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Decay instability of an electron plasxna mave in a dusty plasxna
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The parametric decay instability of an electron plasma wave in a homogeneous, unmagnetized,
hot and collisionless dusty plasma has been investigated analytically. The Vlasov equation has
been solved perturbatively to And the nonlinear response of the plasma particles. The presence
of the charged dust grains introduces a background inhomogeneous electric Beld that signiBcantly
influences the dispersive properties of the plasma and the decay process. The growth rate of the
decay instability through the usual ion-acoustic mode is modified, and depends upon the dust
perturbation parameter p, , dust correlation length qo and the related ion motion. However, the
decay process of the electron plasma wave through the ultralow frequency dust mode, excited due
to the presence of the dust particles, is more eKcient than the decay through the usual ion-acoustic
mode in the du~+y. plasma.

PACS number(s): 52.35.Fp, 52.25.Mq, 52.35.Mw, 52.35.Ra

I. INTB.ODUCTION

There has been a great interest in the generation of
electrostatic electron plasma waves by the beating of
two intense electromagnetic waves or, due to some other
mode-coupling interactions in plasmas in recent years
[1—13]. The most important applications of these elec-
tron plasma waves include laser-plasma beat wave ac-
celerators and wake field accelerators [1—4], beat wave
plasma heating and current drive [6,7], and space plas-
mas [8—13]. Besides the occurrence in the usual plasmas,
electron plasma waves may be present in all dusty plasma
environments due to mode-coupling interactions, begin-
ning from laboratory devices to astrophysical and space
plasmas.

Busty plasmas having micrometer and submicrome-
ter size; highly charged (Zg —10 —104) and massive
(mg/m„- 10 —10 ) grains are gaining importance be-
cause of their relevance in the studies of space environ-
ments, asteroid zones, planetary rings, cometary tails,
protostars, supernovae remanents as well as in the earth' s
environment [8—13]. On account of the presence of these
heavily charged and massive dust particles, the interac-
tions between dusty plasmas and external electric and
magnetic fields may be considerably modified from those
in the usual plasmas.

On account of the large amplitude nature of the elec-
tron plasma waves excited by either the beating of two
electromagnetic waves or from some other mode-coupling
interactions, viz. , stimulated Raman scattering, the vari-
ous nonlinear eff'ects may come into play and become sig-
niGcant in a hot dusty plasma. Thus, the excited electron
plasma waves may sufI'er a number of microinstabilities.
Hence it is important to see the efI'ects of highly charged
and massive dust grains on the nonlinear interactions of
these electron plasma waves in the dusty plasma. Sim-
plest among all these nonlinear efI'ects, decay instability
[14] may play a vital role.

In the present paper, we have studied the nonlinear in-
teraction of an electron plasma wave with a low frequency
electrostatic plasma mode [15] (for example, ion-acoustic
or some other low frequency mode due to the presence of
dust grains), that is, the decay instability of the electron
plasma wave into a low frequency electrostatic mode and
another electron plasma wave in an unmagnetized dusty
plasma. We consider a simple picture of the dusty plasma
[8]: we assume that all the dust grains have the same size,
mass, and are randomly oriented and that they are rep-
resented by point sources of electrostatic potential $0(x).
The dusty plasma is assumed to be unmagnetized.

In Sec. II we solve the Vlasov equation to find the non-
linear response of electrons and ions in the dusty plasma
perturbatively [8], where the static and massive charged
dust grains are assumed to be randomly situated with
a finite correlation having correlation length comparable
to the wavelengths of the waves involved. In Sec. III, the
nonlinear dispersion relation of the low frequency pertur-
bation mode is obtained. The growth rate of the para-
metric decay instability of the electron plasma wave is
presented in that section. In the same section, we have
studied two important cases of the low frequency elec-
trostatic mode for the decay instability of the electron
plasma wave; one, the usual ion-acoustic mode, and the
other, an ultralow frequency electrostatic mode due to
the presence of the dust particles. Finally, a brief discus-
sion of the results is given in Sec. IV.

