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The appearance of the splay-bend elastic constant K13 in the theory of elasticity of nematic
liquid crystals causes a serious problem. This problem is known as the Oldano-Barbero paradox.
The approaches of Barbero et al., Faetti, and Pergamenshchik for solving this paradox are analyzed
in view of two starting points of the continuum theory. The analysis clearly shows the imperfections
of their treatments. In order to remedy these imperfections a proposal is made to eliminate the
paradox in accordance with the assumptions of the continuum theory. The solution requires a
modification of the surface free energy density, namely, the derivatives of the director field normal

to the surface must be excluded.

PACS number(s): 61.30.—v, 03.40.Dz

I. INTRODUCTION

The influence of the surface on the equilibrium direc-
tor field of a liquid crystal is represented by the boundary
conditions. There are two kinds of boundary conditions,
one kind pertaining to strong anchoring of the liquid crys-
tal at the surface, and the other kind to weak anchoring
of the liquid crystal at the surface. The boundary condi-
tions for strong anchoring are fixed, i.e., the director field
is assumed to be fixed along a certain preferential direc-
tion. The boundary conditions for weak anchoring, on
the other hand, follow from the minimization of the total
free energy, which is the sum of a bulk part and a surface
part. Thus weak anchoring involves the contribution of
surface elasticity to the surface free energy. A serious
problem, however, arises with the incorporation of sur-
face elastic terms, notably the splay-bend term. Then
the continuum theory appears to lead to a discontinu-
ity of the director field at the boundaries. This result is
known as the Oldano-Barbero paradox (OB paradox) [1].

Two ways of approach have been proposed for solving
this paradox. The first is due to Barbero et al. [2,3]
and Faetti [4,5] and the second to Pergamenshchik [6].
Neither approach turns out to be entirely satisfactory.
The first allows for a large variation of the director field in
a microscopically thin region near the boundary and thus
violates a starting point of the continuum theory. The
second one does not describe an equilibrium situation, as
the total torque is unequal to zero.

The aim of the present paper is to solve the OB para-
dox by combining the attractive features of the existing
treatments and removing their unattractive ones. The
paper is organized in the following way. In Sec. II the
necessary conditions are discussed for the validity of the
approximated elastic free energy. The OB paradox is
discussed in Sec. III. The two mentioned solutions are
analyzed in Secs. IV and V, followed by a discussion in
Sec. VI. Finally Sec. VII contains the main conclusions.
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II. CONDITIONS FOR THE VALIDITY OF THE
APPROXIMATED ELASTIC FREE ENERGY

The elastic contribution to the free energy Fe; is de-
fined as the increase of the free energy due to the spatial
variations of the director field:

F., = /dV fa, (1)

where f; is the deformation free energy density, which
can be expressed as a series expansion in the spatial
derivatives of the director field n(r). Usually fi is ap-
proximated by an expression which only contains terms
with low-order spatial derivatives. Consequently F¢; can
be written as

Feleapp+R7 (2)

where F,p, is the approximate elastic free energy based
upon the approximated fg and R is the result of the re-
maining higher-order terms. The approximation is valid
provided that

|Fapp| > |R|. (3)

This means that two necessary conditions must be satis-
fied.

(i) The deformation of the director field must be small,
or mathematically

L > a, (4)

where L is the smallest wavelength of the relevant Fourier
components of the director field and a the average inter-
molecular distance. Condition (4) is necessary for the
validity of (3), as can be seen by estimating the order
of magnitude of the different terms. Consider to that
end a term in f; containing k spatial derivatives. Each
spatial derivative 8, introduces a factor L=!. The kth
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order elastic constant can be expected to be of the order
UaF, where U is of the order of an intermolecular interac-
tion energy divided by the average volume per molecule.
Then the considered term is of the order U(a/L)¥, im-
plying that the higher-order terms cannot be neglected if
L~ a.

(ii) The approximated elastic free energy must have a
minimum, i.e., there must be a finite energy Fpi, such
that

Fapp Z Fmin' (5)

This condition follows directly from the apparent stabil-
ity of nematic liquid crystals.

