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Recently, a cubic bond orientational order model was proposed for blue phase (BP) III [Phys.
Rev. Lett. 71, 2757 (1993)]. It was suggested that in blue phase III, although there is no periodic
translational symmetry, a cubic orientational order persists. A spatially independent fourth-rank
tensor H &„„was used to describe the cubic bond orientational order. In this paper, we show that
since BP III is chiral, the bond orientational order parameter is expected to vary in space. Depending
on the relative magnitudes of the elastic constants in the free energy, the cubic bond orientational
order will twist along either a fourfold ([001]) or a threefold ([ill]) symmetry direction. Due to the
twist, the cubic symmetry of the bond orientational order is replaced by a lower point symmetry
group, D4(422) or Ds(32). Using Landau theory and dimensional analysis, we find that if there is
a chiral cubic bond orientational order in BP III, there should be a measurable birefringence even
in the absence of an external field. This is inconsistent with the knowledge that BP III is optically
isotropic without a field. We also point out that a phase with cubic bond orientational order can be
distinguished from an isotropic phase using field induced birefringence experiments.

PACS number(s): 61.30.—v

I. INTRODUCTION

Blue phases appear in chiral liquid crystals between
either a helical (cholesteric) or smectic phase and the
isotropic phase in a narrow temperature range. In the
absence of an external Geld, three types of blue phases
have been identiGed. It is believed that in blue phases I
and II, the long axes of the molecules form periodic orien-
tational patterns; blue phase (BP) I has the periodicity of
a body-centered-cubic lattice and BP II has the periodic-
ity of a simple cubic lattice. Sharp Bragg reHection bands
of visible (often blue) light are observed in blue phases I
and II. The structure of BP III, however, is still uncer-
tain. It shows only a broad, weak selective reHection and
no spatial periodicity is found. A number of models have
been suggested for BP III. In general these models can be
put into three categories: (1) quasicrystal models where
the structure of BP III is characterized by the reciprocal-
lattice vectors derived &om the edges and vertices of an
icosahedral [1, 2]; (2) amorphous models, which include
double twist model [1, 2], where BP III is considered to
be Glled with randomly oriented double twist cylinders;
emulsion inodel [1,2] where BP III consists of cholesteric
droplets; cubic domain model [1, 2] where small cubic
domains predominate; and (3) the bond orientational or-
der model, recently proposed by Longa and Trebin [3].
It was suggested that in BP III, although there is no
translational periodicity as in blue phases I and II, a cu-
bic bond orientational order remains. This last phase
is described by two order parameters, the usual trace-
less symmetric alignment order parameter Q p(rg and a
bond orientational order parameter, a fourth-rank tensor
B'

p w'hich results, for example, in new allowed tensors
for the third-order nonlinear optical susceptibility.

In the cubic bond orientational order model, the free
energy of the blue phases is written in terms of a mean-

Geld free energy, which depends only on the alignment
order parameter Q p(r), and a fluctuation part. The
Huctuation part of the &ee energy is approximated by
the &ee energy solely coming &om the bond orientational
order B p„„and its coupling to the alignment order pa-
rameter Q p(r). In particular, the contribution to the
&ee energy &om the bond orientational order alone is
written as

4 4 4 4 4
+2+cxPph +cxPpb + +3+nPpb@otP @vugh pv

+«, i (B.'p, sB'p, s)'
4 4 4 4+ 4 2 aPph pbpv pvpa pacxP

In order to minimize the total &ee energy, E~ b„~I, is min-
imized first using group theoretical techinques [4] and the
cubic symmetry O(432) for the bond orientational order
parameter B p &

is obtained. The total free energy is
then minimized and it is found [3] that the 0 (I432)
structure is destabilized compared to the 02(P4232) and
0 (I4i32) structures, in contrast to the earlier analy-
sis [2] without considering the bond orientational order.
Also a purely bond orientational phase, in which Q p = 0
and B4& „g 0, can appear right below the isotropic
phase where the BP III phase emerges.

