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By using feedback control in k space and pinning in z space we successfully stabilize unstable
steady wave-packet solutions in a representation of the driven/damped nonlinear drift-wave system.
Three typical solutions are chosen to be controlled. Without controlling they display different dy-

namical features:

one is chaotic in time while coherent in space, another is chaotic both in time

and in space, the third one is explosively unstable. All the states can be stabilized to the respective
unstable regular reference states by our controlling schemes.

PACS number(s): 05.45.+b, 03.40.Kf, 52.35.—¢g

I. INTRODUCTION

Chaotic and turbulent behaviors occur in a variety of
nonlinear dynamic systems. In many cases such behav-
iors are considered to be harmful. For instance, in mag-
netically confined plasmas anomalous energy and particle
transport across magnetic field can be induced by fully
developed turbulence that causes undesirable energy loss.
As well known, for chaotic systems a trajectory is very
sensitive to perturbations; two orbits starting from neigh-
boring points in phase space will separate exponentially
from each other as time goes on. For this reason chaotic
systems are generally accepted to be unpredictable and
hardly controllable. However, it turns out in recent years
that chaotic systems are not so difficult to control [1-
12]. Different methods have been proposed to control
chaos. For example, by Ott-Grebogi-York method [1]
one can stabilize unstable periodic orbits embedded in
a chaotic attractor. Feedback control [3,5] with respect
to dynamic variables is also demonstrated to be very ef-
fective in suppressing chaos, and it is easy to realize in
experiments. Most theoretical works on controlling chaos
focus on systems described by ordinary differential equa-
tion’s (ode’s) or by low-dimensional mappings. Recently,
however, there has appeared a great interest in control-
ling nonlinear extended systems [13-17]. In this paper
we present, along the line of our previous Letter [13],
an investigation on controlling spatiotemporal chaos. In
Sec. II we specify our partial differential equation (pde)
model and derive a set of mode equations for the per-
turbation to a steady wave from the model pde. The
controlling schemes are described in Sec. III. In Sec. IV
the results of the controlling are shown for three typical
dynamically different states. In particular, we present
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an example of controlling a state that is chaotic both in
time and in space. Since we will use truncated mode
equations as the representation for the original pde, the
meaning of “chaotic in time and space” will be restricted
and explained later. Section V gives some discussions.

II. MODEL EQUATION

The following equation is taken as the system to be
controlled [18],

o¢ 83¢ o¢
Bt T %007 T T

gi—) = —v¢ — esin(z — Q).

(1)

The equation with v = ¢ = 0 is called nonlinear drift-
wave equation [19] or regularized long-wave equation [20].
A periodic boundary condition ¢(z + 2m,t) = ¢(z,t) is
used throughout the paper. This model is of importance
in both fluid and plasma fields. If a nonuniform plasma
is embedded in a magnetic field B = B2, drift waves can
be excited. The equation can be derived as follows [25].
The momentum equation of ions reads

dv; e e
= V& i X Z; 2
dt m; + min'L z ( )
here and in the following the subscripts ||, ; indicate

the directions of parallel and perpendicular to %, and
the subscripts 4,e the ion and electron, respectively. C
is the light speed. @ is a fluctuating electric poten-
tial. For drift-wave oscillations, the typical frequency
w < Q; = eB/m;C, and the parallel wavelength 27/ Ky is
in the order of the gradient scale length of the nonuniform
plasma, which is much longer than the perpendicular
wavelength 27 /k;. To the lowest-order approximation
the left-hand side (lhs) of Eq. (2) can be neglected, one
obtains the perpendicular velocity of the ions, v, ; = vg,
here
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Cix V., &
R (3)

For further approximation, we start from Eq. (2) in the
perpendicular direction. Substituting v, ; = vg into its
lhs, dv;/dt = [0/0t + (v; - V)]vi;, and neglecting the
term with V|| ~ k|, one obtains v ; = vg + vp, here vp
is the polarization drift,

C 0]
Vp = ( + Vg - VJ_) V.. (4)
ot
The continuity equation for ion is
aa? + V- (nivi) =0, (5)

where v; = V|2 +Vvii, and v ; = vg + vp. Now assume
adiabatic electron density

ne(r,t) = n(z)exple®(r,t)/T.(z)];

here the mean density n and electron temperature T,
depend on the radial coordinate z only. With quasineu-
trality condition n; = n. and confined to one-dimensional
limit, one obtains, for ¢ = e®/T,,