III. THE OLDANO-BARBERO PARADOX

The usual approximation of the elastic free energy den-
sity consists of all terms containing two spatial deriva-
tives. The deformation free energy density can then be
expressed as the sum of the Frank free energy density [7]

1 1
fo =3 K11(V-n)? + S Kpn - (V x n)]?
1
+5Kss [n x (V x n))?, (6)
and the additional divergence terms [8]

B fam = %(Kzz + K2)V - [(n-V)n —n(V -n)]

Here K1, K23, K33, Ka4, and K;3 are the elastic con-
stants for splay, twist, bend, saddle splay and splay bend,
respectively. According to Gauss’s theorem the diver-
gence terms only contribute to the surface free energy
density. Therefore these terms are called surface terms.
The elastic free energy can now be written as the sum
of a bulk part, containing the three Frank terms, and a
surface part, containing the two new terms:

Fu= /dv fo +/ds fo (8)
with
fs = pafsou (9)

where p is a unit vector perpendicular to the surface,
pointing outwards.

An important step for solving the OB paradox appears
to be a decomposition of the surface free energy den-
sity fs in two terms. The first term f, relates to the
derivatives of the director field that are tangential to the
surface, whereas the second term f,, only concerns the
derivatives normal to the surface. Thus

Js = fa + fois (10)

where f,| only depends on t;303n, and t2gdsna, with
t; and t3 two orthonormal vectors tangential to the sur-
face:
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1
fa = §(K22 + Ka)p - [(n-V)n —n(V . n))
+Ki3(p-n)[V-n—p-(p-V)n]
1
= §(K22 + K24) igz(tiap‘y - pati’y)natiﬁaﬁn-y
+K13 Z napcxtiﬂti'yaﬁn»y, (118.)
i=1,2
and f,, only depends on pgdgng:
for = Kis(p-n)p-(p- V)n
= K13NaPaPgpyOpn. (11b)

As to the contribution due to externally applied fields,
only a magnetic field will be considered. The magnetic
contribution to the free energy density can be written as

Fmag = /dV Fms (12)
with the magnetic free energy density f,, given by
1Ax 2
m=———=(B-n)°, 13
fm= =3 X (B ) (13

where Ax is the magnetic anisotropy, that is assumed to
be positive for reasons of convenience, pg the permeabil-
ity in vacuum, and B the magnetic field.

The contribution to the free energy due to the interac-
tion of the liquid crystal with the surrounding material
is called the anchoring energy. It can be expressed as the
surface integral

Fa.nch = /dS o, (14)

where the anchoring free energy density is usually sup-
posed to be of the Rapini-Papoular form [9]:

o= —%C(II ‘n)?, (15)

with IT a unit vector along the so-called easy direction
and C the anchoring constant.
The total free energy can thus be expressed as

F:Fel+Fmag+Fanch
:/dV(fb+fm)+/dS(a+fs). (16)

Strong anchoring can be described in the limit of an infi-
nite anchoring constant C. Then the equilibrium director
field can be found by minimizing the bulk part of (16)
under the constraint that n = +IT at the boundary.

In order to determine the equilibrium director field in
the general case of weak anchoring, the total free en-
ergy (16) must be minimized using a variational proce-
dure. The director field is parametrized by two angles,
the tilt angle 8(r) and the twist angle ¢(r):

n(r) = (sinf(r) cos #(r),sin6(r) sin ¢(r), cos 6(r)).
(17)
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In the case of strong anchoring only variations §6 and ¢
that vanish at the boundary need to be considered, as
the director field at the boundary is assumed to be fixed
along the easy direction. In the case of weak anchoring,
on the other hand, more general variations 66 and d¢
must be considered. Now variations at the boundaries
must be taken into account as well. The variation in the
total free energy can thus be expressed as

SF=" /dV[<%+g—§:> 6x+(a%’;‘;() 5aﬁx]

x=6,¢
do 3fs Ofs
+x29¢fds K 3X)5X+ (f%‘ﬂx) Jaﬁx] '
(18)

