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Macroscopic traffic models have recently been severely criticized as based on lax analogies only

and having a number of deficiencies.

Therefore, this paper shows how to construct a logically

consistent fluid-dynamic traffic model from basic laws for the acceleration and interaction of vehicles.
These considerations lead to the gas-kinetic traffic equation of Paveri-Fontana. Its stationary and
spatially homogeneous solution implies equilibrium relations for the “fundamental diagram,” the
variance-density relation, and other quantities that are partly difficult to determine empirically.
Paveri-Fontana’s traffic equation allows the derivation of macroscopic moment equations that build
a system of nonclosed equations. This system can be closed by the well proved method of Chapman
and Enskog, which leads to Euler-like traffic equations in zeroth-order approximation and to Navier-
Stokes-like traffic equations in first-order approximation. The latter are finally corrected for the finite
space requirements of vehicles. It is shown that the resulting model is able to withstand the above

mentioned criticism.

PACS number(s): 51.10.+y, 89.40.+k, 47.90.4+a, 34.90.4+q

I. INTRODUCTION

Because of analogies with gas theory [1-4] and fluid
dynamics [5-9,3,10] modeling and simulating traffic
flow increasingly attracts the attention of physicists
(1,5,8,9,11-14]. However, due to the great importance
of efficient traffic for modern industrialized countries.
the investigation of traffic flow has already a long tra-
dition. In the 1950s Lighthill and Whitham [10] as well
as Richards [15] proposed a first fluid-dynamic (macro-
scopic) traffic model. During the 1960s traffic research
focused on microscopic follow-the-leader models [16-23].
Mesoscopic models of a gas-kinetic (Boltzmann-like) type
came up in the 1970s [24,25,4,3,2,26]. Since the 1980s
simulation models [27,28] play the most important role
due to the availability of cheap, fast, and powerful com-
puters. We can distinguish macroscopic traffic simulation
models [29-32], microscopic simulation models [33-36]
which include cellular automaton models [37-39,11-14],
and mixtures of both [40].

In high-fidelity microscopic traffic models each car is
described by its own equation(s) of motion. Conse-
quently, computer time and memory requirements of cor-
responding traffic simulations grow proportionally to the
number N of simulated cars. Therefore, this kind of
model is mainly suitable for off-line traffic simulations,
detailed studies (for example, of on ramps or lane merg-
ings), or the numerical evaluation of collective quantities
[33] like the density-dependent velocity distribution, the
distribution of headway distances, etc., and other quan-
tities that are difficult to determine empirically.

For this reason, fast low-fidelity microsimulation mod-
els that allow bit handling have been developed for the
simulation of large freeways or freeway networks [37,38].
However, although they reproduce the main effects of
traffic flow, they are not very suitable for detailed pre-
dictions because of their coarse-grained description.
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Therefore, some authors prefer macroscopic traffic
models [10,41-43,30,44,5-9]. These are based on equa-
tions for collective quantities like the average spatial den-
sity p(r,t) per lane (at place r and time t), the aver-
age velocity V(r,t), and maybe also the velocity vari-
ance O(r,t). Here, simulation time and memory re-
quirements mainly depend on the discretization Ar and
At of space r and time t, but not on the number N
of cars. Therefore, macroscopic traffic models are suit-
able for real-time traffic simulations. The quality and
reliability of the simulation results mainly depend on
the correctness of the applied macroscopic equations and
the choice of a suitable numerical integration method.
The rather old and still continuing controversy on
these problems [41,45,46,42,43,47,30,44,48-50,8,9,5,1,51]
shows that they are not at all trivial.

Some of the most important points of this controversy
will be outlined in Sec. II. It will be shown that even
the most advanced models still have some serious short-
comings. The main reason for this is that the proposed
macroscopic traffic equations were founded on heuristic
arguments or based on analogies with the equations for
ordinary fluids. In contrast to these approaches, this
paper will present a mathematical derivation of macro-
scopic traffic equations starting from the gas-kinetic traf-
fic equation of Paveri-Fontana [2] which is very reason-
able and seems to be superior to the one of Prigogine
and co-workers [24,25,4]. The applied method is analo-
gous to the derivation of the Navier-Stokes equations for
ordinary fluids from the Boltzmann equation [52-55]. It
is based on a Chapman-Enskog expansion [56,57] which
is known from kinetic gas theory and leads to idealized,
Euler-like equations in zeroth-order approximation and
to Navier-Stokes-like equations in first-order approxima-
tion [58,55]. In this respect, the paper puts into effect
the method suggested by Nelson [1]. A similar method
was already applied to the derivation of fluid-dynamic
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equations for the motion of pedestrian crowds [59], but
it assumed some unsatisfactory approximations.

The further procedure of this paper is as follows. Sec-
tion II presents a short history of macroscopic traf-
fic models and discusses the abilities and weaknesses
of the different approaches. Section III introduces the
Boltzmann-like model of Prigogine [4] and compares it
with the one of Paveri-Fontana [2]. From their gas-
kinetic equations macroscopic (“fluid-dynamic”) traffic
equations will be derived in Sec. IV. Unfortunately, they
turn out to build a hierarchy of nonclosed equations, i.e.,
the density equation depends on average velocity V' and
the velocity equation on velocity variance ©, etc. There-
fore, a suitable approximation must be found to obtain
a set of closed equations. It will be shown that some of
the traffic models introduced in Sec. II correspond to
zeroth-order approximations of different kinds. These,
however, are not very well justified. A similar situa-
tion holds for the Euler-like traffic equations which, apart
from a complementary covariance equation, contain ad-
ditional terms compared with the Euler equations of or-
dinary fluids [58]. These stem, on the one hand, from a
relaxation term which describes the drivers’ acceleration
towards their desired velocities. On the other hand, they
originate from interactions which are connected with de-
celeration processes since these do not satisfy momentum
and energy conservation in contrast to atomic collisions.

A very realistic, first-order approximation which is, in
a certain sense, self-consistent can be found by solving
the reduced Paveri-Fontana equation which is obtained
from the original one by integration with respect to the
desired velocity. We will utilize the fact that, accord-
ing to empirical traffic data [60,61,3,62,33], the equilib-
rium velocity distribution has a Gaussian form. This
allows the derivation of mathematical expressions for the
equilibrium velocity-density relation, the “fundamental
diagram” of traffic flow, and the equilibrium variance-
density relation (cf. Sec. IV C). Afterwards an approxi-
mate time-dependent solution of Paveri-Fontana’s equa-
tion will be calculated by use of the Euler-like equations.
Due to the additional terms in Paveri-Fontana’s equation
compared with the Boltzmann equation the correspond-
ing mathematical procedure is more complicated than
the Chapman-Enskog expansion for ordinary gases (cf.
Sec. V).

Nevertheless, it is still possible to derive correction
terms of the Euler-like macroscopic traffic equations (cf.
Sec. VI). These have the meaning of transport terms
(like, e.g., the flux density of velocity variance) and are
related to the finite skewness v of the velocity distribu-
tion in nonequilibrium situations. The resulting equa-
tions are Navier-Stokes-like traffic equations which, in
comparison with the ordinary Navier-Stokes equations
[58], contain additional terms arising from the accelera-
tion and interaction of vehicles. Additionally, they are
complemented by a covariance equation which takes into
account the tendency of drivers to adapt to their desired
velocities.

Because of the one-dimensionality of the Navier-
Stokes-like traffic equations no shear viscosity term oc-
curs. However, in Sec. VII it is indicated how transitions
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between different driving modes can cause a bulk viscos-
ity term. Furthermore, corrections due to finite space
requirements of each vehicle (vehicle length plus safe dis-
tance) are introduced.

The resulting model overcomes the shortcomings of the
former macroscopic traffic models (that are mentioned in
Sec. II). Section VIII summarizes the results of the paper
and gives a short outlook.

II. SHORT HISTORY OF MACROSCOPIC
TRAFFIC MODELS

In 1955 Lighthill and Whitham [10] proposed the first
macroscopic (fluid-dynamic) traffic model. This is based
on the continuity equation

dp  0(pV) _
ot or =0 @

which reflects conservation of the number of vehicles. For
the average velocity V', Lighthill and Whitham assumed
a static velocity-density relation:

V(r,t) == Velp(r, t)]. (2)

Inserting (2) into (1) we obtain

dp V.l 0p _
E‘i‘[Ve‘FP ]

3| ar =" (3)

Equation (3) describes the propagation of nonlinear
“kinematic waves” with velocity c(p) = V(p) + p 0V, /0p
[10,63]. In the course of time the waves develop a shock
structure, i.e., their back becomes steeper and steeper
until it becomes perpendicular, leading to discontinuous
wave profiles [10,15,63].