¢
<1_ Psd 2) at

where k, = (dn/dz)/n, kr =
Te/mi, ps = cs/8%. Replacing y in Eq. (6) by z
for the spatial coordinate, one obtains Eq. (1) with
v = € = 0. From the derivation we know that the coeffi-
cient a in Eq. (1) must be negative in physics. Here we
fix a = —0.287,¢ = 1.0, f = —6.0 as we did in Ref. [18].
A sinusoidal wave esin(xz — §t) is applied to Eq. (1)
which, together with the damping term —v¢, can drive

o
— KnCsPs 8¢ + KTCSPSQS—(S = 07

(6)
(dT./dz)/Te, cs =

—k[c — (1 — ak?®)Q] Agsindy, + yAcosby,
k .
—Tf [ D AApsin(0, + 6n) +
—klc—(1— akz)Q]Akcosﬁk — YARsinfy, + €y

k
_Tf |: z AlAlfCOS(Gl + 911) +

Here and in the following k£ = 1,2,...

1, ifk=1;
01,k = {07

if k£ 1.

> AApsin(6 — 0p) +

I+U'=k I-l'=k

Z AlAl/COS(Q[ — 911) +
I+l'=k I-U'=k

,N(N — o00) and
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the system to a variety of different solutions, from stable
steady wave packets up to turbulence. Different types of
solutions can be distinguished, to a certain extent, by the
“wave energy” FE(t) defined as

2w

B(t) = - / S162(@,1) — ag(z,0)da. (7)
Let us denote a steady wave packet solution of Eq. (1) as
d)(:c — Qt), the corresponding wave energy E must be a
constant (fixed point). ¢(z — ) can be stable or unsta-
ble. If J)(m — Qt) is stable, E is a stable fixed point. Oth-
erwise E is also unstable. In the simulations of Eq. (1) we
have observed constant, periodic, quasiperiodic, chaotic
E(t).

A steady wave solution ¢(x — Qt) can be found al-
gebraically if we transform the system to the reference
frame following the driving wave sin(z — Qt). For this
purpose let us set £ =z — Qt; Eq. (1) then becomes

¢ *¢1 ., 06 0%
a7 [#+ o2 | ~ g [+ age | +eg + 05
= —vy¢ — esiné. (8)
A steady wave solution satisfies
d*¢ d¢ dep
_Qd_£ [¢+ a2 d§+f¢jg+7¢+651n§~0
(9)
Substituting
=) Agcos(ké + 6r) (10)
k=1

into Eq. (9) one can solve the amplitude A’s and phase
0r’s from the following set of equations:

Z AlAl/S’in(glr — 01):| = 0, (11)

U'—l=k

> AApcos(On —al)} =0. (12)

U'—l=k

In a series of Q regimes the dependence of the steady
wave energy

Z (1 — ak?) (13)
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on € may form bistable curves. Figure 1 presents two
groups of such S-shaped curves E(e), one in Fig. 1(a)
is for 2 = 0.50 — 0.65, the other in Fig. 1(b) for @ =
0.285 — 0.34.

In Sec. IV three typical solutions will be taken as our
reference states for controlling, they are as follows. Case
1: © = 0.65,¢ = 0.20; case 2: Q = 0.34,¢ = 0.19; and
case 3: 2 = 0.56,¢ = 0.07. The parameter conditions of
these cases are marked in Figs. 1(a) and 1(b) by plusses.
They locate either in the lower branches or in the mid-
dle branch of the S-shaped bistable curves E(e). At all
these three parameter combinations the reference steady
states are unstable. To describe their dynamics it is very
convenient to use a set of equations for the modes of
perturbation wave to the steady wave packets. First we
divide the solution of Eq. (8) into two parts,

$(€,t) = B(€) + 50(¢, 1); (14)

here d¢ is a deviation from the steady wave, which obeys
the following equation:

_ Y fk
Ni(t) = =7 gabe + 2(1 —ak2){

I+l'=k
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8t[1+a65]6¢ QB£[1+G£]6¢
a%¢ _
tege t [¢(£)5¢] + fop— B¢ 6¢ =0. (15)

Substituting the Fourier expansions of (i, Eq. (10), and
of §¢,

S$(€,t) = br(t)cos[ké + ax(t)], (16)

k=1

into Eq. (15), one can then obtain a set of equations for
the deviation amplitudes and phases {bg, ax},

b = Ni(t), (17)
G = Mk(t), (18)
where

Z [Alb,:sin(el + ap — ak) + blb,:sin(al + ap — Olk)]

+ Z [Albpsin(ﬁl — oy — ak) + blbpsin(al — oy — ak)]

U=k

+ Z [Albysin(-—ﬂl + oy — ak) + bzbl:sin(—al + ap — ak)]}, (19)
U'—l=k

My(t)=—k | —= Q Tk Agbycos(6 bib
k(t) =— T—ak? Y T3 ak?yhs zZ [Aibycos(0; + o — o) + bibpcos(ay + ap — ag)]
+

+ [AlberOS(01 —ap — Otk) + blbpcos(al —ap — ak)]
—U'=k

+ [A[bllCOS(—01 + ap — ak) + blberOS(—al + ap — ak)]}. (20)
U'—Il=k

For Cases 1-3, the solutions of the mode Egs. (17) and
(18) with appropriate truncations agree with the direct
numerical simulations of Eq. (1) [18,23].