Using Gauss’s theorem it follows that
Ofp _ Afp
for (e v ()
/ v, < Ofs ) 5x
Ofs
= / ds Pﬂég—fsx

/dvaﬁ< Ofs )ax. (19)

Then the variation in the free energy can be written as

8fm f afs
oF =2 /dv[ x % (6%)] ox

x=6,¢
afb a.fs
+ /ds [— +pgra— + ]éx
XZM 99x = Ox
+ > /ds[ ]aaﬂx. (20)
x=0,¢

Next it is important to realize that the last term on the
right hand side of (20) can be partly incorporated into the
other surface term on the right hand side of (20). To that
end the two Gaussian coordinates ¢; and ¢z, that label all

Bx

/dS D tis

i=1,2

# 895x " @

1o}
Z—/d‘hdqg Z 5;

i=1,2

/dS Z J(leq ) tind

1=1,2

/d91dCI2 J(Qh‘]z)
1=1,2
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points on the surface, are introduced. The dependence
of the surface coordinates on the Gaussian coordinates,
Za(g1,92), is chosen such that the two orthonormal vec-
tors t; and t can be expressed as

oz, .
tie = B: " with ¢ = 1,2. (21)
Using the chain rule
o}
1
and the expression for the Kronecker tensor
6aﬂ - Z tiatiﬂ +papﬁ’ (23)

1=1,2

which follows from the orthonormality of ¢;, t2, and p,
it follows that

Ofs
/ ds aﬂxsaﬁx

Ofs
= E tigt; 40,
/dS 00px (l T2 “ "+pﬁp“> nx
fsJ_

Ofs
/dSZtl,@aa”& /dS P8 5o

1=1,2

0pu0ux

(24)
for x = 6, ¢.

Now the relevance of the decomposition (10) becomes
clear. Namely, the first term on the right hand side
of (24) can be incorporated into the second term on the
right hand side of (20) by means of a partial integration,
whereas the second term cannot. Using

dS = J(q1,92)dq1dqz,

where J(q1,q2) is the Jacobian, and assuming that the
surface is closed or that 66 and d¢ vanish at infinity in
case the surface extends to infinity, it follows that

(25)

Ofs 0
*® 90px 0q:

(6x)

dfs
[J(qh g2)tip agﬁu dx

7

[J(ql,qz) 01l ] x

# 55 (26)
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for x = 0,¢. The variation in the total free energy (20)
can thus be expressed as
OF =

Ofm afb 9y
dV[ %% _ 4 ( )] 5

x= a¢/ ox ? \995x
afb 8f.s

+ ds{ =~ +p +
§¢/ { P8 50ax T x
)twa [ (g1, q2)t zgag"u}zix

-2 J(q1,
+ > /dS( 8f“> 6PuO,uX. (27)

1=1,2
x=6,¢

Expressions for the variation in the total free energy sim-
ilar to (27) can also be derived using tensor calculus in a
general curvilinear coordinate frame [6] or using Stokes’s
theorem [10].

The third term on the right hand side of (27) is solely
due to the appearance of the surface term of the splay-
bend type, i.e., it does not contain the elastic constant
K34 but only the elastic constant K;3, as can be seen
from Egs. (11). This result has also been derived in Refs.
[3,6]. Clearly, the functional F is extremal if the tilt and
twist angles satisfy the Euler-Lagrange equations

Ofs \ _ 0fs Ofm
P\ddgx)  ox ox
for x = 6, ¢, and the boundary conditions

8_(7 afb 8fs
ax ”"aax dx

=0 (28)

fs||]
-3 ts J(q1,92)t: =0, (29
P 12J(q1,q2 ud [ (a1, 92)ti 55~ (292)
OfsL
:0
P8 50,x (29b)

for x = 6,¢. The second boundary condition, which is a
consequence of taking into account the K;3 term, leads
to the Oldano-Barbero paradox [1].

