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Spatially localized, temporally quasiperiodic, discrete nonlinear excitations
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In contrast to the commonly discussed discrete breather, which is a spatially localized, time-periodic solu-

tion, we present an exact solution of a discrete nonlinear Schrodinger breather which is a spatially localized,

temporally quasiperiodic nonlinear coherent excitation. This breather is a multiple-soliton solution in the sense

of the inverse scattering transform. A discrete breather of multiple frequencies is conceptually important in

studies of nonlinear lattice systems. We point out that, for this breather, the incommensurability of its frequen-

cies is a discrete lattice effect and these frequencies become commensurate in the continuum limit. To under-

stand the dynamical properties of the breather, we also discuss its stability and its behavior in the presence of
an external potential. Finally, we indicate how to obtain an exact W-soliton breather as a discrete generalization

of the continuum multiple-soliton solution.

PACS number(s): 03.40.Kf, 63.20.Pw, 46.10.+z, 42.81.Dp

Historically, searching for breather solutions in the con-
tinuum and discrete @ field equations has deepened our un-

derstanding of discrete lattice effects and their intricate inter-

play with integrability vs nonintegrability [1].Since Sievers
and Takeno put forth the idea of intrinsic localized states [2],
the concept of breathers is also found to play a central role in
the general theory of nonlinear lattice systems [3], particu-
larly regarding self-focusing and collapse phenomena. Re-
cently, a mathematical proof of the existence of breathers for
time-reversible or Hamiltonian networks of weakly coupled
oscillators has been given [4]. We note that these works
mostly concentrate on the breather which is a spatially local-
ized, and time-periodic nonlinear coherent excitation. Since
nonlinearity precludes the separation of Fourier modes in

time, it is natural to question the existence of temporally
quasiperiodic or nonperiodic, spatially localized, nonlinear
coherent excitations. This concept is important for the under-

standing of spatially localized nonlinear excitations in certain
classical and quantum systems in that these excitations may
intrinsically contain multiple internal frequencies, and are
not reducible to any periodic structures in time. In this work,
we will present an exact solution of a discrete breather which
possesses multiple frequencies and is a bona fide soliton so-
lution in the sense of the inverse scattering transform (IST).
We will discuss the dynamical properties of this solution and
find that it is actually a discrete generalization of the con-
tinuum multiple-soliton solution studied in Ref. [5].As will
be discussed below, these breathers with incommensurate in-

ternal breathing frequencies exist only in the discrete lattice.
They approach time-periodic solutions in the continuum
limit.

The system which we study is a discrete nonlinear Schro-
dinger equation (NLS). As is well known, discrete NLS
equations are prototypical nonlinear lattice systems in vari-
ous fields, such as condensed matter physics, molecular bi-
ology, and fiber optics [6]. The governing equation of our
system is the Ablowitz-Ladik discretization of NLS [7]:

moved by a trivial gauge transformation. Due to the scaling
property of Eq. (1), p, will be set to unity below. Since
the initial condition, sinhpsech[p(n —xo)], gives rise to
an envelope soliton, and the initial condition,
sinh(2p)sech[p(n —xo)], evolves in time with its envelope
executing a periodic motion [8], a candidate for the initial
condition which will develop into a two frequency breathing
structure, therefore, is

p„(t= 0) = sinh(3 p) sech[ p(n —xo)].

In order to confirm that this is indeed the case, and to obtain
a breather solution of multiple frequencies, we will invoke
the Hirota method [9].The bilinear form for Eq. (1) is

(iD, + 2 coshD„)G„F„=0,

(coshD „—1)F„F„=G„G„*, (4)

Gi„=a exp(2it coshp)+b exp(2it cosh3p)

+ c exp(2it cosh5 p), (5)

via lengthy algebraic manipulations, we can prove that the
asymptotic expansions truncate at O(e ). In order for the
wave function P„ to have the specific initial condition (2),
the following values of a, b, and c are chosen:

where G„/F „=ii't„with F„being real,
2coshD„(G„F„)=G„+iF„ i+G„ iF„~i, and D,(G„F„)
=[(8,—c/, )G„(t)F„(t')], , Using the asymptotic expan-

n pyg=o 2m n ~ n ppg=o 2m+1 n

where F0 = 1, we can derive a set of iterative equations
involving F2 „and G2 +i„ from Eqs. (3) and (4). The
asymptotic expansions can be solved successively by starting
a G & „ to solve for F2 „, and then for G3 „, and so forth. For
the following choice of G&„,