For a nonuniform, spatially dependent, bond orien-
tational order, B4& &(r)), there are other symmetry al-
lowed terms in the bond orientational order part of the
&ee energy, I"~, besides the bulk &ee energy, E~ b„~p
of Eq. (1). One must also consider gradient terms,
such as V' B p &V' B',

p &, V Bp V' B'p, and
e p~B „V~B& „(ifnot specified otherwise, summa-
tion an repeated indices is implied throughout this paper;
e p~ is the commonly used antisymmetric tensor). Just
as the gradient terms of the ordinary order parameter
Q p(r) in the free energy introduce the helical phase,
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the additional gradient terms in the bond orientational
order &ee energy lead to a chiral bond orientational or-
der. Although it is known that the bond orientational
order is not chiral in blue phases I and II, its chirality
can manifest itself in BP III.

This is analogous to the well studied cholesteric to
smectic A transition. In smectic A there is quasi-long-
range translational order and there is no global twist as-
sociated with the chirality of the constituent molecules.
This chirality is only exhibited in cholesteric phase. Re-
cent theoretical analysis [5] of the similarity between the
type II superconductors and the smectic A phase with
chirality shows that there can be phase with smectic or-
der and twist, the twist grain boundary phase. How-
ever this occurs only when the chirality is large enough.
When the chirality is not that large the quasi-long-range
translational order completely suppresses the twist of the
order parameter. A few materials, such as nP1M7 and
+14P1M7, have been confirmed experimentally [6] to ex-
hibit the twisted grain boundary phase.

We find that the chiral cubic bond orientational or-
der lowers the total bond orientational free energy, F~ =
F~ b„~g + F~ g, d, comparing with the cubic bond orien-
tational order in BP III. The twist direction of the cubic
bond orientational order is either along [001] (one of the
axes with fourfold sylnmetry) or [ill] (threefold symme-
try axis), depending on the relative magnitudes of the
elastic constants. The chiral cubic bond orientational
order is characterized by a symmetry lower than a cu-
bic, such as the symmetry of the point group D4(422)
or Ds(32). This makes it plausible that the system will
have a second-rank order parameter even without the
inhuence of an external Geld. Using Landau theory and
together with dimensional analysis to estimate the size of
the phenomenological parameters, we find the chiral cu-
bic bond orientational order induces a second-rank order
parameter, and the system should be bire&ingent even
without an external Geld, which contradicts the common
knowledge that BP III is optically isotropic. We also pro-
pose to detect a possible cubic bond orientational order
in BP III through a simple experiment, observation of
the bire&ingence in a plane perpendicular to an applied
weak Geld.

The paper is organized as follows. In Sec. II, we argue
that in chiral systems with only orientational and not
translational order parameters the order will be spatially
dependent and through the analysis of the Landau the-
ory we present the chiral cubic bond orientational order
model. We then use the dimensional analysis to estimate
the magnitude of the bire&ingence for both cubic and
chiral cubic bond orientational order models with and
without an external field. In Sec. IV we brieQy review
current available experimental results of BP III relevant
to the bond orientational order models.

II. CHIRAL CUBIC BOND ORIENTATIONAL
ORDER IN BP III

Blue phases appear only in chiral systems with short
pitches so the system can be considered to be highly chi-
ral. In such a system, the molecules tend to stack with
their long axes at an angle relative to one another &om
point to point. Therefore the order parameter describing
such a system should depend on spatial variables. For
a spatially dependent bond orientational order parame-
ter, additional gradient terms should be included in the
free energy besides the terms in Eq. (1). In particu-
lar, for this bond orientational order parameter which
transforms as the / = 4 irreducible representation of the
SO(3) group, up to the second order in derivatives, the
additional rotationally invariant terms quadratic in the
order parameter are