Cousider, for example, the geometry with boundaries
at £ = 0 and = = d, an easy axis Il = cos6,€, +sin0,€,,
and a magnetic field B = Bé,. This geometry is called
the splay-bend geometry. Assume, for the sake of sim-
plicity, that K;; = K33 = K, and that the director field
only depends on the tilt angle 8, which itself only de-
pends on the z coordinate. Then the free energy is given
by

d ’ 2
F= / dz (lxa'z - léll-g—sinze)
o 2 2 po
+%Csin2 [0(0) — 6,] + %Csinz 6(d) — ,]

+%K13 sin [20(d)] 0/ (d) — %Kls sin [20(0)] 6'(0) (30)

and the Euler-Lagrange equation is

2

KO" + AXB
Ho

sinf cosé = 0. (31)

The various solutions are characterized by two arbitrary
integration constants, as the Euler-Lagrange equation
is a second-order ordinary differential equation. Both
boundaries involve two boundary conditions, adding to a
total of four boundary conditions:

LCsin {2[0(d) — 0,]} + {K + K15 cos [20(d)]} 0'(d) = 0,

(32a)
3Csin {2[0(0) — 6,]} — {K + K13 cos[26(0)]} 6’(0) = 0,
(32b)
1K13sin [20(d)] = 0, (32¢)
3 K135sin[26(0)] = 0. (32d)

These four boundary conditions originate from the four
degrees of freedom of the surface free energy, namely,
6(0), 8(d), 0'(0), and 6’'(d). However, the Euler-Lagrange
equation only allows for two degrees of freedom, because
of the two arbitrary integration constants. In general a
solution of the Euler-Lagrange equation that satisfies all
four boundary conditions does not exist.

Apparently, the director field that minimizes the free
energy cannot be found by variational calculus. It can
even be shown that the free energy has no minimum. To
that end a particular director field is considered, namely,

0,.(x) =9d+ﬁ[(§)"—1], (33)

where n is a large positive integer. The Frank free energy
of the field is given by

d 2.2 pd _
1 1 K(3°n T\ 2n-2
loge 1 dz (£ 34
/od%K" 2 4z /0 “’(d) (34)
1

d
Kp? n?
T34 am—1 (35)
1 K32

The elastic contribution of the splay-bend term reads

3 K12 {5in 20, ()]0, (d) — sin [201,(0)]6,(0)}

~ K13 Sin(20d)ﬂ
2d

The magnetic and anchoring energy remain finite for all
n. Clearly, the free energy for large n is given by

n. (37)

_ 1 K,Bz 2K13 sin(20d)
Fo=g— |1+ %5 n (38)
Choosing g such that
K13 Sln(26d),8 < 0, (393.)
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2|K13 51n(20d)|

18] < Ve , (39b)
it follows that
lim F,, = —oo. (40)
n-—oo
In the limit n — oo it also holds that
mmo@-{E70 RS @

Clearly, the director field with a free energy diverging to
minus infinity has a discontinuity at = d. This discon-
tinuity is referred to as the Oldano-Barbero boundary
discontinuity.

The OB discontinuity also appears in the general case
where the Euler-Lagrange equations are a pair of coupled
second-order partial differential equations. The bound-
ary discontinuity is attended by a free energy that di-
verges to minus infinity. This divergence is caused by
the dependence of the surface term f;; on the derivative
of the director field normal to the surface [6].

The OB paradox boils down to the appearance of a
discontinuity in a theory that is based upon the absence
of large deformations. Evidently the elastic free energy
cannot be approximated by the five terms containing two
spatial derivatives of the director field. The second cri-
terion for the validity of the approximation is not met,
i.e., there is no lower bound of the free energy. Finally,
we mention that a variety of different ways of analyzing
the OB paradox can be found in [11].