II. KINETIC ANALYSIS
FOB. THE NONLINEAB. B.ESPDNSE

C)F ELECTR,ONS AND IC)NS
IN A DUSTY PLASMA

We consider the propagation of a longitudinal electro-
static electron plasma wave (EPW) propagating in the
z direction, in a homogeneous, unmagnetized, and colli-
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sionless dusty plasma with random distribution of highly
charged (Zg = 10 —10 ) and massive (i.e. , immobile) dust
gr alIls:

Ep = zEo exp[ —i(wpt —kpz)],

to the wavelengths of the waves involved, the motion of
the plasma particles is described by the nonlinear Vlasov
equation:

- +(v. ~)f~+
l

E~+-v x B~ l. v„f~=0,
+ 3~o Vth, /2, (2)

where ~0 and ko are the angular frequency and wave
vector of the incident electrostatic wave. This electro-
static electron plasma wave may be a beat wave excited
by two intense electromagnetic waves propagating in the
plasma or excited by a nonlinear mode-coupling interac-
tion, such as stimulated Raman scattering. The quan-
tities (up, ——(4vre2np, /m, )i~2 and V,i„=(2T, /m, )i~2
are the electron plasma frequency and the electron ther-
mal speed; —e, m,„no„T,and c being the electronic
charge, mass, equilibrium number density of electrons,
electron temperature in energy units, and the speed of
light in a vacuum, respectively. The charged grains are
considered to be so massive (mg )) m;) that we consider
the dynamics of electrons and ions in the background of
the immobile grains [8]. The equilibrium thus consists of
charged dust particles, ions, and electrons which satisfy
the overall charge neutrality condition

) q no +Q&g =0 (a. =e,i),

where q, np, and Q, Ng are the charge and number den-
sity of electrons and ions and those of the dust grains,
respectively. The stationary and randomly oriented dust
particles give rise to a background electrostatic field
which can be characterized by a potential function @o(x).
The average potential due to the dust grains is given by

where the superscript T denotes total quantity involved.
We decompose f+ and E+ as

where fp, fi, and f are the distribution functions
of the dusty plasma corresponding to the pump wave,
generated sideband, and the low frequency electrostatic
mode, respectively. The superscripts I, D, and NL on
the quantities denote, respectively, the linear, dust, and
nonlinear terms. The quantities Eo, Eq, and E are the
electric fields and Pp, Pi, and P are the electrostatic po-
tentials corresponding to the waves (~p, kp), (wi, ki), and
(~, k), respectively. We note here that B is zero for lon-
gitudinal electrostatic waves in an unmagnetized plasma.
The unperturbed equilibrium distribution function fp in
the stationary dusty plasma is given by [8]

fo'.(, ) = (1 —V- —V')[+o ++'. - ( )
+-', Eo' u2o2(x)], (8)

f =fo +fo +fi +f
= fo. +fo'. (~p ko)+fi'. ( i i)

+f~~(~„k,) + f~(~, k) + fD(~, k) + f~~(~, k),
(6)

E+ —Eo + E~ + E

1
@0 V Pp(x)d x = 3Q

47rr p &g ——3 (4)
Aii

where A~ is the plasma Debye length and ro is the aver-
age distance between the grains. We make the assump-
tion that the potential energy of a plasma particle in this
Geld is much smaller than the thermal energy of electrons
and ions: p = q 4p/T (( 1. This assumption is crucial
to the perturbation technique employed in Ref. [8]. The
quantity p is known as the dust perturbation parame-
ter.

Let us now consider the presence of a low frequency
electrostatic mode (w, k) in the dusty plasma. Due to
the nonlinear interaction of the pump electron plasma
wave (wp, kp) with the perturbation. mode (w, k), a side-
band electrostatic electron plasma wave will be generated
(~i ki, ui = u —ct)p, ki = k —kp). Both the generated
sideband and the low frequency electrostatic mode will
grow at the expense of the energy from the pump electron
plasma wave, and this three-wave parametric instability
is known as the parametric decay instability. The upper
sideband (u + wp, k+ kp) is neglected as it is considered
to be off resonant [14].

Since the dust grains have potential 4p(x) with a fi-
nite correlation having a correlation length comparable

where the normalization factor is contained in Eo

= (no /~v~Vti. ) exp( " /Vth )

V,h = (2T /m )' '.
u = q 4O, T is the temperature of electrons and ions
in energy units, and the prime on Eo denotes derivative
with respect to e = m u /2. In Eq. (8) the random
statistical function o (x) defined by q 4'p(x) = u o'(x) is
characterized by a correlation function

B(lx —«'I) = (~(x)~(x')) (10)

where the bar over C'p denotes ensemble average [16].
The spectral density of the correlation is given by

S(k) = d xB(x) exp(ik. x),
27r s

so that

(o(q)~(q')) = ~(q)~(q+ q') .