In reality, density changes are not so extreme. There-
fore, it was suggested to add a diffusion term D8%p/dr?
which smooths out the shock structures somewhat
[63,64]. The resulting equation reads

dp dp

ot “or

8V, 8p 8%p
Papar T Parz (4)

For the case of a linear velocity-density relation [65]

Vo(p) = Vinax (1 S ) (5)

pm&x
it can be transformed into the Burgers equation [66]
g g 8%g
=D_—= 6
ot " Yor ~ T ore (©)

which is analytically solvable [63]. Here, we have intro-
duced the function

glp(r,1)] = Viaas (1 - %’—f;—ﬁ) . (1)

The most important restriction of models (1) and (2)
as well as (4) and (2) is relation (2) which assumes that
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the average speed V(r,t) is always in equilibrium with
density p(r,t). Therefore, these models are not suitable
for the description of nonequilibrium situations occurring
at on ramps, changes of the number of lanes, or stop-and-
go traffic.

Consequently, it was suggested to replace relation (2)
by a dynamic equation for the average velocity V. In
1971, Payne [41] introduced the velocity equation

v LoV _ Cl)op 1

= Z[Vlp) =V 8
at " ar p or TVl =V (8a)
with
1 9V, 1 |0V,
= e 2 (el 8b
Cle) 2T Op 2T | Bp (8b)

which he motivated by a heuristic derivation from a mi-
croscopic follow-the-leader model [67]. Here, VOV/Or
is called the “convection term” and describes velocity
changes at a place r that are caused by average vehi-
cle motion. The “anticipation term” —(C/p)8p/dr was
intended to account for the drivers’ awareness of the
traffic conditions ahead. Finally, the “relaxation term”
[Ve(p) — V]/7 delineates an (exponential) adaptation of
average velocity V to the equilibrium velocity V. (p) with
a relazation time T.

Unfortunately, for bottlenecks the corresponding com-
puter simulation program FREFLO suggested by Payne
[29] produces output that “does not seem to re-
flect what really happens even in a qualitative man-
ner” [46]. As a consequence, several authors have
suggested a considerable number of modifications of
Payne’s numerical integration method or of his equa-
tions [68,42,43,47,30,44,48,49,69]. A more serious weak-
ness of Payne’s equations is that their stationary and
homogeneous solution is stable with respect to fluctua-
tions over the whole density range as can be shown by
a linear stability analysis [68,45,41]. Therefore, Payne’s
model (1) and (8) does not describe the well known self-
organization of stop-and-go waves above a critical density
[43,70]. This problem is removed [45] by substituting re-
lation (8b) by

C(p) :=

OP.
: 9)

with the equilibrium “traffic pressure”
Pe(p) = pOc(p) - (10)

The modified velocity equation reads

ov 0V _ 18P

ot or

+oVelp) V] (1)

p Or

and can be derived from the gas-kinetic (Boltzmann-like)
traffic models [4,3,2] (cf. Sec. IV). For ©.(p), Phillips
[3,71] suggested a relation of the form

Oc(p) := O (1 - —”—) .

Pmax

(11b)

In contrast, Kiihne [72] as well as Kerner and Konhauser
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[8,9] assumed, as a first approach, ®. to be a positive
constant:

Oc(p) :=Og. (12)

Unfortunately, Eqs. (1) and (11a) predict the formation
of shock waves as Lighthill and Whitham’s equation does
[43,5]. For this reason, Kiihne [43,70] suggested adding
a small viscosity term v8?V/8r% which smooths out sud-
den density and velocity changes somewhat. Then the
velocity equation

oV oV Oy 9p v 1

v Zl o 2P L L S Ve(p) - V] (13

ot + or p Or VB'rz T[ () I (13)
results. A linear stability analysis of Kiihne’s equa-

tions (1) and (13) shows that these predict the self-
organization of stop-and-go waves or of so-called “phan-
tom traffic jams” (i.e., unstable traffic) on the condition

oV,

5| > V6o(1 + Tk?), (14)
P

Pe

where k denotes the wave number of the perturbation
[73,5]. This condition is fulfilled if the equilibrium density
pe corresponding to the stationary and spatially homoge-
neous solution exceeds a critical density p.. that depends
on the concrete form of V,(p).

For reasons of compatibility with the Navier-Stokes
equations for ordinary fluids Kerner and Konhauser re-
placed Kiihne’s constant v by the density-dependent re-
lation

v(p) = 2 15

(p) =~ (15)
with the constant viscosity coefficient v5. Computer sim-
ulations of their equations (1), (13), and (15) show the
development of density clusters [8,9] if the critical den-
sity pe: given by (14) and (15) is exceeded. On the basis
of a very comprehensive study of cluster-formation phe-
nomena, Kerner and Konh&user [9] presented a detailed
interpretation of stop-and-go traffic.

Despite the considerable variety of proposed macro-
scopic traffic models, even the most advanced of them
have still some shortcomings. For example, for a cer-
tain set of parameters the mentioned models predict traf-
fic densities that exceed the maximum admissible den-
sity ps» = 1/lo which is the bumper-to-bumper density
(Io = average vehicle length) [5]. Furthermore, in cer-
tain situations even negative velocities may occur [51].
To illustrate this, imagine a queue of vehicles of constant
density po. Assume that, e.g., due to an accident that
blocks the road, this queue has come to rest (i.e., V = 0)
and that it ends at » = 79 which will imply p(r,t) = 0
for r < ro. Then 8p/dr diverges at a place 7o (or is at
least very large) and Egs. (8), (11), and (13) all predict
OV (ro,t)/0t < 0if © # 0.

Of course, we wish to have a model that is valid not
only in standard situations, but also in extreme ones.
Moreover, the model should provide reasonable results
not only for certain parameter values. This is particu-
larly important for the reason that technical measures
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like automatic distance control may change some pa-
rameter values considerably. Nobody knows if the ex-
isting phenomenological models are still applicable then.
Therefore we will derive the specific structure of the traf-
fic model from basic principles regarding the behavior of
the single driver-vehicle units and their interactions.

III. GAS-KINETIC (BOLTZMANN-LIKE)
TRAFFIC MODELS

Let us assume that the motion of an individual vehicle
a can be described by several variables like its place 74 (t),
its velocity v, (t), and maybe other quantities which char-
acterize the vehicle type or driving style (the driver’s per-
sonality). We can combine these quantities in a vector

Folt) = (ra(t), va(t),...) (16)

that denotes the state of vehicle a at a given time ¢. The
time-dependent phase-space density

p(&Z,t) = p(r,v,...,1) 17

is then determined by the mean number An(r,v,...,t")
of vehicles that are at a place between r — Ar/2 and
r + Ar/2, driving with a velocity between v — Av/2 and
v+ Av/2, ... at a time t' € [t — At/2,t + At/2]:

ﬁ(rvva*--,t)AT’A’U-..

1 [tHAt/z
= dt' An(r,v,...,t'). (18
87y, Al ). (19

For vehicles, the phase-space densitiy p is a very small
quantity. Therefore, in the limit Ar — 0, Av — 0, ...,
At — 0 it is only meaningful in the sense of the expected
value of an ensemble of macroscopically identical systems
[1]. The interpretation of p as a quantity which can de-
scribe single traffic situations is only possible for “coarse-
grained averaging” where Ar, Av, ..., and At must be
chosen “microscopically large but macroscopically small”
[1,59] or, more exactly, (1) smaller than the scale on
which variations of the corresponding macroscopic quan-
tities occur, and (2) so large that An(r,v,...,t) > 1
which is not always compatible with the first condition.
However, in any case a suitable gas-kinetic equation for
the phase-space density p allows the derivation of mean-
ingful equations for collective (“macroscopic”) quantities
like the spatial density p(r,t) per lane, the average veloc-
ity V(r,t), and the velocity variance ©(r,t). To obtain
an equation of this kind, we will bring in the well known
fact that the temporal evolution of phase-space density
p is given by the continuity equation [74]

ap .dZ op

il i — ) === 19

ot T Ve (pdt) <8t o (19)
which again describes conservation of the number of

vehicles, but this time in the phase space Q =
{all admissible states £}. Whereas V3 (pdZ/dt) reflects
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changes of phase-space density p due to a motion in
phase space Q with velocity d&/dt, the term (8p/0t)i,
delineates changes of 5 due to discontinuous transitions
between states.

A. Prigogine’s model

In Prigogine’s model the state & is given by the place r
and velocity v = dr/dt of a vehicle. The transition term
(8p/0t)4r consists of a relazation term (8p/0t);e1 and an
interaction term (0p/0t)int [24,25,4]. Therefore, Eq. (19)
assumes the explicit form

8p O(pv) 0O (.dv 0p ap

gp (2= (22 2) (20
ot T or T ou \Pd a) \ar) - 20
The interaction term (9p/0t)int is intended to describe
the deceleration of vehicles to the velocity of the next
car ahead in situations when this moves slower and can-
not be overtaken. Prigogine and co-workers [24,4] sug-

gest describing processes of this kind by the Boltzmann
equation

(Z—f) - / " dw (1 = p)lo — wlp(r,v, 1)5(r,w, )

in

(21a)
- /: dw (1 — p)|w — v|p(r,w, t)p(r, v, t)
(21b)

= @-pitr) [ "~ dw (w — v)p(rw, 1),

where p denotes the probability that a slower car can be
overtaken. Functional relations for

p=p(p,V,0) (22)

are proposed in Refs. [4,3,75]. The term (21a) corre-
sponds to situations where a vehicle with speed w > v
must decelerate to speed v, causing an increase of phase-
space density p(r,v,t). The rate of these situations is
proportional (1) to the probability (1 — p) that passing
is not possible (which corresponds to the scattering cross
section in kinetic gas theory), (2) to the relative velocity
|v — w| of the interacting vehicles, (3) to the phase-space
density g(r,v,t) of vehicles which may hinder a vehicle
with velocity w > v, and (4) to the phase-space den-
sity p(r,w,t) of vehicles with velocity w > v that may
be affected by an interaction. The term (21b) describes
a decrease of phase-space density p(r,v,t) due to situa-
tions in which vehicles with velocity v must decelerate
to a velocity w < v. A more detailed discussion of the
interaction term (21) can be found in Refs. [4,2].