IV. THE FAETTI APPROACH

Faetti’s approach for solving the OB paradox is in the
line of Barbero et al. [2,3]. These last authors solved
the OB paradox by introducing one single higher-order
elastic term, namely, a term quadratic in the second-
order derivatives of the director field. Then the result-

_ 8fm  Ofs , ( Of
or =3 [av [‘a‘;““?a‘; ")’ﬁ(aaaxﬂ‘”‘

Z J‘h 112) w

1=1,2

x=0,¢
oot Afp O
+X§¢/ds 5 +p,366X B

Consequently the Faetti boundary conditions read

80’86 be 8sz
Ix Ps 993 x + Ox

1 8fs)
- K3 J ) 1, =
E ‘ Tlar, )‘Iu u[ (g1 qz)qaaaﬁx} 0 (45)
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ing Euler-Lagrange equations are differential equations
of fourth order. Consequently four arbitrary integra-
tion constants specify the different solutions of the Euler-
Lagrange equation relating to the splay-bend geometry
considered in Sec. III. Now the variational problem has
a well-defined solution. It should be remarked that the
choice of the particular higher-order elastic term is ad
hoc. Moreover, the combined action of the K3 term and
the term introduced by Barbero et al. gives rise to a
large variation of the director field in a microscopically
thin region near the boundary. Such a large variation of
the director field in a microscopic region near the bound-
ary is called a strong subsurface deformation.

According to Faetti [4] more higher-order terms must
be introduced in the approach of Barbero et al. [2,3].
For the splay-bend geometry Faetti also finds a strong
subsurface deformation of the director field. Following
Barbero et al. [12] he states that the macroscopic effect
of this deformation cannot be distinguished from the ef-
fect of anchoring forces. In a subsequent paper Faetti
[5] generalized the approach to arbitrary geometries. Ac-
cording to Faetti the effect of the surface term f,, and of
the higher-order terms is a strong subsurface deformation
in any geometry. The only observable macroscopic effect
of this strong subsurface deformation can be seen as an
additional contribution to the anchoring energy. Denot-
ing the sum of f,, and the higher-order terms by 77 an
effective anchoring function can be defined by

o =g+ 7p. (42)

This effective anchoring energy 0¥ can be approximated

after Rapini and Papoular [9] as

a,eff — ——%Ceﬂ(HEH . n)2, (43)
where IT°f is the effective easy axis and C°f the effective

anchoring constant. Now the variation of the free energy
can be expressed as

Ofs
[(‘11,112)151'385—;(] dx. (44)

-
for x = 0, ¢.

It should be emphasized here that Faetti’s approach
does not distinguish clearly between microscopy and
macroscopy. Namely, a macroscopic theory, the con-
tinuum theory, describes a microscopic phenomenon,
the strong subsurface deformation. Thereupon this mi-
croscopic deformation is interpreted macroscopically in
terms of a contribution to the anchoring energy. In other
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words, the strong subsurface deformation is not consis-
tent with the first condition for the validity of the ap-
proximation of the elastic free energy, stating that defor-
mations must be small.

V. THE PERGAMENSHCHIK APPROACH

Pergamenshchik [6] assumed that the higher-order
elastic terms are indeed extremely important but that
their effect can be taken into account in terms of a con-
straint ou the director field at the boundaries. Conse-
quently these higher-order terms do not appear explic-
itly in the bulk equilibrium equations and the boundary
conditions. So the equations for the bulk are the orig-
inal Euler-Lagrange equations (28). Pergamenshchik’s
approach boils down to a constraint on the normal deriva-
tives of the surface tilt and twist angles appearing in the
surface term f;) . These normal derivatives can no longer
be considered as independent variables. Instead they de-
pend on the surface tilt angle 8°(q1,g2) and the surface
twist angle ¢°(q1,492)-

According to Pergamenshchik the functional depen-
dence of f;; on the surface tilt and twist angles can
be found by solving the Euler-Lagrange equations (28)
in terms of 6°(q1,g2) and ¢°(q1, q2), where these surface
angles are taken as fixed boundary conditions. Next the
resulting expression of the director field is used to calcu-
late the normal derivatives of the surface angles in order
to determine f, . In general the dependence of f,, on
the surface angles is nonlocal and cannot be given explic-
itly. In the following the proposal of Pergamenshchik for
fs1 will be denoted as

for =7({0°(91,92), °(q1,92)})- (46)