In general for a system with 2/N-dimensional phase
space, the phase volume element is dV = HkN=1 dqrdpy;
here g; and p;, are the coordinates of phase space, respec-
tively. The growth rate of phase volume can be obtained
as

Oqx , Opr
dV =TdV = Z( B + B dv.

In representation Egs. (17) and (18), the phase volume
can be expressed as

N 1 N
aV = [ brdbrday, = 5 I dbidex.

k=1 k=1

Then one has

k=1
‘EN: 19 ( dbk) +§: E) <dak)
= = 7 (p 2
k1 bk Bbk dt ke1 8ak dt
N
_ 2y
__Zl—akz' (21)
k=1



2274

The last equality can be obtained by using Eqgs. (17) and
(18); all the nonlinear terms are canceled with each other
in the summations [24]. When —v < 0 the phase volume
contracts with constant rate Y, 2v/(1 — ak?).

With nonzero §¢(§,t), the wave energy deviates from
the steady wave energy. The difference is

SE(t)=E(t) - E

= % (1 — ak?) Ay (t)cos[0h — an (£)]
k
+§ 371 - ak2)BE (). (22)
k

The first term in the right-hand side of Eq. (22) arises
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FIG. 1. Bistable steady wave energies F(e) in the regimes

of (a) © = 0.50 — 0.65 and (b) Q = 0.285 — 0.34. In the plots
the + signs give the positions of cases 1, 2, and 3, respectively.
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from the interaction between q§(§) and 0¢(&,t), the sec-
ond one gives the self-energy of the deviation §¢.

III. FEEDBACK CONTROL IN K SPACE
AND IN X SPACE

A direct way to stabilize an unstable (f)({) is to force
Eq. (1) by a negative feedback —n[¢(€,t) — $(§)] At
a sufficiently large n a stabilization of the given refer-
ence state can be established for certainty. However, this
feedback is difficult to realize practically since one has to
monitor each point in = space (or each mode in k space)
and respond to the system changes everywhere (or for
every mode). There are two convenient ways to control
the system:

The first is to monitor a single mode (e.g., k¥ = i) and
then input a monochromatic wave —nb;(t) to control the
system. To this end Eq. (17) for £ = ¢ is changed to

br=s = Ny(t) — nbi(t)/(1 — ai?), (23)

and all the other equations for by;(t) and for ay(t) re-
main the same as in Egs. (17) and (18). With the feed-
back term the contracting rate of the phase volume be-
comes

2y 2n
I'=- — . 24
szl—ak2 1 — ai? (24)

The phase volume contracts faster when the feedback
term with —7n < 0 is applied.

The second scheme is to monitor a local region in =
space and to apply feedback to the system in this re-
gion. A practical way may be to add a term such as

—(n/mr)[d(z,t) = p(x—Q)]exp[—(z—x0)?/r],0 < 7 < 1
for numerical simplicity we can take the limit » — 0 and
use —nd(z —xo)[p(z, t) —d(z—Qt)]. In this case Egs. (17)
and (18) are replaced by

be(t) = Ni(t) — ngr(t), (25)
() = Mi(t) — nhi(2), (26)
with
1

gr(t) = > " bicos[(l — k) (zo — Q) + ay — ay],
=1

1— ak?

1 oo
hi(t) = T——5 ; bisin[(l — k) (zo — Qt) + oy — ax]/br.
One can see that when pinning in  space, the feedback
is applied practically to every Fourier mode of the sys-
tem. Possibly this is why, as can be seen in the following,
pinning in x space is very effective in our case.

When a pinning is applied, the additional contract-
ing rate of the phase volume in T’ is no longer a con-
stant. This is different from the controlling in k space.
In the following we will see that when a chaotic state is
controlled to the steady state by Egs. (23), §E(t) con-
verges to zero practically monotonously after a short
transient time (see Fig. 4), while for controlling by pin-
ning [Eqgs. (25) and (26)], 6 E(t) makes excursions from
time to time (see Fig. 8), although on the whole it ap-
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proaches zero.