Using Eq. (6) in Eq. (5) and carrying out the
usual Laplace-Fourier transformation in the perturbation
method [8], we obtain the linear distribution functions
corresponding to the three waves as
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iq
m' (p) —k v)

d k2@p(k2)k2 V'„ V„f (k —k —k)dk
(u —(k —k2) . v

Eo((uo) k)) V„'fo~(ko—k))d k) )I~ 4)p —kp V'

E) (p)), k) ) V~fp~ (k) —k) )d k),m h)y —k] (16)

where a tilde over a quantity denotes Fourier-Laplace transformations. In Eqs. (15) and (16), we have neglected the
effect of dust on the high &equency electron plasma waves; the low frequency waves are more likely to be afFected by
the dust particles [8,11].

Fourier-Laplace transforming Eq. (5) and then substituting Eqs. (15) and (16) in it, we obtain the nonlinear
distribution function f for the low frequency electrostatic mode due to the beating of the high frequency electron
plasma wave (pump) and the generated sideband electron plasma wave (p)), k) ):

2
gNL 'L

2m2 (p) —k. v) Mj —ky v'
E) (p)), k', ) W

„ fp (k) —k~) d k',

+E, V.
Mp —kp V'

Ep(~p, k) ) V'„fp (kp —k) )d k) (17)

Similarly, Fourier-Laplace transforming Eq. (5) and then using the linear response, Eqs. (13)—(15) in it, we obtain
the nonlinear distribution function fz (p)), k) ) for the generated sideband electron plasma wave due to the beating
of the pump electron plasma wave ((dp kp) and the low frequency electrostatic perturbation mode (w, k):

2

f 1VL ~a K- V'„
2m' (u)) —k) v) (dp —kp ' V'

Eo ((up, k) ) V'„fp (ko —k) )d k)

+Ep . V'„ 1

4) —k*v E(p), k, ) V'„fp (k —k) )d k) (18)

where the symbol + denotes complex conjugate. In
Eqs. (17) and (18), we have taken the dust contribution
through the modified background distribution function
only.

Now using Poisson's equation for the decay waves
(ur, k) and (p)„k,), we have

2

C (k) = 8(k) —p o.(k) + p. (k) .

In order to perform diferent integrations, we note that
(0 (k)) = ()T (k)) = h(k) and (cr(k2)o (k —k) —k2)) =
S(k2)b(k —k)) and, therefore, the ensemble average of
fp (k —k)) and P(k2) fp (k —k) —k2) are obtained,
respectively, as

(fp (k —k))) =
~

1 —))j~ +
~

Fp (v)8(k —k)) (23)
p,'l
2)

and

kP =4 ) q d (f, +f ).
From Eq. (8), it can be shown that

fpo = C (k)FP (v),
where

(2O)

(21)

(Q(k2) fp~(k —k) —k2)) = [b(k2)b(k —k) —k2)

—p, S(k2)b(k —k))],
(24)

where we have retained terms up to the second order in
the perturbation parameter p . Further, we assume a
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model Gaussian distribution for the correlation function
ID. —(')— exp

(k + qll) qp & (k + qll)Vthi J
S(q) = (1/7r~~qo) exp( —q'/q, '), (25) (32)

where qp is the correlation length for the static dust
grains in the plasma.

III. NONLINEAR DISPERSION RELATION
AND GROWTH RATES

e4 = Ckogi, (26)

where e = 1+y+ yD is the dielectric function of the low
frequency mode (w, k); y is the usual dielectric suscepti-
bility of the low frequency mode and is given by [15]

k A Dc

(d 22M 7l I'd .ld

thi thi r

Case A: kVthe ) w ) kVthi. We assume for simplicity
that all the waves are propagating in the same direction

( o llki II llz) In the case when the frequency cu of the low
frequency perturbation mode (cu, k) lies between kVth,
and kVthi, that is kVthe ) ~ ) kVthi for the ion-acoustic
branch, after performing different integrations, Poisson's
equation (19) finally takes the following form:

In deriving Eq. (26), we have neglected the dust effect in
the coupling coefficient C (which is due to the beating
of the high frequency electrostatic waves) while retaining
the effect of dust in the low IIrequency dielectric function
e through yD.