The still unknown surface angles are determined by min-
imizing the total free energy with respect to 6°(qy,gz)
and ¢°(q1,¢2). This minimization requirement can be
expressed in the form of boundary conditions. The min-
imization procedure results in

Ofm | Ofp Ofs ox
av |2 OF g
§¢/ V[ " ox ﬁ(f‘?@ax)] ox*

Afy Afs or
+ §¢/ds{*+ P 5tex T ox T ox

1 fo
Z J_(ql’—)tzu.a |:J(q17q2)tz,688 X]}

1=1,2
= 0. (47)
Using the Euler-Lagrange equations (28) the Pergamen-

shchik boundary conditions can be expressed as

a0 ofy  8fy or
ax p"aax x | ox°

-2

i=1,2

of,
77— %iu0 u I:J(‘Ilan)Qzﬁaa I

T(ar,22) =0 (48)
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for x = 0, ¢. It should be remarked that a similar bound-
ary condition was first postulated by Hinov [13].

According to Pergamenshchik the solution of the
Euler-Lagrange equations (28) which minimizes the ap-
proximation of the free energy (16) gives rise to a mini-
mum of the true free energy. This assumption cannot be
tested directly, as explicit expressions for the higher-order
elastic terms are unknown. However, an indirect test is
quite possible by examining whether the Pergamenshchik
approach is in agreement with the requirement for me-
chanical equilibrium. If this condition is not satisfied the
proposed director field does not minimize the free en-
ergy. This test is originally due to Faetti [4]. A general
formulation of the test is derived in the following.

A deformed nematic can only sustain its deformation
if external forces and torques are applied to the nematic.
In equilibrium, the forces and torques due to the elastic
deformation are balanced at each material point by the
external forces and torques. There are two sources of
external torques.

The first source is the externally applied magnetic field.
This field exerts a local torque density

of
M™28 = —Eaﬁv'n,@—"b‘éa
on,

- iz‘ (n-B)(n x B) (49)

on the nematic. This magnetic torque density is per-
pendicular to the plane spanned by the magnetic field
and the director, i.e., it tends to align the director along
the magnetic field. In case Ax < 0 the tendency will
be to align the director perpendicular to the magnetic
field. The magnetic torque density can also be expressed
in terms of the tilt angle # and the twist angle ¢ as

1 0fm

M™28 —
sin 6 BQS

(o x m) +

pug (s x m),  (50)

where ég and é4 are two orthonormal vectors perpendic-
ular to n and defined by

ég = % = (cos 6 cos ¢, cos O sin ¢, — sin 6), (51a)
R 1 on .
€y = Snd9p (—sin @, cos ¢, 0). (51b)

The second source is the body on which the nematic
is anchored. A mechanical surface force density f™ech
gives rise to a mechanical surface torque density

Mmech = pr x fmech’ (52)

whereas the anchoring gives rise to an anchoring surface
torque density

9o
TEapyNp G~ €a
y

=C(n-II)(n x II), (53)

Manch —

or in terms of the tilt angle § and the twist angle ¢
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1 do

Manch
sind 9¢

€oxm)+ ——o=(€pxm).  (59)

66(
The anchoring torque density (53) tends to align the sur-
face director along the easy direction II.

In equilibrium, the total externally applied force on
the nematic and the total externally applied torque on
the nematic must be zero. Consequently, the equations
describing the mechanical equilibrium of the nematic are

/dS fmech =0

/ dS M™eh / dS Mereh 4 / dV M™% = 0. (55b)

(55a)

Besides the torque balance equation (55b) referring to the
nematic, similar equations must be formulated referring
to the anchoring body. According to Newton’s third law
the anchoring body experiences a torque exerted by the
nematic. This torque M ™™ is equal in magnitude to the
torque exerted by the anchoring body, but of opposite
sign, i.e.,

Mrem — _/ds Mmech _ /dS Manch‘ (56)
Clearly this torque on the anchoring body must be bal-
anced by another torque M®** which is mechanically ap-

plied to the anchoring body:
Mt + M™™ = 0. (57)