F~ g, g —— dr LgV' B p ~V B,p ~

+L2V Bp V' Bp

4 4+Lse~p~B „V~Bp „„),
where the bond orientational order parameter B

& & is a
completely traceless symmetric fourth rank tensor,

B p ~
——B[n' n'pn*~n'g

(3)

and 6' are the unit vectors along the three fourfold sym-
metry axes. In the chiral cubic bond orientational order
model, parameter B is assumed to be a constant and
n (r) (i=1,2,3) are varying in space. It is more conve-
nient to express the gradient part of the bond orienta-
tional &ee energy, F~ g, g, in terms of the gradients of
the vectors n'(r) [7],

F, = d" -K V. "' + —K "' V

+2KS[n' x (V' x n')]2+ Kn'. (V' x n')}. (4)

If derived from Eq. (2), the elastic constants Kl and
E3 are equal, although they would be different if higher
order terms were included. As we see below, our results
are not afFected by any relations between Ki and K3.
One can easily evaluate the &ee energy associated with
a twisted cubic bond orientational order using the above
expression.

Suppose we choose the coordinate system such that the
z axis is along the rotational axis and at z = 0, n is on
the xz plane. In general, one can write

n (r) = (sinOI cos P(z), sinOI sing(z), cos Ol),
(r) = ( sill O2 cos[(jl(z) + Qz], sill O2 sin[/(z) + f2], cos O2),

n (r) = ( sin Os cos[$(z) + Ps], sin Os sin[/(z) + Ps], cos Os),

where P(z)~, o ——0 and O;, P; are spatially independent and they are related by orthogonal relations

(5)



EXPERIMENTAL PROBES OF BOND ORIENTATIONAL ORDER. . . 849

slxl Hx sxn 82 cos Q2 + cos Hx cos 82 = 0)

sin Hx sin 83 cos Ij53 + cos Hx cos 83 —0,
sin 82 sin Hs cos P2 cos Ps sin 82 sin Hs sin P2 sin $3 + cos 82 cos 83 —0.

Eliminating Pq and Ps from the above relations, we find 8; must satisfy equation

sin Oy + sin Og + sin 03 = 2.

Substituting Eq. (5) into the &ee energy, Eq. (4), we can express E& s, d in terms of 8; and BP/Bz,

E& gp~g dz K2 sin 8& + sin 82 + sin 83
~ 4 ~ 4

2 (Bzj
2

+ K3
~ ~

(sin Hx cos Hx + sin 8& cos 82 + sin Hz cos Hs)
2 (Bz)

—K
~ ~

(sin Hx + sin 82 + sin Hs)
(Bgl
g Bz )

Minimizing the above &ee energy using the constraints
Eq. (6), we find that if the elastic constants satisfy
K2 ) Ks, Fxx,s,~g = —OK /K2 (0 is the bulk volume) is
the smallest when Hx

——82 ——Hs ——arctan ~2, which cor-
responds to a twist along a [111]direction with 8$/Oz =
K/K2, and if K2 ( Ks, Fa,s,~a = —30K /(2K2 + Ks)
is the minimuxn when Hx

——0, 82 ——Hs ——vr/2, which cor-
responds to a twist along a [001] direction with Ojk/Oz =
3K/(2K2 + Ks).

Since Fxx b„xk of Eq. (1) is rotationally invariant and
has the same value for both the cubic and chiral cubic
bond orientational order model, and F~ I, g is zero for
the uniform cubic bond orientational order model but
negative for twisted, chiral cubic bond orientational or-
der model, the total bond orientational order &ee energy
F~ ——E~ b„~k + F~ g,~g is lowered if there is a twisted,
chiral bond orientational ordering in the system. The
fact that the additional gradient terms in the &ee energy
lead to chiral bond orientational order is analogous to
the well-known theory that the gradient terms of the or-
dinary order parameter Q p lead to a helical phase [1].
The magnitude of the expected pitch depends on the mi-
croscopic interpretation of the order parameter B. If B
is a molecular orientational average, then it is reasonable
to expect that the ratio of the chiral and elastic terms
is comparable to that for the ordinary nematic order pa-
rameter so that the pitch of the chiral cubic bond orienta-
tional order in BP III should be comparable to the cubic
lattice constant of the BP I and II, or around 10s [A.]. On
the other hand, B could be related to a structure with a
size approximately that of the cholesteric pitch. For ex-
ample, if BP III is approximately BP II on short length
scales so that lattice vectors can be identified locally, B
might be the average of a fourth-rank tensor formed &om
such vectors. In this case, the chirality is very large (the
uxut cell of the BP II phase is highly chiral) and the length
scale is the lattice spacing of the BP II phase so again the
expected pitch of the bond orientational order parameter
is of order the pitch of the nematic order parameter.