On evaluating the integrals involved in Eq. (20) we
obtain the equation for the sideband (ui, ki) which is a
high &equency electron plasma wave as

ei4i = &idol, (33)

where ~1 is the usual dielectric function for the sideband
high &equency electron plasma wave, and the coupling
coeKcient C1 is obtained after simplification and retain-
ing only the dominant terms:

46kp(d (d

me k1 k&1V,he
(34)

Eliminating P from Eqs. (26) and (33), we obtain the fol-
lowing nonlinear dispersion relation for the low IIrequency
perturbation mode (u, k):

yD is the dielectric susceptibility of the low frequency
mode (cu, k) due to the presence of the dust particles and
we obtain it as

where

(35)

(1)
I e&peIDe
~~k2 V,2,

X(d (d qpID Z27t p. (d ID.
~ 2 2 (2) - 2 2 (2)

(d Vthe qp~ Vthi

~sr p, kqp~„,Vth, (' ~~qp )P
! 1

2(d g 2k )

(28)

and the coupling coefficient C in Eq. (26) is obtained as

p = !do!'&i& (36)

is known as the coupling coeKcient for the parametric
decay instability and the coeKcients C and C1 are given
by Eqs. (29) and (34). It may be noticed here that the
coupling coefficient p is real and positive as C is already
positive and C1 is also positive because ~1 ——u —wp is
negative.

The growth rate for the decay instability pp is obtained
from the following relation [14]:

e~2, koki (kp ki )
m k V~h ((do (di )

(29) 2= . P
(Be&/B(d) (Beiz/Bcdi)

(37)

where the subscript r represents the real part. After
simpli6. cation and rearrangement of terms, we obtain the
expressions for p, Be„/Bw, and Bei, /Bwi as follows:

In Eq. (28), the integrals ID„I~, , and ID, are defined-(1) (2) (2)

as

I(1)
OO 2

De =
qll qll (k + )

~ qo ( qo)

(2) (
Iri, ———

2 qlldqll exp
qp qo (("—

qll) Vth. )

and where

41V"/Vth.
l
~„'.~o~ (ko

k ki~iVh ((uo ~i)

2(d

, (1+ f~)

241

(d 1

(38)
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!Vo. /Vth. !
= ekogo

~e~0 Vthe

W~p,'Oqov, ',, ( W~qo l1+
2k

1 —~~qo/2k )
1+ ~vrqo/2O)

(41)

2 ~PBBS'= OV" '" OV )'thi thi r

2&@ & .ID- p goop ID(2) 2 2 (2)

go~Vthi ~ ~Vthe
(45)

The integrals I& and I~, are given by Eqs. (31) and(2) (2)

(32), respectively.
In the presence of the linear damping of the low fre-

quency ion-acoustic wave, Eq. (44), and neglecting the
damping of the high frequency electrostatic decay wave

(wi, ki), the overall growth rate of the decay instability
is given by [14]

For calculating Oei„/Oui, we have taken the simplest ex-
pression for the dielectric function for the high frequency
sideband electron plasma wave as

pe (42)

p() Voe Vthe ~pe ~o ~].~ ko k2 2 2 2 2 1/2

! —.+ —.!
IA k Oiled, Vth (1 + fz&) ((do cubi )

The linear damping rate of the low &equency perturba-
tion mode in the dusty plasma is obtained from [14]

Be~/BM
(44)

The normalized growth rate po/w of the decay instability
through the usual ion-acoustic mode, therefore, finally
takes the following form:

~ = [(~i+ 4~o)" —~~]/2 . (46)

From Eq. (43), we notice that the modification of the
undamped growth rate of the decay instability of the elec-
tron plasma wave into an ion-acoustic wave and an an-
other electron plasma wave comes through the function

fD which contains the second order dust perturbation ef-

fect and the first order efFect vanishes because of the k2
integration in Eq. (14). However, the overall growth rate

p is affected because of the damping of the low &equency
ion-acoustic mode Eq. (44).