Now the relevant equations for the Faetti test can be
formed. These equations describe the equilibrium of
torques of the combined system, i.e., the system con-
sisting of the nematic and anchoring body. Using (55b),

O0F = /dV c‘)fméB +/dS

x=0,¢

6fau
X Z

1=1,2

do Afe
+ E /dS + pg
N ax 9%
Ofm
- / av eamBﬁgg—éwa - / ds Ea57355%7;
Y Y

The integrand of the first term on the right hand side
can be rewritten using Eq. (13) for f,, and Eq. (49) for
Mm™ag;

fm

O fm
606"/35 aB

= T€apyNp Ony
= MJ°8, (63)

Then it follows:

6B+Z/dV
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(56), and (57) it follows that

Mt 4 /dV M™28 = Q. (58)
An expression for M** will be derived below in order to
test the mechanical equilibrium.

To that end the combined system is subjected to a ro-
tation with infinitesimal angle dw around the axis parallel
to the unit vector k. Then the change in the total free
energy is

OF = M Sw,, (59)

where dwy = dw k.. In order to derive an expression for
Mt it must be realized that a rotation of the combined
system over an angle dw around the axis k is equivalent to
a rotation of the magnetic field over an angle —éw around
the axis k. Then the change in the magnetic field is

6B, = —Eag,y(S(UﬂB.y. (60)

The corresponding change in the FEulerian angles
parametrizing the director field can be expressed as

Ox

oy = =X 6B
X= 8B, "

(61)
where x is the solution of the Euler-Lagrange equa-
tions (28) and the boundary conditions (48). Next the
change in the total free energy is calculated in terms of
6B. For that purpose it must be realized that the free
energy depends both explicitly and implicitly on B. The
explicit dependence is brought about by the contribu-
tions f,, and 7, for 7 depends on the normal derivatives of
the surface angles, which follow from the Euler-Lagrange
equations. The implicit dependence is due to the Eule-
rian angles 6 and ¢. Using Eqgs. (28) and (48) it follows
that

[afm L, (afb )} X s

Ox 0093x ) | 0B,

9f. &t | ox*
t; J(q1,92)t; 6B,
J(ql,qz) w0 [ (g1,92) "aaﬁx] 5x* [ 9Ba
bwar- (62)
[
or
= —/dV M78dw, — /dS' €apyBp o5 0wa. (64)
B,
Using (59) it follows that MS** satisfies
ext ma, 6'7'
Ma —+ dv Ma E—_[dS Eaﬁ.’,Bg—ﬁ—. (65)
3B,

According to the Faetti test equilibrium of torques exists
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provided that

or

s = /\Bon
OB,

(66)

where ) is an arbitrary number. Equation (66) implies
that T only depends on the magnitude of B, i.e., T only
depends on B2.

According to Pergamenshchik the contribution 7 to the
surface free energy does depend on the direction of the
magnetic field as well. The reason is the constraint sat-
isfied by the normal derivatives of the surface angles.
Therefore his approach does not give rise to a director
field that minimizes the free energy.

It should be remarked here that Faetti’s approach does
not violate the requirement for mechanical equilibrium.
His contribution to the surface free energy 7, which cor-
responds to the quantity 7 of Pergamenshchik, is a local
function of the director field only. The independence of
T on the magnetic field implies directly that Eq. (66) is
satisfied.

VI. DISCUSSION

In the preceding sections it is shown that none of the
existing approaches is completely satisfying. The essen-
tial element in the approach of Barbero et al. [2,3] and
of Faetti [4,5] is the strong subsurface deformation, that
is not consistent with the requirement of small deforma-
tions. The approach of Pergamenshchik [6] does not give
rise to mechanical equilibrium, i.e., the proposed direc-
tor field does not lead to the minimum of the free energy.
Despite these imperfections successes have been achieved
in describing some experimental results. The approach
of Barbero et al. seems to be useful in the description of
so-called anchoring transitions [14,15]. Anchoring tran-
sitions involve changes in the easy axis with variations
in temperature. The variation of this preferential di-
rection as a function of temperature is nonanalytical at
the anchoring transition temperature. The approach ot
Pergamenshchik, on the other hand, seems to be useful
in the description of instabilities in thin hybrid aligned
nematic liquid-crystal films [16]. However, these experi-
ments cannot be considered conclusive evidence for either
approach.

