a„' (co)f„(co)f,(co)])0

for co) 0 . (815)

Hence, Ima„' (co) must be a positive definite matrix for all
co) 0, and (2.6) readily follows as a corollary.

APPENDIX C

The free energy of a charged quantum oscillator linear-

ly coupled to a neutral heat bath, and in a magnetic field,
defined as the free energy of the composite system of the
oscillator interacting with the heat bath minus that of the
bath itself, assumes the form [8]

From (88) and v ( t) =r( t), one can eas—ily see that

v&(co) icor (co) (89)
Fo(T,B)=—f dcof (co, T)Im In[deta(co+i0 )]

d +
0 dco

where the displacement r (co) is related to the external
force f (co) and the fiuctuation force I' (co) via the solu-
tion of the GLE [g]:

where f (co, T) is the free energy (including zero-point en-

ergy) of a free oscillator of frequency co:

r~(co)=a (co)[f (co)+F (co)] . (810) f (co, T =kT in[2 sinh(irtco/2kT) ],

f d cocoa„* (co)f„(co)f (co), (811)

P«ting (89) and (810) in (87) and averaging out the
random force F gives

and where
't 2

deta(co)= A, A,
— co — B

C
(C3)
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is the determinant of the matrix a (to) given in (2.2) [8].
Since the heat bath is neutral, the magnetic moment M

of the charged oscillator is related to the free energy
Fo(T,B) through the equation [15]

The resulting serial expression for M is
'2 2

e ~n
M = 2—kTB g &0,

mc „ i X~(v„)+(v„co,)
(C8)

(C4)

e=B.—
C f d coco coth

2&l 2kT

X [A, —(e/c) B to ] (C5)

where we have used in the last line the reality condition
on the quantity in the brackets. Before we move on, it
would be of interest to check the classical limit of (C5).
Expanding coth(%co/2kT) for small A' and exploiting the
analyticity of the integrand in the UHP (see Appendix
A), we get

2
eM=8 kT f dcoto[A, —(e/c) B to ] '=0, (C6)

&EC

which is expected on account of the quantum nature of
magnetism (the Bohr —van Leeuwen theorem) [16].

The integration in (C5) may be performed by closing
the contour in the UHP and by using the partial fraction-
al expansion of coth(z) [17]

Substituting (Cl) —(C3) in (C4) and integrating by parts
once yields

M=B f dcoco coth Em[A, —(e/c) B co ]
Ae %co

~c2 o 2kT

tie 8
27Tm 2~2

2

4
b+a

2 &+a. r/z
' tan

&+a
2

b —a
2

b —a
2

2

ln

1/2

2
1/2

b —a
2

(C9)

where the quantity within the braces is positive [see Eqs.
(4.8) and (4.9) of Ref. [8]]. For a charged Brownian parti-
cle, this reduces in the limit coo~0 to

T

where v„=2trkTn/t)t are again the Matsubara frequen-
cies. Hence, the magnetic moment due to the orbital
motion of a charged oscillator is still diamagnetic, unal-
tered by the presence of an arbitrary heat bath. The same
holds for a charged Brownian particle as one takes the
limit roc~0 in (C8).

For an Ohmic heat bath at zero temperature, the mag-
netic moment of a charged oscillator can be calculated
explicitly [8]:

oo

coth(z) =
z+in, m

(C7)
Re ) ~e

tan
m.mt." . y

(C10)
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