Note that the approach (21) assumes an instantaneous
adaptation of velocity which does not take any braking
time. Moreover, the deceleration process of the faster
vehicle is assumed to happen at the location r of the
slower vehicle, i.e., vehicles are implicitly modeled as
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pointlike objects without any space requirements. The
first assumption is only justified for braking times that
are short compared to temporal changes of phase-space
density p, but modifications for finite braking times are
possible [75]. The second assumption is only acceptable
for very small densities at which the average headway
distance is much larger than the average vehicle length
plus safe distance. It will, therefore, be corrected in Sec.
VII. The corresponding modifications also implicitly take
into account the pair correlations of succeeding vehicles
[76]. These are neglected by the approach (21) due to its
assumption of vehicular chaos, according to which the ve-
locities of vehicles are not correlated until they interact
with each other [2,1].

Now, we come to the description of acceleration pro-
cesses by vehicles that do not move with their desired
speeds. In this connection, Prigogine suggests a collec-
tive relaxation of the actual velocity distribution

p(r,v,t)
p(r, t)

towards an equilibrium velocity distribution Py(v).in-
stead of an individual speed adjustment so that

dv

5 =0 (24)
In detail, Prigogine starts from the observation that free
traffic is characterized by a certain velocity distribution
Py(v) which corresponds to the distribution Py(vg) of de-
sired velocities vg. Moreover, he assumes that the drivers’
intention to get ahead with their desired speeds causes
the phase-space density 5(r,v,t) to approach the equilib-
rium phase-space density

po(r,v,t) := p(r,t) Po(v) (25)

(exponentially) with a certain relaxation time 7 which
is given by the average duration of acceleration pro-
cesses. Therefore, Prigogine’s relaxation term has the
form [24,25,4]

I9p __p(r,t)Po(v) — p(r,v,t)
(a)rel . T ' (26)

P(v;r,t) = (23)

Despite the merits of Prigogine’s stimulating model,
this approach has been severely criticized [2,51]. In a
clear and detailed paper [2] Paveri-Fontana showed that
Prigogine’s model has a number of peculiar properties
which are not compatible with empirical findings. For
example, he demonstrates that the relaxation term (26)
corresponds to discontinuous velocity changes which take
place with a certain, time-dependent rate. Furthermore,

9p

—(1-—p)/ dw/dwg |lw — v|p(r, w, wo, t) p(r, v, vo, t)
0

Daganzo made the criticism that, according to (26), “the
desired speed distribution is a property of the road and
not the drivers” [51] which was already noted by Paveri-
Fontana [2]. In reality, however, one can distinguish dif-
ferent “personalities” of drivers: “aggressive” ones desire
to drive faster, “timid” ones slower. Therefore, Paveri-
Fontana [2] developed an improved gas-kinetic traffic
model which corrects the deficiencies of Prigogine’s ap-
proach.

B. Paveri-Fontana’s model

Paveri-Fontana assumes that each driver has an indi-
vidual, characteristic desired velocity vo. Consequently,
the associated states & are given by place r, velocity v,
and desired velocity vy so that Prigogine’s phase-space
density p(r,v,t) is replaced by p(r,v,vo,t). The corre-
sponding gas-kinetic equation (19) explicitly reads [77]

95  O(pv) O (.dv\ . 9 [.dv) (9p
o or Tau\Pa) T \Par ) T \ae ),

(27a)

The term 8(pdvy/dt)/Ove can be neglected since the de-
sired velocity of each driver is normally time independent
during a trip, which implies

d’Uo
— :=0. 27b
7t (27b)
In contrast to Prigogine, Paveri-Fontana describes the
acceleration towards the desired velocity vy by

% = %(vo —v) (27¢)
which means an individual instead of a collective relax-
ation. Relation (27c) can easily be replaced by other ac-
celeration laws dv/dt or density-dependent driving pro-
grams as suggested by Alberti and Belli [26]. Alterna-
tively, for acceleration processes an interaction approach
can be formulated which was recently proposed by Nel-
son [1]. However, the assumption (27c) of exponential re-
laxation is a relatively good approximation since drivers
gradually reduce the acceleration as they approach their
desired velocity vg.

Paveri-Fontana needs the transition term (8p/0t),
only for the description of deceleration processes due to
vehicular interactions. For these he assumes the Boltz-
mann equation [2]

(52) = (1 —p)/ dw/dwo lv — wl|p(r, v, wo, t) H(r, w, vo, t)
tr v

(27d)



53 GAS-KINETIC DERIVATION OF NAVIER-STOKES-LIKE . . . 2371

which has an analogous interpretation to (21). (For de-
tails cf. Ref. [2].) Note that, according to (27d), “the
velocity of the slow car is unaffected by the interaction
or by the fact of being passed” [2] and that “no driver
changes his desired speed” [2] during interactions. There-
fore, the interaction term (27d) fulfills the requirements
called for by Daganzo [51]

(1) that “a car is an anisotropic particle that mostly re-
sponds to frontal stimuli” [51] and that “a slow car should
be virtually unaffected by its interaction with faster cars
passing it (or queueing behind it)” [51];

(2) that “interactions do not change the ‘personality’
(aggressive/timid) of any car” [51].

Finally, note that the proportion of vehicles jamming
behind slower cars cannot accelerate. This circumstance
can be taken into account by a density and maybe veloc-
ity or variance dependence of the relaxation time [4,3,75]:

T=1(p,V,0). (28)

In order to compare Paveri-Fontana’s traffic equation
with Prigogine’s we integrate Eq. (27) with respect to
vo and obtain the reduced Paveri-Fontana equation

8p  O(vp) 0 Vo(v;r,t) —v
5T o T {p(”’t) p ]

= (1-p)p(r,v,t) /O°° dw (w — v)p(r,w,t). (29)

Here, we have introduced the reduced phase-space density

p(r,v,t) := /dvo p(r,v,vo,t) (30)
and the quantity
p(r,v,vo,t
o(v;m,t) /d’vovo ~(rvot)) (31)

The only difference with respect to Prigogine’s formula-
tion (20)—(26) is obviously the other relaxation term.

IV. DERIVATION OF MACROSCOPIC TRAFFIC
EQUATIONS

Since we are mainly interested in the temporal evolu-
tion of collective (macroscopic) quantities like the spatial
density

t) :/dvﬁ(r,v,t) (32)

per lane, the average velocity

A(r,v,t)

('r t) (33)

V(rt)z()::/dv

and the velocity variance

O(r,t)

Il

- £)
v —V(r,t))? ::/dv v—V(rt 2P0, 1)
(fo —Vr, )% = VARt
= (V%) — [V(r,1))? (34)
we will now derive equations for the moments my o with

me(r,t) = p(r, t)(v*(vo)")

:/dv/dvovk(vo)lﬁ(r,v,vo,t). (35)

By multiplying Paveri-Fontana’s equation (29) with v*
and integrating with respect to v we obtain [2], via partial
integration,

) d 0 [ Vo(w)—v
510 T 5 Mk, +/dvv 0 (P -

o 0 _ Vo(v) — v
= 3¢k + Gy THk+1,0 = /dv kvk—t (PO—(%*—>

k

=5 mMg,0 + ar A Mk+1,0 — 7_(mle—l,l — Mi,0) (36a)
=(1 —p)/dv ﬁ(r,v,t)/dw (wv* — ¥ 1) j(r, w, t)
= (1 —p)(m1,0Mr,0 — Mk+1,0M0,0) - (36b)

Applying the analogous procedure to Prigogine’s model
(20)—(26), for the moments

my o(r,t) = p(r t)(v

/dvvprvt) (37)

one can derive the equations

—Mgo+ —Mm
ot k0 T 5 k41,0

1
= ;(mo,k — M)
+(1 — p)(m1,0mk,0 — Mi+1,0M0,0) (38)

(cf. [2]) where
mo(rit) i= [ doo (v0)*o(r, 00,1

- / dve (v0)* Po(vo) - (39)

A comparison of moment equations (36) with (38) shows
that Prigogine’s and Paveri-Fontana’s model lead to iden-
tical equations for spatial density p(r,t) = moo(r,t) and
average velocity V(r,t) = mqo(r,t)/p(r,t), despite the
different approaches for the relaxation term. However,
the equations for higher-order moments mg,o(r,t) with
k > 2 differ.