To perform a local controlling in x space, one can in-
sert an electrode at a given point ¢ to monitor the vari-
ations of the system, and then change these measured
data into electronic, magnetic or other signals, and use
these signals as certain forces to drive the system to the
aim state. This method can be conveniently applied in
many practical systems. For k-space control one has to
make a spatial Fourier transformation of the field, and
work out variations of the desired harmonic waves. Thus,
monmnitoring in k space must be more difficult than in =
space in applications. However, this scheme can be also
practical in certain special cases, for instance, in optical
systems where different modes are separable in far field.
One can conveniently monitor a single or a few modes and
make feedback responses according to the measurements.
Usually, the system relaxation time is much longer than
the signal propagation time. Then one can regard the
responses as instant feedbacks. In this case, as for re-
sponse to the system, it is often sufficient to inject only
one or few harmonic waves to control high-dimensional
systems, which is very convenient in practice. In both
methods when the aim state is finally approached the
controlling term automatically goes to infinitely small as
one expects for feedback control.

IV. NUMERICAL RESULTS OF CONTROLLING
UNSTABLE WAVE PACKETS

By using the controlling methods in Sec. III, we have
tried to control spatio-temporal chaos for many combina-
tions of parameters with {2 ranging from 0.30 to 0.7. Both
controlling schemes of Eq. (23) and Egs. (25) and (26)
work well. Here we focus on presenting the results of the
three parameter combinations shown in Fig. 1, i.e., cases
1-3. All the reference states are unstable, and dynami-
cally each of them has its own distinctive characteristics.
In the calculations we use the truncation N = 20 for the
mode equations of ¢ as well as of §¢. Truncation to how
many modes depends on the parameter regimes, which
may be relevant to the fact of which mode or modes plays
a critical role in the instabilities of the steady wave solu-
tion. This matter will not be considered further. We only
emphasize that a comparison of the solutions of truncated
Egs. (17) and (18) with the direct simulations [18,23] of
Eq. (1) shows that our truncations are valid for cases 1-
3; when increasing N no considerable change is found in
the dynamics of the states.

A. Case 1

Without control the system is chaotic. Figure 2 shows
(a) 0E versus t, (b) the phase plot in the b;-b; plane,
and (c) ¢(k), the spectrum of ¢(x) in k space. It is found
that for case 1 the motion is chaotic only in time; in
space it still looks coherent. In Fig. 2(c) one can see that
the strengths of the Fourier components in k space de-
crease exponentially with k¥ when k& > 2. This is very
different from case 2 [see Fig. 9(c)], where the state has
a wide spectrum in k space. In Fig. 3 we show the space-
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FIG. 2. Chaotic motions of case 1, 2 = 0.65,€¢ = 0.20, no
control. The time evolutions of the perturbed energy 6 F and
of the modes are chaotic, but the state is regular in space.
(a) 6E(t), (b) bi(t) vs ba(t), (c) #(k), the spectrum of ¢(z)
in k space. The amplitudes of the modes k > 2 decrease
exponentially with k.
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FIG. 3. Space-time dependence of ¢(z,t) in case 1, Q =
0.65,¢ = 0.20, no control. One can see it is chaotic in time
while coherent in space.

time dependence, ¢(x,t), of case 1. One can see that the
variation of ¢ in space is rather smooth. Nevertheless,
¢(z,t) is not a steady wave, its spatial pattern varies ir-
regularly with time, and the time evolutions of the mode
amplitudes and phases as well as of the wave energy are
chaotic.

The aim state ¢ can be controlled by injecting a
monochromatic wave with ¢ = 1 or ¢ = 2. In Figs. 4(a)
and 4(b) we plot 6 E(t) and by(t) for the case of injecting
a monochromatic wave with ¢ = 2 and n = 1.0. The
projection of the trajectory in the b;-by plane is shown
in Fig. 4(c). The aim state is approached after a certain
transient time. It is remarkable that the chaotic motions
of 40-dimensional systems (N = 20) can be controlled
by feeding back only one equation. In Fig. 5 we plot
by (t)cos[ay (t)] versus ba(t)cos[az(t)], the condition is the
same as in Fig. 4, the transient states have been omit-
ted. Omne can see that the orbit winds up smoothly to
smaller and smaller cycles. The underlying mechanism
is that the additional feeding term can create a poten-
tial well centered at d¢ = 0 to change the reference state
from repelling to attracting so long as {¢,n} are properly
chosen.