Case B: w ( kVthi We now consider the case of
the extremely low frequency mode in the dusty plasma,
w ( kV&i,;. Following Ref. [15],one can obtain a new low

&equency electrostatic mode in the dusty plasma having
a frequency much less than the usual ion-acoustic branch.
This ultralow frequency mode exists only due to the pres-
ence of the dust particles. The linear dielectric function
of the dusty plasma in this case becomes [15]

where the imaginary part of e in the present case is given

by where

e((d, k) = e +ze; (47)

2 2 2

= 1+ [1 2p + p,,(l ——Re[Z(k/qo)])] + (1 —2p + p;)
k2A2Di

' ' 2~2 k2 (48)

', -Im[Z(k/qo)] +, (1 —2p, , + p, ) exp! —„,~sr~, (
k'A2~, V,h,

* * ( k' V,'„,. )
qII f

+ '."'.
go —in' qo (&" —

qII) th*)

~~

(O —
qII) qo & (k qII) V~h')

(49)

2 2 23@igo&
p q

322 2

2k'(1+ 1/O'A' + 1/O'A' . )
(5o)

Z(k jqo) is the plasma dispersion function with argument
k/qo. Since p, p,, ( 1, the dispersion relation of this
ultralow frequency mode becomes [15]

This has no analog in the usual electron-ion plasma. This
arises due to the oscillations of the ions in the static struc-
ture of the dust distribution.

let us now consider the decay of the high frequency
electron plasma wave into this ultralow frequency mode
and another high frequency electron plasma wave. Fol-



53 DECAY INSTABILITY OF AN ELECTRON PLASMA WAVE IN. . . 2745

4[&o./&i~. ~'~„'.uo~ n'„T,' i'ko

k kicui V,„no,; q ~o ~i )
n', ,m. T, )x I—
noo. m;T; ) (51)

lowing the same procedure of the previous case A, the
undamped growth rate po of the decay instability can be
obtained from Eq. (37), where now

Thus, we notice that the decay instability of the elec-
tron plasma wave through the ultralow frequency mode
is more efFicient than that through the usual ion-acoustic
mode. The enhancement of the growth rate depends
upon the non-neutrality of the electron and ion densi-
ties, temperature ratio, correlation length, and the dust
perturbation parameter.

3@2~2 $2

ghee M k
(52) IV. DISCU SSEDN

and Oei„/Bwi is the same as in case A. Therefore, finally
the normalized growth rate pp/Ld of the decay instability
through this ultralow frequency electrostatic new mode
becomes

2[&o./&th, l u'„,u'o~, u" no;T,' f ko

- X/2
no, m.T.l
n',.m;T; ) (53)

1/2(kl' i'I+ fDI
4«) 4 &, )

(54)

The linear damping rate of this ultralow frequency per-
turbation mode in the dusty plasma is given by Eq. (44),
where now the imaginary part of e is given by Eq. (49).
This is a difFerent channel of decay in the dusty plasma.
We can now compare the growth rate of decay instabil-
ity through the usual ion-acoustic wave and the difI'erent
ultralow frequency mode. From Eqs. (53) and (43), the
ratio of the normalized growth rates through the ultralow
frequency mode and the usual ion-acoustic mode is given
by

We have investigated the nonlinear decay instability
of an electron plasma wave in an unmagnetized and col-
lisionless hot dusty plasma. The background inhomoge-
neous electric potential created by the highly charged and
randomly oriented massive dust grains has signi6. cant ef-
fects on the low frequency electrostatic modes and the
nonlinear decay process of the high frequency electron
plasma waves. The normalized growth rate of the de-
cay instability of the electrostatic electron plasma wave
through the ion-acoustic mode is modi6ed due to the
presence of the dust. The modification of the decay insta-
bility depends upon the ion dust perturbation parameter
p, , dust correlation length qo, and the other quantities
related to the motion of ions. However, the normalized
growth rate of the decay instability through the ultralow
frequency electrostatic mode due to the presence of the
dust is much higher than that through the usual ion-
acoustic branch of frequencies. Thus, the presence of
highly charged and massive dust grains plays a vital role
in the nonlinear Inode-coupling interactions in a dusty
plasma.

It may be mentioned here that various other nonlinear
interactions of large amplitude electrostatic and electro-
magnetic waves with other possible modes in dusty plas-
mas are also of great importance, and work along these
lines is in progress.
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