Obviously, Egs. (36) as well as (38) represent a hierar-
chy of nonclosed equations since the equation for the kth
moment myg o depends on the (k + 1)st moment my410.
As a consequence, the density equation
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Op  O(pV) _ 0 In addition, we have introduced the fluz density of veloc-
ot + ar (40) ity variance

depends on the average velocity V', the velocity equation

2% ov 10(p©) 1

= = -z Vo =V)=(1—

ot +V8r p Or +T(0 V) - (1-p)r®
10P 1
—=2l 4 [Ve(p V,0) -
otV vie) -V ()

on variance ©, etc. Here, we have introduced the average
desired velocity

Vo(r,t) —/dv/dvov plr,v, ’;‘;’t), (42)

the so-called traffic pressure [25,3,71]

(r, pE) / dv (v —

x /dw (v — w)3(r, w, )

/d'u v—V

and the equilibrium velocity

P(r,t) := p(r,v,t)

2p(ryv,t) = p(r,t)O(r,t), (43)

‘/;(pa ‘/) @) = VO - T(p, V’G)[l —p(p, V7 @)]P (44)

which is related to stationary and spatially homogeneous
traffic flow.

Equations (40) and (41) are easily derivable from the
moment equations (36) and (38), respectively, by use of
mo,0 = p and

8m1,0 _ a(pV) B_V + Vap

ot ot P ot ot

(45)

The variance equation is obtained analogously. For the
traffic equation of Paveri-Fontana it reads

060 00 oV 19(pl')
ot Vgr_ —20 or p Or
2
+-(€=0)~ (1—p)pl
_ v 107
p Or por
2
+;[®e(pa‘/a®acat7) _@] (46)

and depends on the covariance
C(r,t) = ((v—V)(vo — Vo))

/dvo/dv (v — V) (vo — Vo) L1220 1) Z’r’;‘;’t)

p(r,v,t)

(1) (47)

= [av@-)lFa(w) - val 272
as well as the third central moment

D(r) = (v — V)?) = /dv (v — V)3ﬁ7()%£)t—) . (48)

J(r,t) := ! ) /dv (v —V)2p(r,v,t)

p(r,t

X /dw (v — w)p(r,w,t)
= /dv (v —=V)3p(r,v,t) = p(r,t)T(r,t)  (49)

(which corresponds to the “heat flow” in conventional
fluid dynamics) and the equilibrium variance

_7(pV.0)

@e(P,Va@aC,j) =C 2 [

-p(p,V, CHINV
(50)

A. Approximate closed macroscopic traffic equations

We will now face the problem of closing the hierarchy
of moment equations by a suitable approximation. The
simplest approximations replace a macroscopic quantity
Q(r,t) (which would be determined by a dynamic equa-
tion) by its equilibrium value Q. which belongs to the
stationary and spatially homogeneous solution. Approx-
imations of this kind are zeroth-order approximations.
The simplest one is obtained by a substitution of V(r,t)
[which actually obeys Eq. (41)] by the equilibrium veloc-
ity

Ve(p) = Vo — 7(p)[1 — p(p)]pOc(p) (51)

[cf. (44)]. Equations (40) and (51) obviously correspond
to the model (1) and (2) of Lighthill and Whitham. Re-
lation (51) specifies the equilibrium velocity-density rela-
tion (2) in accordance with Paveri-Fontana’s traffic equa-
tion. It could be interpreted as a theoretical result con-
cerning the dependence of V.(p) on the microscopic pro-
cesses of traffic flow: According to (51), the equilibrium
velocity V.(p) is given by the average desired velocity Vg
diminished by a term arising from necessary deceleration
maneuvers due to interactions of vehicles.

However, according to Eq. (41), the approximation
V(r,t) = Ve[p(r,t)] is only justified for 7 — 0 which is
not compatible with empirical data. Consequently, the
latter does not adequately describe nonequilibrium sit-
uations like on-ramp traffic or stop-and-go traffic where
the velocity is not uniquely given by the spatial density
p(r,t).

Another zeroth-order approximation is found by leav-
ing Eq. (41) unchanged but replacing the dynamic vari-
ance O(r,t) by the equilibrium variance

T(p, V)
2

Oc(p, V) :=Ce(p, V) — V)lpLe(p, V)

(52)

1 - p(p,

[cf. (50)]. (Here, the subscript e again indicates the
equilibrium value or relation of a function.) The result-
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ing model (40), (41), and (52) obviously corresponds to
the model (1) and (11) of Phillips, this time specifying
the equilibrium variance-density relation in accordance
with Paveri-Fontana’s traffic model. A complete agree-
ment between (52) and (11b) results for Cc(p, V') = Cc(p),
Le(p, V) = Te(p), and a special choice of the functional
relation 7(p, V)[1 — p(p, V)] = 7(p)[1 — p(p)]-

However, it is not fully justified to assume that the
variance O(r,t) is always in equilibrium ©.(p, V), since
the corresponding relaxation time 2/7 is of the order of
the relaxation time 1/7 for the velocity V (r,t). Moreover,
the approximation ©(r,t) =~ O.[p(r,t),V(r,t)] does not
describe the empirically observed increase of variance ©
directly before a traffic jam develops [43,5]. Therefore
we also need the dynamic variance equation (46). The
remaining problem is how to obtain suitable relations for
I'(r,t) and C(r,t).

B. Euler-like traffic equations

Before looking for dynamic relations for I'(r,t) and
C(r,t), it is plausible first to look for equilibrium rela-
tions which apply to stationary and spatially homoge-
neous traffic. For this purpose we require the equilib-
rium solution g.(v,vo) of Paveri-Fontana’s traffic equa-
tion (27).

Unfortunately, it seems impossible to find an analytical
expression for p(v,vg), but in order to derive equations
for the velocity moments (v*) we are mainly interested
in, it is sufficient to find the stationary and spatially ho-
mogeneous solution p.(v) of the reduced Paveri-Fontana
equation (29). For this we need to know the relation

= ’j__e[(al -1)+ (2(12 -

+ (kak ~ e,

é _(1 - p)ﬁepe dv.

A comparison of the coefficients of (§v)* in (59a) and
(59b) leads to
an =0, a; =1, (60)

an-1 =0, az =0,

and
ag = V:z + T(l - P)Pe(")e =W ) (61)

where we have utilized relation (44) with (43). Conse-
quently, for equilibrium situations the velocity distribu-
tion (57) implies
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VO(’U) =ap+ a; ov + as (51})2 +--4a, ((S,U)n (53)
with

bvi=v-V (54)

and arbitrary n. However, the equation that determines
Vo(v) depends on the unknown quantity

Oo(v) := /dvo (vo — VO)ZMv (55)

pe(v)

etc., so that we are again confronted with a nonclosed
hierarchy of equations.

Luckily, from empirical data and microsimulations we
know that the equilibrium velocity distribution

P.(v) := pe(v)

(at least in the range of stable traffic without stop-
and-go waves) is approximately a Gaussian distribution
[60,61,3,62,33]:

P.(v) = g e TV 000. (57)
Inserting (53) and (57) into the equation
a (. Vo(w)—v 3
T 522 7YY = (1= p)fepe 58
B (p - (1 = P)pepe 6v (58)

which corresponds to Eq. (29) in the stationary and spa-
tially homogeneous case, we find the condition

)

5o o

ov

“1@: 1) (6v)2 - --

k—z) (Sv)e=t... — Z)_el (6v)™ — 9—7; (6v)"+1] (59a)
(59b)

-
‘70(1)) = Vo + ov. (62)

With (57) and (62) we can now derive equilibrium re-
lations for C and I'. One obtains

'e=0 (63)
and
(64)

Next, we are looking for relations for nonequilibrium
cases. Assuming that the velocity distribution
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p(r,v,t)
p(r,t)
locally approaches the equilibrium distribution

P.[V(r,t),O(r,t)] very rapidly, we can apply the zeroth-
order approximation of local equilibrium:

P(v;r,t) := (65)

P(v;r,t) = Py(v;r,t)
Pe[V(r,t),0(r, )]
= 1 o~V (nt)]*/[20(rt)]

\/27O(r,t) € ’ (66)

Furthermore, in order to fulfill the compatibility condi-
tion

C(ryt) = /dv[v —V(r, )][vo — Vo(vs, )] P(v;r, ) (67)

[cf. (47)], we must generalize relation (62) to

C(r,t)

-V
°t B0t

Vo(v;r,t) dv (68)
which is fully consistent with (64). Relations (66) and
(68) yield zeroth-order relations for the spatiotemporal
variation of C(r,t) and J(r,t). For the flux density of
the velocity variance we find

j(?‘, t) ~ ‘7(0) (p7 Vv 9) = pF(O) (pv Va 6) =0, (69)
whereas for the covariance the dynamic equation
ac ac oV oV
it — — _-C— - 0— Qg —C
otV or ar 7 ( 0 =)

—2(1 - p)pcv/; (70)

can be derived from the Paveri-Fontana equation (27)
since

/dv/dvo ((5v)25voﬁ(r,v,v0,t)

- / dv (80)2[Vo(v) — Vola(r, v,t)
/dv(gv) ¢ (rvt)—J— (71)

(6ve := vo — Vp). (The somewhat lengthy but straight-
forward calculation is presented in Ref. [79].)