Investigation shows that when we suppress chaos of
case 1 by injecting only one monochromatic wave of i = 1
(or 2), there exist both lower and upper thresholds for 7,
if 5 < n < ny the aim state can be reached. When
n < 7y, the system can either be attracted to limit cycles
or, if  is too small, remains chaotic. If p > 7y, though
the chaotic motions can be suppressed the system can-
not reach the aim state qAS, instead it will asymptotically
approach another steady state with nonzero §E. On the
other hand, if we input two waves with ¢ = 1, 2 simulta-
neously, there is only a lower threshold, the system can
always be controlled to the aim state so long as > 7.
Figure 6 plots the transient time 7. as a function of 7;
here T¢ is determined by the condition that |§E| keeps
less than 10~* in sufficiently long time (e.g., in 20 time
steps, At = 10~2). The signs “+” and “x” show the re-
sults of feedback with i = 2 and with both waves ¢ = 1, 2,
respectively. It is interesting to see from the plot that the
variation of T, with n shows stairs. In both cases one can
find an optimum 7 at which the state can be controlled
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to steady state in the shortest time.

The system response to injecting monochromatic wave
with ¢ > 3 is different. In Fig. 7 we plot the trajectory in
the b;-b; plane obtained by injecting a monochromatic
wave with ¢ = 3 and n = 1.0. The transient process
has been omitted. Omne can see that the system does

0.01

0.008 -

0.006

§E

0.004

0.002

0.03

0.02 -

0.01 [

0.02 -

b,

0.01

FIG. 4. Case 1 is controlled to the steady state by inject-
ing a monochromatic wave i = 2,7 = 1.0, (a) 6 E(t), (b) b2(t),
(c) b1(t) vs b2(2).
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FIG. 5. by(t)cosai(t) vs bz(t)cosaz(t), the same condition FIG.7. When injecting a monochromatic wave : = 3, case

as in Fig. 4, the arrow gives the direction of increasing time.

not approach the aim state d;(.f), instead it is attracted
finally to a limit cycle. When 7 is increased to ~ 6.0 a
steady state can be approached but §F is nonzero. We
failed to control the system to @ by injecting the wave
with ¢ = 3 at any 7 detected. Nevertheless, chaos can be
successfully suppressed.

In Fig. 8 the results of pinning the state at zo = 0

47Ut K A i
] /,-—x
] Paxal
] P
o 420j /X
: J“ i1
3704 | \
1 /
] /
320 ST
0.00 1.00 2.00 3.00 4.00 5.00
n
FIG. 6. Transient time T, as a function of 7; here T, is

recorded if § E remains less than 10™* in subsequently 20 time
steps At(= 1072), in the plot + gives a run of injecting one
wave ¢ = 1, X gives a run of injecting two waves ¢ = 1,2 (the
same 7 values are used for ¢ = 1,2). One can see the stairs in
T..

1 cannot be controlled to the aim state. This is an example
controlled to a limit cycle when n = 1.0.

with 7 = 0.2 are presented, where (a) §E versus t, (b)
¢(0,t) — q@(m —Qt)|z=o versus t. One can see that asymp-
totically the orbit converges to the steady state. In con-
trast to Fig. 4(a) of case 1 where § E approaches zero ex-
ponentially, in Fig. 8(a) after the transient time §E still
makes excursions frequently for long times. This phe-
nomenon can be explained by the time-dependent shrink-
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FIG. 8. Caselis controlled to the steady state by pinning
at £o =0 with n =0.2. (a) 6E vs t, (b) dp vst at z = 0.
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ing rate of the phase volume of §¢ as mentioned above.
There is only a lower threshold 7 for pinning control; no
upper threshold is found. Increasing 7 can shorten the
transient time, however, a saturation relaxation time can
be reached for very large 7.

B. Case 2

Without control, the system state is also chaotic. How-
ever, the difference between case 1 and case 2 in dynamics
is significant. In case 1 the spatial pattern of ¢(z,t) is
smooth, the chaos occurs only in its time evolution. But
in Case 2 the motion of ¢(z, t) is chaotic not only in time
but also in space. Since we use truncation in the mode
equations, we are actually dealing with a set of high-
(but finite-) dimensional ordinary differential equations.
Then the statement “chaotic in space” is not in the strict
meaning. Here by chaotic in space we mean that the spa-
tial variation recovered from the truncated modes looks
rather random, and almost all the modes ranging to high
k are excited. Figures 9(a) and 9(b) give 0E versus ¢
and b;(t) versus by(t), respectively, both look more er-
ratic than case 1 [Figs. 2(a) and 2(b)]. In Fig. 10 we plot
¢(z,t) of case 2 vs both = and ¢, the field is no longer
smooth and coherent in space. At any fixed time ¢, the
spatial distribution ¢(z) is irregular. ¢(x) has a wide
spectrum ¢(k) in k space, and ¢(k) varies dramatically
with time. In Fig. 9(c) we give one example of ¢(k). One
can see that the amplitudes of all the 20 modes, includ-
ing small £ and large k, are manifesting in the spectrum,
indicating that the modes with high k’s are also very ac-
tive in the motions. This is essentially distinguished from
Fig. 2(c) of case 1 where the high £ modes are quiescent;
they are never excited when time goes on. It would be
interesting whether our feedback scheme is still effective
in such a turbulent case 2.