t t/'n = ( t/tn+ i+ t/tn —i) p (t/tn+ i+ t/rn i) I t/nl— a = 2 sinh(3P)exp( —Pxo), (6)

where —2t/I„ in the finite difference Laplacian has been re- b = 4 sinh(3P) sinh(4P) coshP exp( —3Pxo)/sinhP, (7)
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c = 4 sinh(3P) sinh(5P) cosh(2P) exp( —5Pxo)/sinhP,

with xo ~ (—~, + ~) and P e (0,+ ~), which leads to the
complicated expression for t/t„:

g„(t)
t/t"„(t) = sinh(3P) exp(2it coshP)

n t (9)

where

g„(t)= 2 cosh(8 pn) +A 6 cosh(6 pn) exp(iA31t)

+ [A4 exp(i051t) +84 exp(iA3, t))cosh(4 pn)

+ [A2+82 exp(i&stt)]cosh(2pn)

+C1 exp( —iA53t)+C2 exp(iA53t)

+ C3 exp[i(053+ 03$)t],

f„(t)= cosh(9Pn)+A7 cosh(7Pn)

+A5cos(A31t) cosh(5 pn)

+[A3+83 cos(A5, t)]cosh(3pn)

+ [At+8, cos(A53t)]cosh(pn)»

where n=n —xp, and

Q 31= 2 (cos113P —coshP )»

05,= 2(cosh5 P —coshP),

053= 2(cosh5P —cosh3P);

A, =4Ao cosh 2P,

By =2ApBp

A2=32 cosh P cosh 2P,

82=168o cosh P cosh2P,

A3=64 cosh P cosh 2P,

A4=83=4BO cosh2p,

A5=84=4Ao cosh2P,

As=16 cosh P cosh2P,

(10)

(12)

(13)

(14)

FIG. 1. A discrete breather, Eq. (9), with P=0.5. In the plot,
each solid line is the time evolution of the modulus P„(t) for the
lattice site n.

this solution can be viewed as a breather comprising three
solitonic components with their poles at exp( —P),
exp( —3P), and exp( —5P), respectively. Obviously, this
breather evolves with three fundamental frequencies, the
carrier-wave frequency A, =2 coshP and the shape mode
fundamentals 03& and A5& . Generally, these two shape
mode frequencies are incommensurate, therefore, the enve-
lope of the breather does not have a temporally periodic evo-
lution. Since we are dealing with a nonlinear system, this
excitation cannot be decomposed into three periodic compo-
nents. This is an example of a spatially localized, temporally
quasiperiodic, nonlinear breathing structure. In Fig. 1, such a
breather is shown, in which the quasiperiodic characteristics
can be clearly observed. We point out that these frequencies
become commensurate in the continuum limit since
(0,—2):A3, :05,=1:8:24 in the limit of p~0. [Here
0,—2 is used in order to take into account the phase
exp(2it) restored by the gauge transformation in taking the
continuum limit. ] Hence the evolution of the continuum
breather is always periodic in time. The resonance situation
of the system (1), when these frequencies become commen-
surate, deserves further consideration.

As a consequence of the Ablowitz-Ladik discretization,
the breather solution (9) possesses a continuous translational
symmetry, that is, xp is an arbitrary real number and its en-

ergy and norm are independent of xp. The energy and norm
of the breather are

A7=Ap,

Ci=Bp,

F-b = —2 (0.'P."+1+0."*0.'+1)=—4 sinh 3P
sinhP

(15)

C2=ApBp,

C3=48& cosh 2P,

Bo= (1+2 cosh2Pwith A o
= (1+2 cosh2P) and

+ 2 cosh4P).
It can be verified that, for t=o, the initial condition for

P„" [Eq. (9)] is indeed Eq. (2). From the perspective of IST,

(16)

Since a single soliton, i.e., P', = sinh rj sech[ r/(n
—xo)]exp( —itut), where to= —2 coshr/, has the energy and
norm

E,(r/) = —4 sinhr/,
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FIG. 2. A discrete breather, Eq. (9), with P= 0.3 collides with a

single soliton which has the initial condition, sinhP' sech[P'(n
—xo)]exp(inn), where P'=1 and n=1.5. The breather remains
stable after the collision (see text).