In the zeroth-order covariance equation (70) the quan-
tity

Oo(r,t) i= / dv / dvo [vo — Vo (r, t)]?%l (72)

denotes the wariance of desired velocities. The term
—©09Vp/8r normally vanishes since the average desired
velocity Vj is approximately constant almost everywhere
(cf. [77]). Due to (64), the equilibrium variance related
to stationary and homogeneous traffic is obviously deter-
mined by the implicit relation
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®e(pea Vvey @e) = Ce(pe,Ve-za G)e)

=0y — 27(1 — p)p.O, % . (73)

Inserting the above results into Egs. (40), (41), and
(46), we obtain the following zeroth-order approxima-
tions of the density, velocity, and variance equations re-
spectively:

O , 00 __ 0V

ot Var - Por (74)
v 8V 18(p®)
- - = Vo—-V 1-—
8t+V8'r p Or t7 ( )= (1 -p)e®
1P 1
= ——Qa *‘/e 7V7@ _V,
L e -, ()
o0 90 ov 2
2776V 2

Equations (74), (75), and (76) are the Euler-like equa-
tions of vehicular traffic [58]. In comparison with the
Euler equations for ordinary fluids [52-55] they contain
additional terms.

(1) The terms (Vo — V)/7 and 2(C — ©)/7 arise from
the acceleration of vehicles towards the drivers’ desired
velocities vy, i.e., they are a consequence of the fact that
driver-vehicle units are active systems.

(2) The term —(1 — p)pO results from the vehicles’
interactions. It would vanish if momentum were a col-
lisional invariant during vehicular interactions as is the
case for atomic collisions [74]. However, without this
term the “vehicular fluid” would speed up at bottlenecks
which is, of course, unrealistic.

Moreover, the covariance equation (70) is a comple-
mentary equation which arises from the drivers’ tendency
to move with their desired velocities vg.

C. Equilibrium relations and fundamental diagram

For vehicular traffic, the only dynamic quantity that
remains unchanged in a closed system (i.e., a circular
road) is the average spatial density p (due to the conser-
vation of the number of vehicles). As a consequence, the
equilibrium traffic situation is uniquely determined by p
which obviously agrees with the equilibrium density pe.
Equilibrium relations for the average velocity V.(pe) and
the velocity variance @.(pe) in dependence on p. = p
can be obtained from Eqs. (44) and (73) if the relations
p(p,V,©) and 7(p,V,0) are given (cf. [4,3]). A simple
procedure for finding a solution of these implicit equa-
tions is to numerically integrate the equations

dav

¥ = Ve(pea

dy V(y),0(y)) — V(y)

= VO""T(peyva 9)[1 —p(peav1®)]ge®—va (77)
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& = Oc(pe,V(9),0(y)) — O(y)

:90_2T(pe’v’9)[1_p(peava@)]gee)\/-g_e
(78)

until dV/dy = 0 and d®/dy = 0. Here, we have replaced
Pe by 0e = pe(pe, V) in accordance with Sec. VIIB in
order to take into account the space requirements of vehi-
cles. The theoretical results for the equilibrium velocity-
density relation V.(p.) = limy_,o V(y), the equilibrium
variance-density relation O (pe) = limy_,o, ©(y), and the
fundamental diagram

QE(pe) = pe‘/::(pe) (79)

can be directly compared with empirical data.

If, however, p(p,V,0®) or 7(p,V,©®) is an unknown re-
lation, it is still possible to derive from the fundamental
diagram g.(pe) the equilibrium variance-density relation
Oc(pe) for which an empirical relation seems to be miss-
ing. From (77) and (79) we get

7(1 = P)ee®Oc(pe) = Vo — Ve(pe) = Vo — % . (80)

e

Inserting this into (73) we find

2375
Oc(pe) = —VO _\/‘;‘f(pe) + \/[VO - Ze(pe)]z +0,.
(82)

V. APPROXIMATE SOLUTION OF
PAVERI-FONTANA'’S TRAFFIC EQUATION

The traffic equation of Paveri-Fontana was mathemat-
ically investigated in several papers dealing with the exis-
tence, uniqueness, and numerical determination of a solu-
tion which satisfies the nonlinear initial-value boundary
problem [80-82]. However, the approximate dynamic so-
lution of the reduced Paveri-Fontana equation (29) which
will be presented in this section has not been proposed
before to our knowledge.

As one would expect, in nonequilibrium situations the
zeroth-order approximation (66) does not solve the re-
duced Paveri-Fontana equation (29) exactly. Therefore,
we write

p(r,v,t) =: poy(r,v,t) + p(1)(r,v,t) (83)
with

,5(0) (Ta v, t) = p(’l‘, t)P(O) (’U; L) t)
— _pmt) =V (rt)]?/[20(r1)] (84)

- £/ 27O(r,t)

O.(pe) = O¢ — 27(1 — P)0eOc(pe) Oc(pc) and try to derive a relation for the deviation fy)(r,v,t).
7r Utilizing the fact that the correction term 5y (r, v, t) will
= @0 — 2[Vo — Va(pe)] 667(:)8) ' (81) usually be small compared to p(g)(r,v,t) we have
: : : : p)(7;v,t) K pioy(r, v, ¢) (85)
This results in a quadratic equation for the standard de-
viation \/ée—(p:) of vehicle velocities which is solved by and we get
J
9 , 9 0 [ Vow)—v\) _ 9w 9o , 8 Vo(v) — v
8t+v6r+8v< T ot Vo T \POT 7
9 , b | Vo(v) —v b Ao (Vo(v)
= PO (2240 4.
ot or + T v + T ov (86)

(For a detailled discussion of this approximation cf.
[52,53,55].) Now, introducing the abbreviation

d &8 3
we can write
9 , 9P _ b
ot ar — dt
_ b dp 9P dV | 9p() d®
T 8p dt 8V dt 80 dt
_Podp | PO dV

p dt | O T dt

o ((Bv)° 1Y 4O
+2®( o 1) 4 (88)

Relations for dp/dt, dV/dt, and d©/dt can be obtained
from the Euler-like equations (74), (75), and (76) via

d 0 1s] 0
We find
dpo . Op )%
at = or  Par (90a)
av._ 9V 190(pO) 1
ikl o o + T[Ve(PaV,@) - V], (90b)
and
doe 00 ov 2
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For the interaction term we apply a linear approximation

in p()(r,v,t) which is justified by relation (85). The
result is
(1 =p)p(r,v,t) /dw (w — v)p(r,w,t)
= (1 =p)p(o)(r,v,t)p(V —v)
—/de(v,w;r,t)ﬁ(l)(r,w,t) (91a)

where we have introduced a linear operator L with the
components

L(v,w;n,t) := (1 —p)p(r,t){[v — V(r,t)]6(v — w)
+Po)(v;myt) (v —w)}. (91b)

Here, 6(v — w) denotes Dirac’s delta function. The lin-
ear operator L possesses an infinite number of eigenval-
ues 1/7, (cf. [55,83-86]). The relevant eigenvalue is the
smallest one since it characterizes temporal changes that
take place on the time scale we are interested in. It is

|

T ov T

Vo(v) — v 8p(0) ) (affo(v)

Inserting (86), (88

5 ~ —rpd PO (5,90 _ OV P<o>
Py (r0,1) ~ 7'0{ : (‘”’ar pikd v

P(0) ((51))2 8@ v
2 202"
*t20 ( ® ov ar T 7
N (8v)*  36v 90
TP\ 202 T 20 ) or -

Obviously, the correction term p(;)(r,v,t) is a conse-
quence of the finite interaction free time 7o which causes
a delayed adjustment of p(r,v,t) to the local equilibrium
p(oy(r,v,t). However, in order to take into account the
effects of finite reaction time and braking time we must
add a time period 7/ > 0 to the interaction free time 7.
Hence, 79 must be replaced by the adaptation time

Te=To+ 7. (94)

2)—(ve—

), and (90)—(92) into the reduced Paveri-Fontana equation (29) we finally obtain
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of the order of the average interaction rate per vehicle
[53,52,54]

1 1-p s -
o = o) /dv /w<vdw|w v|p(r, w,t)p(r, v, t)
=~ (1—p)p(r,t)/d’v

X dw |w — v|Poy(w; r,t) Py (v; 7, t)

w<v

=(1- P)P(T’t)\/g :

The other eigenvalues are somewhat larger [55,83-86]
(ie., T, < 7o for p # 0) and they describe fast fluctu-
ations which can be adiabatically eliminated [78]. As a
consequence, we can make the so-called relazation time
approzimation [87)

(91¢c)

- 1) — (1 - p)Boyp(V — v)

p k) 7t
/dw L(v,w;r,t)p1)(r, w,t) = M . (91d)
0

Now, we calculate
ﬁ(o) c -
| =-1 - é

- (@ ) + (1 = p)hoyp dv

V)&v] . (92)

00 1

8V ® dp + i -
T e

Yor p Or ar

o)A 1524 -0) )