The spatial irregularity of case 2 is presumably caused
by the overlap of the unstable regimes of different modes.
This overlap can be observed by evaluating the nonlinear
dependence of the mode eigenvalues on the parameters 2
and €. The method is developed in Ref. [21,22]; here we
simply give the result. In Figs. 11(a) and 11(b) for Q =
0.34 we plot the real and imaginary parts of the eigen-

values, )\g’i) (the mode growth rate and eigenfrequency,

k= 1—5), respectively versus €. Here and in the following
the subscript & means that the eigenvalue (its real and /or
imaginary parts) varies continuously from that of mode
k at € = 0. When € = 0, ¢ vanishes and one can get the
exact eigenvalue Ay = —v/(1—ak?) +ik[c/(1—ak?) —Q].
With increasing €, A; changes nonlinearly with respect
to € due to the mode-mode couplings between the steady
wave ¢ and the deviation 6¢. From Fig. 11(b) one can see
that in a certain range of € the eigenfrequencies between
modes k£ = 1 and 5 and between k£ = 2 and 3 are locked
together, respectively, indicating the resonances of these

two pairs of modes. As a result of the resonances /\gz 3

and /\S.::)s [the solid lines in Fig. 11(a)] cross zero, the
two modes lose their stabilities. Their unstable regimes
overlap with each other in the range of 0.18 < ¢ < 0.25.
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irregular compared with Fig. 2; and 2(c) ¢(k), the spectrum
of ¢(z) in k space. The spectrum is wide, the high k¥ modes
are also manifesting.
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FIG. 10. Space-time dependence of ¢(z,t) in case 2, 2 =
0.34,¢ = 0.19, no control. It is chaotic in time as well as in
space.

Case 2 (e = 0.19) is right in this range. No such overlap
is found in case 1. This is probably the reason that the
motions in case 2 lose spatial long range coherence but
not in case 1.

It is striking that one can still suppress the space-
time chaos of case 2 by injecting only one monochromatic
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FIG. 11. The nonlinear variations of (a) real parts and
(b) imaginary parts of eigenvalues A\; of mode k = 1 — 5 for
Q = 0.34. In (a) the unstable regimes of mode k = 3,5 (solid
lines) overlap with each other in the range ~ 0.18 < € <
~ 0.25.
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FIG. 12. Case 2 is controlled to the steady state by in-
jecting a monochromatic wave of i =1, n = 1.0. dF vs t.

wave. Figure 12 gives an example in which by injecting
i = 1,17 = 1.0 the aim state is arrived with §E(t) going
to zero.

Here we can discuss another interesting problem in k-
space control, i.e., how to choose proper modes for con-
trolling so that the number of feeding modes can be re-

4
-+ Case 1
= Case 2
3 -
$ :f
|
1 =
0 | | | | A |
0 1 2 3 4 5 6 7 8
k

FIG. 13. Ad¢(k), the mean square deviation of the ampli-
tudes of Fourier components of ¢(k) (k = 1 — 8) for case 1
and case 2.



2280

duced to as few as possible. Our heuristic argument is
based on the linear stability analysis of the unstable aim
state. The efficiency may be good if we feed back the
mode that has a small angle with respect to the most
unstable manifold and has a large projection on it. In
experiments and practical situations the above plausible
argument may be of help to find proper modes for the
k-space feedback control. For instance, from the linear
stability analysis we know that in case 1 the nonlinear
resonance between mode k = 1,2 is responsible for the
instability of the steady wave b (cf. Ref. [22]), in this
case most probably mode 1 and 2 have smallest angles
with respect to the unstable manifold. And indeed we
successfully stabilize the unstable aim state by feeding
back mode 1 or 2. As a comparison, we fail to stabilize
the aim state by injecting mode k = 3 since this mode
has a small projection on the unstable manifold. On the
contrary, in case 2 we can successfully control the chaos
by feeding back a single mode k = 3 (e.g., ¢ = 3,7 = 2.0)

FIG. 14. The space-time dependence ¢(z,t) of controlling
case 2 by pinning at zo = 0 with n = 1.0. A wave packet of
initially erratic both in time and in space is controlled finally
to the steady wave. (a) t = 0 — 40, (b) t = 40 — 80, (c)
t = 80 — 120.
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despite the fact that the state is much more turbulent
than that of case 1. The reason is that in case 2 the
nonlinear resonance between modes £k = 3 and k = 2
(cf. Fig. 11) is one of the causes for the instability of the
steady wave, and so the Fourier mode k = 3 may have a
small angle with respect to the most unstable manifold
of the unstable aim state.