The approach of Faetti may be reformulated without
any reference to strong subsurface deformations. This
reformulated approach constitutes a solution of the OB
paradox which is in agreement with both conditions for

J

Fu= /dv fb+/ds ful
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the validity of the approximated elastic free energy. The
basic assumption is that the bulk elastic free energy can
be approximated according to Frank [7]. Then the equi-
librium equations for the bulk are the Euler-Lagrange
equations (28). Accordingly, strong anchoring can be
seen as the limiting case of an infinite anchoring con-
stant, as the anchoring constant only enters the bound-
ary conditions and not the equilibrium equations for the
bulk. The inclusion of higher-order elastic terms, as in
the theory of Barbero et al. [2,3], would result in strong
subsurface deformations. This is prohibited by the first
condition on the validity of the approximated elastic free
energy, stating that deformations must be small.

In order to arrive at a well-defined solution of the
OB paradox we must require that the number of de-
grees of freedom in the surface free energy must corre-
spond to the order of the differential equations for the
bulk. For example, consider the case where the Euler-
Lagrange equations are second-order ordinary differential
equations. Then the number of surface degrees of free-
dom must be equal to the number of arbitrary integration
constants appearing in the general solution of the Euler-
Lagrange equations. In the present case the number of
boundary conditions (29) is not appropriate, as the bulk
equations (28) are differential equations of second order.
In order to obtain the correct number of boundary condi-
tions an additional constraint on the surface free energy
density is needed. The superfluous boundary conditions
can be removed by assuming that the surface elastic free
energy density does not depend on the derivative of the
director field normal to the surface. This means that the
surface free energy density fs1 must be excluded. Now
the resulting free energy can be minimized using varia-
tional calculus, without being confronted with the OB
paradox. The inclusion of a term in the surface free en-
ergy density, which is linear in the normal derivatives of
the director field, leads to a free energy that is unbounded
from below. This is forbidden by the second condition
on the validity of the approximated elastic free energy,
namely, the condition that the approximated elastic free
energy must have a minimum. Taking into account the
surface term f,, in another way, as in the approach of
Pergamenshchik [6], results in a violation of the require-
ment of mechanical equilibrium. It should be noted that
our proposal is not just to set f,, equal to zero, but in-
stead not allowing this term to appear in the surface free
energy density, for the reasons discussed above.

Summarizing, the present proposal is to approximate
the elastic free energy by

- /dV [3Ku(V n)? + 1Kaa [n - (V x )] + 3Kss [ x (V x m)]}

+ [45 {3(Kn + Kalp- [(n- V)m = n(V - m)] + Kus(p-m) [V -n = p- (p- V)n]}

(67)
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Then the equilibrium equations for the bulk are the
Euler-Lagrange equations

Ofs Ofe  Ofm _
8ﬁ(66ﬁX)_6—X__67—0 (68)

for x = 0, ¢, whereas the boundary conditions are

o Ofy +3fs||
ax " PPBasx T ox

1 3fsu]
- inOu | J(q1,92)4 =0 (69
> Tlavaa) u[ (@2 qz)q"aa,,x (69)

i=1,2

for x =6, ¢.

VII. CONCLUSION

After a discussion of the OB paradox the existing ap-
proaches for solving this paradox are analyzed in view
of two starting points of the continuum theory. Namely,
the deformations of the director field must be small and
the approximated free energy must have a minimum. The
present analysis clearly shows the imperfections of the ap-
proaches of Barbero et al., Faetti, and Pergamenshchik.
A reformulation of Faetti’s approach is proposed which
is in agreement with the assumptions of the continuum
theory. The proposal boils down to a modification of the
original form of the surface free energy density, namely,
the derivatives of the director field normal to the surface
must be excluded.
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