(93)
VI. NAVIER-STOKES-LIKE TRAFFIC
EQUATIONS
With the corrected phase-space density
p(r,v,t) = poy(r,v,t) + p1y(r,v,t)
~ ,5(0)(1',11,t) [1 — Tw ((262))23 — %ﬁ) C:;—?] (95)
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we can calculate corrected relations for_ the collective
(macroscopic) quantities

F(r,t) = (f(v)) := / dv f(w) 2221

p(r,t)
~ F(O)(T‘, t) + F(l)(T', t) (96)
where
Fort) = (0o = [0 28020 o)
We find
p(T, t) ~ P(0) (Ta t) ) V(T‘, t) ~ I/(0) (7" t) )
O(r,t) = @(0)(1", t), P(r,t) = 'P(O)(r, t), (98)
and
C(T, t) ~ C(O) (1‘, t) . (99)

However, for the flux density of the velocity variance we
get

00
J(Ty t) ~ J(l)(p11/1 @) = pF(l)(pa V,@) = _’{E ’

(100)
where
K := 3p7,©O (101)

is called a kinetic coefficient. Therefore, the macroscopic
traffic equations (40), (41), and (46) assume the forms

dp | 9(pV)
- = 1
ot or 0, (102)
1% ov 1P 1
e — =—=—+ =[Ve(p,V,0) = V], 103
8t+V8r p87‘+'r[ (p ) ] (103)
and
00, 00 _ 2P0V 10 ( 00
ot or p Or ' por or

120 +1-pro.
(104)

Additionally, the corrected covariance equation becomes

+1lep,v,0,0)— o)+ LoD 20
(105)
with the kinetic coeflicient
¢:= n£ = 3p7.C (106)
<]

and the equilibrium covariance
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Ce(p,V,0,C) := 09 — 27(1 —p)pC\/g. (107)
(For a detailed derivation of (105)—(107) cf. Ref. [79].)

Equations (102), (103), and (104) are the Navier-
Stokes-like traffic equations [58]. Compared with the
Navier-Stokes equations for ordinary fluids they possess
the additional terms (V. — V) /7 and 2(©, — ©)/7 with
O, =C + (7/2)(1 — p)kBO/Ir which are due to acceler-
ation and interaction processes. Because of the spatial
one-dimensionality of the considered traffic equations,
the velocity equation (103) does not include a shear vis-
cosity term (1/p)0/0r(voOV/Ir). The variance equation
(104) is related to the equation of heat conduction. How-
ever, © does not have the interpretation of “heat” but
only of velocity variance here. Finally, the Navier-Stokes-
like traffic equations are complemented by the additional
covariance equation (105) arising from the tendency of
drivers to get ahead with a certain desired velocity vo.

We recognize that the first-order macroscopic traffic
equations (102), (103), (104), and (105) build a closed
system of equations. Moreover, according to (98), the
relations for the spatial density, average velocity, veloc-
ity variance, and traffic pressure did not change. In this
sense, the chosen Chapman-Enskog method for closing
the hierarchy of macroscopic equations is consistent with
its assumption, according to which only the expressions
for the flux density of the velocity variance J = pI" and
the covariance C were to be improved by the nonequilib-
rium correction ﬁ(l)(r,v, t). However, note that another
relation for V5(v) than (68) would have led to modifica-
tions of p, V, and/or ©.

We also recognize that the finite adaptation time 7.
for approaching the equilibrium distribution (66) causes
a finite skewness

— r — J — K 3_@_-37'*3_@ (108)
VT @2 T 082 T T p0%/2 ar | o or

of the nonequilibrium velocity distribution
p b ) t p b b t

P(v;r,t) = P, ) + Py, v, 0) . (109)

p(r;t)
This leads to the so-called transport terms
00 00
—I{E and — E . (110)

The effect of these terms in Eqs. (104) and (105) is to
smooth out sudden changes of variance and covariance
via the second spatial derivatives of ©(r,t), namely,

9 (.90 a  2(c0°
or \"or an ar \"or ) -

VII. CORRECTIONS OF THE MODEL

(111)

A. Driver behavior and bulk viscosity

We remember that the term —(1/p)9P/0r describes
an anticipation effect. It reflects that drivers accelerate
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when the traffic pressure P = p© lessens, i.e., when the
density p or the variance © decreases. However, drivers
additionally react to a spatial change of average veloc-
ity. This effect can be modeled by the modified pressure
relation

ov

(112)
which gives velocity equation (103) a similar form to the
variance equation (104) and covariance equation (105).

In order to present reasons for relation (112) let us
assume that drivers switch between two driving modes
m € {1,2} depending on the traffic situation. Let m =1
characterize a brisk and m = 2 describe a careful driving
mode. Then we can split the density p(r,t) into partial
densities p,,(7,t) that delineate drivers who are in state
m:

p1(7', t) + p2(r, t) = p("" t). (113)

Both densities are governed by a continuity equation, but
this time we have transitions between the two driving
modes with a rate R(p;, V') so that

Opr _ 90 -

B = o (p1V) — R(p1,V), (114a)
8,02 _ (9

Bt = or (p2V) + R(p — p2, V). (114b)

Adding both equations we see that the original continuity
equation (102) is still valid. Now, defining the substantial
time derivative

D 0 7]

Z =2 v 115
Dt "o or (115)
we can rewrite (114a) and obtain
Dp1 oV
——— =—-p;— —R V). 116
Dy = P~ BlenV) (116)

D /Dt describes temporal changes in a coordinate system
that moves with velocity V. Assuming that p; relaxes
rapidly we can apply the adiabatic approximation [78]

D_p1 ~0
Dt

which is valid on the slow time scale of the macroscopic
changes of traffic flow. This leads to
ov
R V)~ —p1—7—.
(pla ) P1 (97‘
Relation (117) implies that the density p; of briskly be-
having drivers is approximately constant in the moving
coordinate system whereas the density p; = p — p; of
carefully behaving drivers varies with the traffic situa-
tion:

(117)

(118)
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Dp2 -~ ov

o A
p2 increases when the average velocity spatially decreases
(0V/8r < 0) since this may indicate a critical traffic sit-
uation.

According to relations (114) and (118) incessant tran-
sitions between the two driving modes take place as
long as traffic flow is spatially nonhomogeneous (i.e.,
OV /Or # 0). This leads to corrections of the pressure
relation. Expanding P with respect to the variable R
which characterizes the disequilibrium between the two
driving modes we find [74]

(119)

P(p,0,R) =P(p,0,0) — g—z R:Opl?al:- +---. (120)
With the equilibrium relation P(p, ©,0) = p© and
n:=p1 g—z - (121)
we finally obtain the desired result
P(p,©,R) = P(p,V,0) = pO© — n%L: . (122)

A more detailed discussion can be found in Ref. [74].

B. Modifications due to finite space requirements

We will now introduce some corrections that are due to
the fact that vehicles are not pointlike objects but need,
on average, a space of

s(V)y=1+VT (123)
each. Here, | > [y is about the average vehicle length
whereas VT corresponds to the safe distance each driver
should keep to the next vehicle ahead. T is about the
reaction time. Consequently, if AN(r,t) := p(r,t) Ar
means the number of vehicles that are at a place between
r — Ar/2 and r + Ar/2, the effective density is

_ AN(r,t) _ p(r,t)
Ar — AN(r,t)s[V(r,t)] 1 - p(r,t)s[V(r,t)] "
(124)

o(r, 1)

Since AN(r,t)s(V) is the space which is occupied by
AN (r,t) vehicles, the effective density is the num-
ber AN(r,t) of vehicles per effective free space Ar —
AN (r,t)s(V).

The reduction of available space by the vehicles leads
to an increase of their interaction rate. Therefore we have

(%) = (1—P)/ dw/dwo |lv — w|é(r, v, wo, t)p(r, w, vo, t)
tr v

—(1-p) / dw/dwo |lw — v|g(r, w, wo, t) p(r,v,vo, t)
0

(125)
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with
3(r, v, vo, £) 1= — LT ¥2v0:1) (126)
o v, b= T p(r,t)s[V(r,t)]
Consequently, we obtain the corrected relation
1 (S]
— = (1 - —. 127
==y (127) ,
In addition, we must replace P and J by
P J
! = : d ! DT 128
P 1—ps(V) an 7 1—ps(V)’ (128)

respectively [76]. For the kinetic coefficients 7, x, and ¢
we obtain the corrected relations

! U ’. K

_ — _— T = 3 *@,
" 1—ps(V)’ * 1—ps(V) en
and ¢ = ¢ = 3p7:C. (129)
1—ps(V)
The corrected formula
p©
O= ——
o 1—ps(V) (130)

for the equilibrium pressure corresponds to the pressure
relation of van der Waals for a “real gas.” According to
(130), the traffic pressure diverges for p — pmax := 1/1
which causes a deceleration of vehicles.

The corrected kinetic coefficients 7'(p,V,®),
K'(p,V,0©), and {'(p,V,0,C) also diverge for p — pmax
[76]. We find, for example,

_ 3p7'®
T 1-ps(V)

so that the divergence of k' is a consequence of the
finite reaction and braking time 7’. This divergence
causes a homogenization of traffic flow since the second
spatial derivatives 8/8r(ndV/dr), 8/0r(k8©/8r), and
0/0r(¢0©/8r) produce a spatial smoothing of the av-
erage velocity V, variance ©, and covariance C, respec-
tively.