The information on the fluctuations in k spectra of
¢(z,t) may also help us to choose the feeding modes
in numerical or real experiments. For this purpose,
first we work out ¢(k,t,,) at a series of times t,,,(m =
1,2,...,M), and calculate the average value of ¢(k)

1 M
b = 37 k tm),
50 = 57 3 dlbsto)
the mean square deviation A¢(k) can be obtained as

1/2

M
Ad(k) = { S (6K, tm) — $(k)J2/ (M — 1)}

m=1

Among all the modes, one can choose those with larger
A¢(k) as the feeding modes. For example, one can see
in Fig. 13 that for case 1 A¢(k = 2) is the largest, while
in our numerical tests k = 2 is the most effective feeding
mode; and for case 2 A¢(k) with & = 1 — 3 are the
largest ones, as the feeding modes they are all effective
for suppressing chaos.

Figure 14 gives an example of suppressing chaos by pin-
ning the aim state at a fixed point g = 0, = 1.0. The
calculation starts from a fully developed chaotic ¢(z,t)
state, which is realized after a sufficient long comput-
ing time without controlling. The controlling is added
at t = 0. Figure 14 shows the space-time distributions
¢(z,t), here

N
d(z,t) = Z Agcos[k(z — Qt) + 04]
k:lN
+ Z br(t)cos[k(z — Qt) + ax(t)],
k=1

in which (a) t = 0 — 40, (b) t = 40 — 80, and (c)
t = 80 — 120. One can see that at an early stage the
pattern is very erratic in time and in space. As time goes
on the regularity is gradually established by controlling.
After about t > 100, complete regularity is realized and
the solution becomes a traveling wave with constant am-
plitude and phase speed. As a comparison one can see
that, in Fig. 10 when without controlling, the state start-
ing from the same initial distribution ¢(z,t = 0) as in
Fig. 14 looks very turbulent.

C. Case 3

This is an explosively unstable state locating in the
middle branch of the S-shaped E(e€) curve. If the state is
disturbed the perturbation amplitude is unbounded un-
less it reaches another stable state. In this case we are
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dealing with a wave packet in an unstable branch of a
bistable curve rather than a chaotic state. The cause of
the instability of the steady wave in case 3 is different
from that in cases 1 and 2. For example, in Fig. 11,
the unstable modes have complex conjugate eigenvalues,
the instability of the steady wave packet is caused by
the Hopf bifurcation. In case 3, however, the eigenfre-
quency of the unstable mode (k = 2 in this case) becomes
zero, consequently the eigenvalues of E=2 degenerate
to a pair of real values (cf. [21,22]). From the physical
point of view, it is very useful to suppress this unsta-
ble mode and make the middle branch stable by a very
weak controlling. Without controlling, in order to drive
the system from the lower (upper) branch to the upper
(lower) branch one needs large perturbation to overcome
the middle barrier. If the middle state is stabilized by
a weak feedback one can rather flexibly realize the lower
or upper state by taking off the feedback and switching
on a small pushing up or down. The idea is realized
in our case by using both Egs. (23) and Egs. (25) and
(26). In Fig. 15(a) we plot 6E versus t for Q = 0.56
and € = 0.07 without controlling, initially the state is
very close to qAS, it leaves the steady state exponentially
with time. In Fig. 15(b) the state is controlled by using
Eqgs. (23) with ¢ = 2, = 1.0. The system is eventually
locked to the middle branch, though the initial state is far
from the aim state. We have tried other parameters, e.g.,
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FIG. 15. Case 3 (2 = 0.56,¢ = 0.07) is stabilized by in-

jecting a monochromatic wave i = 2, n = 1.0. (a) Without

controlling, initially small § E deviates from zero exponentially

with time. (b) Initial large 6 F goes to zero when injecting a
monochromatic wave 7 = 2, n = 1.0.
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i=1,7= 1.0 and ¢ = 3,7 = 1.0 the middle branch can
always be stabilized. Pinning in z space is also effective
to stabilize the middle branch.