~,(rg) =2g, (18)

respectively, it can readily be verified that the energy and the
norm of the breather are the simple arithmetic sum of those
of the three single solitons with rg= p, 3p, and 5p. These
properties indicate that the breather (9) is a special kind of
bound state with null binding energy and norm. Therefore it
is marginally stable and may decay into the three solitonic
components under perturbation. For example, with an initial
phase perturbation, i.e., with a phase exp( —inn) multiplied
with the initial condition (2), as expected, a breather starting
with this initial condition will gradually split into three soli-
tons no matter how small n is (see also Ref. [5]).However,
it is stable, i.e., remaining as a spatially coherent, single en-
tity if there are only small real-valued perturbations, i.e., am-

p itu e perturbations to Eq. (2) in its initial condition. These
qualitative statements can be understood via inverse scatter-
ing transformation of the perturbation on initial value prob-
lems, and are consistent with our observations in numerical
simulations performed with numerical integrations of the full
system (1). Moreover, as a more significant property of the
solution, the breather (9) is stable after a collision with a
soliton in our numerical simulations. Figure 2 shows such a
collision event. As usual, there is a space " hase" shift after

~ ~

the collision. However, on account of the smallness of the
shift due to the parameter values we chose for the figure, it is
rather difficult to perceive for the case presented.

Incidentally, for the system (1) there are staggered breath-
ers. They take their descendency from staggered linear

p onons which are situated at the upper frequency edge of
the linear phonon band. These breathers evolve from the ini-
tial condition, (—1)" sinh(3P)sech[P(n —xo)], and have a
form which is obtained from Eq. (9) by the transformations,

jXnp„~(—1) p„and r~ —t [note that under these transforma-
tions, Eq. (1) is invariant].

In the presence of a spatially linear potential, Eq. (1) be-
comes

where V„=F(t)n with 8'(t) being any real function of time.
This is still a completely integrable system and possesses an
infinite number of conservation laws [10]. It can easily be
shown that the initial condition (2) also gives rise to a
breather solution. However, this breather usually will evolve
into spatially separate, coherent structures. For example, as
shown in Fig. 3 for a case in which F(t) is time independent,
the breather breaks into three spatially separate, coherent
structures, but it refocuses into a single lump periodically as
any evolution from a localized initial condition, in this par-
ticular type of potential, is periodic [10,11].As shown in Ref.
[8], this breakup is a general discrete lattice effect on the
evolution of the breather of this kind in the presence of an
external field.

Finally, we point out that the initia1 condition,

P„(r= 0) = sinh(NP) sech[P(n —xo) ], (2o)

should give rise to an N-soliton breather with its poles at

exp( —kP), k=1,3, . . . ,2N 1, in the IST —framework. This
breather evolves with N —1 internal frequencies in addition
to a earner-wave frequency. It has energy and norm

Eb,iv(p) =-
sinhP

(21)

bb, (p) = g I'n(1+sinh (Np)sech [p(n —xo)]]

=2N P, (22)

respectively. Since the following identities hold,

Eb bt(P) = g E,[(2k—1)P],
k=1

(23)

FIG. 3. Time evolution of a discrete breather in the presence of
a static linear potential V„=Fn with 8'= 0.2. The initial wave func-
tion, sinh(3P)sech[P(n —xo)] with P= 0.5, evolves into three spa-
tially separate, coherent structures. Note that the motion is periodic,
cf. Fig. 1.

r 0.= (0.+i+ P. t) W(W. +i+ 0—. t) I 0.l'+ I'.0-. —-
(19)

A&b,bt(P) = g ~,[(2k —1)P], (24)
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the ¹ oliton breather is a bound state of marginal stability.
This ¹soliton breather is obviously a discrete generalization
of the continuum ¹oliton solution studied in Ref. [5].

To conclude, we have presented an exact solution of a
discrete breather which is a spatially localized, temporally
quasiperiodic nonlinear coherent excitation, in contrast to the
breather commonly studied in the literature, which is a time-
periodic excitation. Breathers of multiple internal frequen-
cies are conceptually important in the studies of nonlinear

lattice systems. To understand the dynamical properties of
the breathers, we have discussed their stability and their be-
haviors in the presence of an external potential. Finally, we
have also indicated how to obtain an ¹soliton breather as a
discrete generalization of the continuum multiple-soliton so-
lution.

Work at Los Alamos is performed under the auspices of
the U.S. D.O.E.
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