It is the divergence of traffic pressure and kinetic coef-
ficients for p — pmax that prevents the spatial density p
from exceeding the maximum density pmax [5].

1 PR Pmax 3 /e

K (131)

VIII. SUMMARY AND OUTLOOK

This paper started with a discussion of the most
widespread macroscopic traffic models. Each of them
is suitable for the description of certain traffic situations
on freeways but fails for others. Therefore, an improved
fluid-dynamic model was derived from the gas-kinetic
traffic equation of Paveri-Fontana [2] which is very well
justified and does not show the peculiar properties of Pri-
gogine’s Boltzmann-like approach [4].

For the derivation of the improved traffic model, mo-
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ment equations for collective (macroscopic) quantities
like the spatial density, average velocity, and velocity
variance had to be calculated. The system of macroscopic
equations turned out to be nonclosed so that a suit-
able approximation was necessary. Here, the well proved
Chapman-Enskog method was applied. In zeroth-order
approximation the velocity distribution is assumed to be
in local equilibrium. According to empirical data, the lat-
ter is characterized by a Gaussian velocity distribution.
Depending on the respective kind of zeroth-order approx-
imation one arrives at the Lighthill-Whitham model [10],
the model of Phillips [3,71], or the Euler-like traffic equa-
tions.

For the derivation of a first-order approximation, the
reduced Paveri-Fontana equation was linearized around
the local equilibrium solution and solved by application
of the Euler-like traffic equations. The resulting correc-
tion term for the nonequilibrium velocity distribution al-
lowed the calculation of additional transport terms which
describe the flux density of velocity variance and covari-
ance in spatially nonhomogeneous situations. They are
related to a finite skewness of the velocity distribution.
The shear-viscosity term vanishes because of the one-
dimensionality of the considered traffic equations. Nev-
ertheless, a bulk-viscosity term results from transitions
between two different driving modes: a brisk and a care-
ful one.

The resulting Navier-Stokes-like traffic equations were
finally corrected in order to take into account the finite
space requirements of vehicles. They overcome the defi-
ciencies of the former macroscopic traffic models so that
the criticism by Daganzo [51] and others could be inval-
idated.

(1) The anticipation term which, in other models, is
responsible for the prediction of negative velocities van-
ishes in problematic situations like the one described at
the end of Sec. II since the variance becomes zero then.

(2) The density p(r,t) does not exceed the maximum
admissible density pp, (= bumper-to-bumper density) [5]
since the diverging viscosity term causes a homogeniza-
tion of traffic flow and the diverging traffic pressure sup-
presses an unrealistic growth of velocity which stops fur-
ther increase of traffic density.

(3) The model takes into account different driving
styles by a distribution of desired velocities vo which are
directly associated with the individual drivers. An exten-
sion of the Navier-Stokes-like traffic equations to different
vehicle types (cars and trucks) is possible [88].

(4) The interaction between drivers is modeled
anisotropically since the slower vehicle is assumed not
to be affected by a faster vehicle behind it or overtaking
it.

(5) According to the Navier-Stokes-like equations, dis-
turbances may propagate with a velocity ¢ > V since a
certain proportion of vehicles moves faster than the av-
erage velocity V' due to the finite velocity variance ©.
Therefore, in contrast to what was claimed by Daganzo
[51], it is admissible that macroscopic traffic models “ex-
hibit one characteristic speed greater than the macro-
scopic fluid velocity” [51,89].
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Present investigations focus on the computer simula-
tion of the Navier-Stokes-like traffic equations. This work
has already been successfully started for a circular road
[5,90] and is now extended to complex freeway networks.

Moreover, the gas-kinetic and Navier-Stokes-like traffic
models can be generalized to models for multilane traffic
where overtaking and lane changing are explicitly taken

into account [88]. By this method, formulas for the rela-
tions 7(p, V, ©) and p(p,V, ®) can be derived [91].

ACKNOWLEDGMENTS

The author wants to thank M. Hilliges, R. Kiihne, and
P. Konhiuser for valuable and inspiring discussions.

[1] P. Nelson, Transp. Theory Stat. Phys. 24, 383 (1995).

[2] S. L. Paveri-Fontana, Transp. Res. 9, 225 (1975).

[3] W. F. Phillips, Report No. DOT/RSPD/DPB/50-77/17,
National Technical Information Service, Springfield, VA
22161, 1977 (unpublished).

[4] I. Prigogine and R. Herman, Kinetic Theory of Vehicular
Traffic (American Elsevier, New York, 1971).

[6] D. Helbing, Phys. Rev. E 51, 3164 (1995).

[6] M. Hilliges, Transp. Res. B 29, 407 (1995).

[7] M. Hilliges, R. Reiner, and W. Weidlich, in Modelling and
Simulation 1993, edited by A. Pave (Society for Com-
puter Simulation International, Ghent, Belgium, 1993).

[8] B. S. Kerner and P. Konhiuser, Phys. Rev. E 48, 2335

(1993).

[9] B. S. Kerner and P. Konhiuser, Phys. Rev. E 50, 54
(1994).

[10] M. J. Lighthill and G. B. Whitham, Proc. R. Soc. A 229,
317 (1955).

[11] K. Nagel and M. Schreckenberg, J. Phys. (France) I 2,
2221 (1992).

[12] J. A. Cuesta, F. C. Martinez, J. M. Molera, and A.
Sanchez, Phys. Rev. E. 48, 4175 (1993).

[13] T. Nagatani, Phys. Rev. E 48, 3290 (1993).

[14] O. Biham, A. A. Middleton, and D. Levine, Phys. Rev.
A 48, 6124 (1992).

[15] P. I. Richards, Oper. Res. 4, 42 (1956).

[16] A. Reuschel, Osterr. Ing.-Arch. 4, 193 (1950).

[17] A. Reuschel, Z. Osterr. Ing. Archit. Ver. 95, 59 (1950);
95, 73 (1950).

[18] L. A. Pipes, J. Appl. Phys. 24, 274 (1953).

[19] R. E. Chandler, R. Herman, and E. W. Montroll, Oper.
Res. 6, 165 (1958).

[20] R. Herman, E. W. Montroll, R. B. Potts, and R. W.
Rothery, Oper. Res. 7, 86 (1959).

[21] D. C. Gazis, R. Herman, and R. B. Potts, Oper. Res. 7,
499 (1959).

[22] G. F. Newell, Oper. Res. 9, 209 (1961).

[23] D. C. Gazis, R. Herman, and R. W. Rothery, Oper. Res.
9, 545 (1961).

[24] I. Prigogine and F. C. Andrews, Oper. Res. 8, 789 (1960).

[25] 1. Prigogine, in Theory of Traffic Flow, edited by R. Her-
man (Elsevier, Amsterdam, 1961).

[26] E. Alberti and G. Belli, Transp. Res. 12, 33 (1978).

[27] D. R. P. Gibson, in Special Report 194, edited by B. J.
Vumbaco (National Academy of Sciences, Washington,
DC 1981).

[28] A. D. May, in Special Report 194 [27].

[29] H. J. Payne, Transp. Res. Rec. 722, 68 (1979).

[30] M. Cremer and A. D. May, Institute of Transportation
Studies, University of California, Berkeley Research Re-
port UCB-ITS-RR-85-7, 1985 (unpublished).

[31] R. D. Kithne and M. B. Rédiger, in Proceedings of the

1991 Winter Simulation Conference, edited by B. L. Nel-
son, W. D. Kelton, and G. M. Clark (Society for Com-
puter Simulation International, San Diego, 1991).

[32) B. S. Kerner and P. Konhauser, in Simulation von
Verkehrssystemen, edited by K.-H. Miinch (ASIM Ar-
beitskreis, Braunschweig, 1993).

[33] A. Alvarez, J. J. Brey, and J. M. Casado, Transp. Res.
B 24, 193 (1990).

[34] A. K. Rathi and A. J. Santiago, Traffic Eng. Control 31,
317 (1990); 31, 351 (1990).

[35] R. Wiedemann, Simulation des Strafienverkehrsflusses
(Institut fiir Verkehrswesen, Karlsruhe, 1974), Vol. 8.

[36] D. A. Wicks and E. B. Lieberman, Development and
Testing of INTRAS, A Microscopic Freeway Simulation
Model (Federal Highway Administration, Washington,
DC, 1977), Vols. 1-4.

[37] M. Cremer and J. Ludwig, Math. Comput. Simulation
28, 297 (1986).

[38] K. Nagel and A. Schleicher, Parallel Comput. 20, 125
(1994).

[39] K. Nagel and S. Rasmussen, in Proceedings of the Alife 4
Meeting, edited by R. Brooks and P. Maes (MIT Press,
Cambridge, MA, 1994).

[40] R. Wiedemann and T. Schwerdtfeger, Straflenbau und
Strafenverkehrstechnik (Bundesminister fiir Verkehr,
Abteilung Straflenbau, Bonn, Germany, 1987), Vol. 500.