V. DISCUSSION

In this paper we present in detail the numerical results
of three special cases of controlling chaos in a space-time-
dependent system. The k-space control and z-space pin-
ning are found to be effective in suppressing spatiotem-
poral chaos rather generally. First, the approaches are
not sensitive to the initial conditions. We have tried
various distinct initial states (not too far from the aim
state, otherwise it is possible that the system falls into
a completely different basin), in all our three cases, spa-
tiotemporal chaos can be successfully controlled. Second,
the approaches work well in a wide range of parameter
space, we have tested diverse parameter combinations in
the range 0.3 < Q < 0.7, the states are chosen in the
lower or middle branches of the bistable curves (Fig. 1),
the chaos can always be controlled by feeding back a sin-
gle mode or pinning a single z point. In particular one
can stabilize not only a state chaotic in time and reg-
ular in space but also a state chaotic both in time and
in space. However, as we mentioned above, as a repre-
sentation for a space-time-dependent system our model
of mode equations is restricted, for further investigation
one has to deal with the pde directly.

In general, the effectiveness of z-space pinning depends
on the pinning location. Then it is an interesting problem
in z-space control to choose proper space points through
which injections can sensitively change the system dy-
namics and effectively drive the system toward the aim
state. However, our model (1) has a symmetry invariant
to the space displacement, and then the controlling effi-
ciency does not depend on the choice of pinning point.
It is remarkable that in our cases we are able to suppress
chaos successfully by pinning only a single point. The
reason might be that in our model the space correlation
length is long. This long-range space correlation may be
induced by the driving wave [the second term in the rhs of
Eq. (1)]. In more general cases of space-time-dependent
systems one has to inject more than one space point to
control chaos. It is extremely important to estimate the
lowest pinning density o for a successful control. We
guess that o might be determined by the space correla-
tion length L of the chaotic systems such that 1/0 > L.
However, this conjecture should be confirmed in future
investigations on more space-time-dependent systems.

ACKNOWLEDGMENTS

This work is supported by National Natural Sci-
ence Foundation of China, and National Basic Research
Project “Nonlinear Science,” and AAAPT.



2282

[1] E. Ott, C. Grebogi, and J. A. York, Phys. Rev. Lett. 64,
1196 (1990).

[2] W. L. Ditto, S. N. Rauseo, and M. L. Spano, Phys. Rev.
Lett. 85, 3211 (1990).

[3] E. R. Hunt, Phys. Rev. Lett. 66, 1953 (1991).

[4] R. Roy, T. W. Murphy, T. D. Maijer, Z. Gills, and E. R.

Hunt, Phys. Rev. Lett. 68, 1259 (1992).

] K. Pyragas, Phys. Lett. 170A, 421 (1992).

6] U. Dressier and G. Nitche, Phys. Rev. Lett. 68, 1 (1992).

7] R. Lima and M. Pettini, Phys. Rev. A 41, 726 (1990).

8] Y. Braiman and I. Goldhirst, Phys. Rev. Lett. 66, 2545
(1991).

[9] P. Tham and A. K. Sen, Phys. Fluids B 4, 3058 (1992).
[10] P. Tham and A. K. Sen, Phys. Rev. A 46, 4520 (1992).
[11] J. A. Sepulchre and A. Babloyantz, Phys. Rev. E 48, 954

(1993).
[12] G. Hu and Z. L. Qu, Phys. Rev. Lett. 72, 68 (1994).
[13] G. Hu and K. F. He, Phys. Rev. Lett. 71, 3794 (1993).
[14] D. Auerbach, Phys. Rev. Lett. 72, 1184 (1994).
[15] F. Quin, E. E. Wolf, and H.-C. Chang, Phys. Rev. Lett.

HE KAIFEN AND HU GANG 53

72, 1459 (1994).

[16] J. A. Sepulchre, I. Aranson, H. Levine, and L. Tsimring,
Phys. Rev. Lett. 72, 2561 (1993).

[17] G. A. Johnson, M. Locher, and E. R. Hunt, Phys. Rev.
E 51, R1 (1995).

[18] K. F. He and A. Salat, Plasma Phys. Controlled Fusion
31, 123 (1989).

[19] V. Oraevskii, H. Tasso, and H. Wobig, in Plasma Physics
and Controlled Nuclear Fusion Research, Proceedings
of the 3rd International Conference, Novosibirsk, 1968
(IAEA, Vienna 1969), Vol. I, p. 671.

[20] R. K. Dodd et al., Solitons and Nonlinear Wave Equation
(Academic, London, 1982), p. 596.

[21] K. F. He and G. Hu, Phys. Lett. 169A, 341 (1992).

[22] K. F. He and G. Hu, Phys. Lett. 190A, 38 (1994).

[23] A. Salat and K. F. He, Max-Planck Institute of Plasma
Physics, Report No. IPP 6/280 (1989) (unpublished).

[24] Refer to, e.g., J. D. Meiss and W. Horton, Phys. Fluids
25, 1838 (1982).

[25] Refer to W. Horton, Phys. Rep. 192, 1 (1990).