[41] H. J. Payne, in Mathematical Models of Public Systems,
edited by G. A. Bekey (Simulation Council, La Jolla,
1971), Vol. 1.

[42] M. Papageorgiou, Applications of Automatic Control
Concepts to Traffic Flow Modeling and Control (Springer,
Heidelberg, 1983).

[43] R. D. Kiihne, in Proceedings of the 9th International
Symposium on Transportation and Traffic Theory, edited
by I. Volmuller and R. Hamerslag (VNU Science Press,
Utrecht, 1984).

[44] S. A. Smulders, in Proceedings of the 10th International
Symposium on Transportation and Traffic Theory, edited
by N. H. Gartner and N. H. M. Wilson (Elsevier, New
York, 1987).

[45] H. J. Payne, in Research Directions in Computer Control
of Urban Traffic Systems, edited by W. S. Levine, E.
Lieberman, and J. J. Fearnsides (American Society of
Civil Engineers, New York, 1979).

[46] E. Hauer and V. F. Hurdle, Transp. Res. Rec. 722, 75
(1979).

[47] P. S. Babcock IV, D. M. Auslander, M. Tomizuka, and
A. D. May, Transp. Res. Rec. 971, 80 (1984).

[48] A. K. Rathi, E. B. Lieberman, and M. Yedlin, Transp.
Res. Rec. 1112, 61 (1987).

[49] P. Ross, Transp. Res. B 22, 421 (1988).

[50] G. F. Newell, Transp. Res. B 23, 386 (1989).



53 GAS-KINETIC DERIVATION OF NAVIER-STOKES-LIKE . ..

[51] C. F. Daganzo, Transp. Res. B 29, 277 (1995).

[52] J. Jackle, Einfihrung in die Transporttheorie (Vieweg,
Braunschweig, 1978).

[53] A. Rieckers and H. Stumpf, Thermodynamik (Vieweg,
Braunschweig, 1977), Vol. 2.

[54] K. Huang, Statistical Mechanics, 2nd ed. (Wiley, New

York, 1987).
[55] R. L. Liboff, Kinetic Theory (Prentice-Hall, London,
1990).

[56] S. Chapman and T. G. Cowling, The Mathematical The-
ory of Non-Uniform Gases, 3rd ed. (Cambridge Univer-
sity Press, New York, 1970).

[57] D. Enskog, Ph.D. dissertation, Uppsala, 1917.

[58] Often the terms “Euler equation” and “Navier-Stokes
equation” denote the respective velocity equation only.
Since it is easier to name the whole set of connected equa-
tions (containing the respective density equation, velocity
equation, and variance equation) by one single term, the
notation of Ref. [55] has been applied here.

[59] D. Helbing, Complex Syst. 6, 391 (1992).

[60] F. Pampel, FEin Beitrag zur Berechnung der Leis-
tungsfdhigkeit wvon Straflen (Kirschbaum, Bielefeld,
1955).

[61] P. K. Munjal and L. A. Pipes, Transp. Res. 5, 241 (1971).

[62] Phillips [3] fits his traffic data not to a Gaussian distribu-
tion but to a more complicated one which he derived from
his gas-kinetic model. However, Phillips figures clearly
show that, in the region of stable traffic, the asymmetric
distribution function favored by him does not fit the data
as well as a Gaussian distribution would.

[63] G. B. Whitham, Linear and Nonlinear Waves (Wiley,
New York, 1974).

[64] T. Musha and H. Higuchi, Jpn. J. Appl. Phys. 17, 811
(1978).

[65] B. D. Greenshields, in Proceedings of the Fourteenth An-
nual Meeting of the Highway Research Board, edited by
R. W. Crum (National Research Council, Washington,
DC, 1935), Part L.

[66] J. M. Burgers, Adv. Appl. Mech. 1, 171 (1948).

[67] This derivation is not really consistent since the relaz-
ation time 7 ~ 10 s in (8) is not of the order of magni-
tude which 7 has in the follow-the-leader models where
it has the meaning of a reaction time (=~ 1.3 s [41,23])
[45]. Another criticism was pointed out by Daganzo [51].

[68] Payne’s simulation model FREFLO, in contrast to his
macroscopic model (1) and (8), predicts unstable traffic
flow above a critical density that depends on the spatial
discretization Ar [45].

[69] C.J. Leo and R. L. Pretty, Transp. Res. B 26, 207 (1992).

[70] R. D. Kiihne, in Proceedings of the 10th International
Symposium on Transportation and Traffic Theory, edited
by N. H. Gartner and N. H. M. Wilson (Elsevier, New
York, 1987).

[71] W. F. Phillips, Transp. Planning Technol. 5, 131 (1979).

[72] R. D. Kiihne, Transp. Res. Rec. 1320, 251 (1991).

[73] R. D. Kiihne and R. Beckschulte, in Proceedings of the
12th International Symposium on the Theory of Traffic
Flow and Transportation, edited by C. F. Daganzo (El-
sevier, Amsterdam, 1993).

[74] J. Keizer, Statistical Thermodynamics of Nonequilibrium
Processes (Springer, New York, 1987).

[75] D. Helbing (unpublished).

[76] Y. L. Klimontovich, Statistical Physics (Harwood Aca-
demic, Chur, Switzerland, 1982).

2381

[77] Probably Paveri-Fontana’s equation (27) should, on its
right-hand side, be extended by the additional adaptation
term (8p/0t)aa = p(r,v,t)[Ps(vo;7,t) — Po(vo;r,t)]/T,
where T' =~ 1 s is about the reaction time. This term is
intended to describe an adaptation of the actual distri-
bution of desired velocities Po(vo;7,t) to the reasonable
distribution of desired velocities Py (vo; 7, t) ~ exp{—[vo—
Vi (r, 1)) /[205(r, t)]}/ /27O (r,t). The mean value
Vo (r,t) and variance ©¢ of Pj(vo;r,t) mainly depend
on speed limits and road conditions (gradient of the
road; fog, rain, snow, or ice on the road). There-
fore, they are constant almost everywhere. Applying the
method of adiabatic elimination [78], which is applica-
ble due to the smallness of T, we find Po(vo;7,t) =~
P§(vo; 7, t). This implies that the average desired velocity
Vo(r,t) = fdvfdvo vop(T,v,v0,t)/p(r,t) and the vari-
ance of desired velocities Oo(r,t) := fdv fdvo (vo —
Vo)2p(r,v,v0,t)/p(r,t) are given by the external traffic
conditions that determine Vj(r,t) and O¢(r,t): Vo(r,t) ~
Vo (r,t) and ©¢(r,t) ~ Oy(r,t). Interestingly enough, the
adaptation term does not bring about modifications of
the density equation, the velocity equation, the variance
equation, or the covariance equation derived later on.
Therefore it was not included in the main discussion.

[78] H. Haken, Advanced Synergetics (Springer, Berlin, 1983).

]
[79] D. Helbing, Physica A 219, 391 (1995).
[80] E. Barone, Transp. Theory Stat. Phys. 9, 59 (1981).
[81] R. Semenzato, Transp. Theory Stat. Phys. 9, 83 (1981).
[82] R. Semenzato, Transp. Theory Stat. Phys. 9, 95 (1981).
] G

. E. Uhlenbeck and G. W. Ford, Lectures in Statistical
Mechanics (American Mathematical Society, Providence,
1963).

[84] C. W. Wang-Chang and G. E. Uhlenbeck, in Studies in
Statistical Mechanics, edited by J. deBoer and G. E. Uh-
lenbeck (North-Holland, Amsterdam, 1970).

[85] H. Grad, Phys. Fluids 6, 147 (1963).

[86] H. Grad, in Rarefied Gas Dynamics Symposium, edited
by J. Laurmann (Academic Press, New York, 1963), Vol.
I.

[87] To illustrate this, assume that we are confronted with
a linear differential equation dZ/dt = —L& with a lin-
ear operator (or matrix) L. This equation has the gen-
eral solution &(t) = 3 a,&,e"t/™ where the eigenval-
ues 1/7, are the solutions of the characteristic equa-
tion det(L — 1/7,) = 0 and the eigenvectors Z, sat-
isfy the equation L&, = Z,/7.. If 1/, > 1/70 for
© # 0 we have Z(t) ~ aoZoe */™ after a very short time
t > 3max{7, : p # 0} (adiabatic approximation). This
implies —LZ(t) = dZ(t)/dt ~ —&(t)/7o.

[88] D. Helbing, Transp. Res. B (to be published).

[89] Here, the term “characteristic speeds” refers to the slopes
of the characteristics in the (r,¢) plane which can be
calculated for a hyperbolic system of partial differential
equations [63].

[90] However, note that the traffic model simulated in Ref. [5]
differs in some details from the Navier-Stokes-like model
derived in this paper.

[91] If one assumes 7(p,V,0) = 7(p) and p(p,V,0) = p(p)

as Prigogine and Herman [4], Phillips [3], and Paveri-

Fontana [2] did, the unknown functional relation for the

product 7(p)[1 — p(p)] can be determined from the em-

pirical velocity-density relation V.(p.) by inserting (82)

into (80).