It is known that the BP I and II have periodic struc-
tures with cubic symmetry and therefore their underlying
bond orientational orders also have cubic symmetry and

there is no twist involved. However, this does not exclude
the possibility of a twisted bond orientational order in BP
III. It is easy to see that if the cubic bond orientational
order is twisted along the [001] direction, the chiral cubic
bond orientational order will have the symmetry of the
point group D4(422); if twisted along the [ill] direction,
it will have the symmetry of the point group Ds (32) . This
local decrease in symmetry is directly analogous to that
in the cholesteric or chiral nematic which has D (oo2)
symmetry when nonchiral but D2(222) symmetry when
twisted. Due to the breaking of the cubic symmetry, the
bond orientational order parameter will result in finite
expectation values for lower rank tensor order param-
eters, including the second rank or-der parameter Q p.
We shall discuss this further in the next section.

III. EXPERIMENTAL PROBES
OF THE BOND ORIENTATIONAL ORDER

In this section, we use the Landau theory to estimate
the magnitude of the induced bire&ingence in the chi-
ral cubic bond orientational order model. We also pro-
pose to identify possible cubic bond orientational order in
BP III through the observation of bire&ingence under a
weak field. Using the Kerr eKect to distinguish the cubic
bond orientational order has been previously proposed
by Saidachmetov [7] for smectic D. Here we shall brieHy
discuss it in the context of BP III and use Landau the-
ory and dimensional analysis to estimate the magnitude
of the bire&ingence.

In the cubic bond orientational order model [3], BP III
corresponds to a purely bond orientational phase where
the alignment order parameter Q p = 0 and H4& & g 0.
Under the inQuence of' an external field, however, just as
the simple isotropic phase, there would be an induced
second-rank order parameter Q p which couples to the
Geld and this part of the &ee energy can be written as

Fg = OAp(Q pQp —AxQ p[E Ep]),

where Ao is introduced to simplify the dimensional analy-
sis and it has dimensions of energy per unit volume with
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+tot, cubic —+Q + +B,bulk + +coupl, bulk.

For chiral cubic bond orientational order, one needs to
further consider additional gradient terms, such as

+coupl, grad = ~0 ~~ ~4 cd &npq+p~p~+p+

+AsQ p[B „„e~~V B p„„]
+AsQ p[V B„„„VpB„„„]),

and the total &ee energy is

+tot, chiralcubic = +tot, cubic + +B,grad + +coupl, grad.

(12)

(13)

In Eq. (12), we have assumed that Q p is spatially inde-
pendent and we only included the lowest order nonzero
terms which are at least first order in Q p. The symbol
[ ] which was defined earlier means that the tensor within
the bracket has been made to be symmetric and trace-
less. Notice all the coupling terms which are Brst order in
Q and B4, such as Q pV~VsB4p ~, Q pe~p V~B~4
and Q pV~V~B4p„„are zero because B p„of Eq. (3)
is a symmetric and completely traceless fourth-rank ten-
sor and B is assumed to be a constant. Surface terms
such as jdrQ pV~B „V~Bp „are also neglected.

In the preceding section we have shown that the bond

magnitude of k~T/0 (T is the room temperature and 0
is the bulk volume); Ai has the dimension of the third-
order nonlinear optical susceptibility and is of the order
[8] of 10 is [mz/V2]. The induced order parameter Q p
is the anisotropic part of the induced dielectric tensor,
Q p = e p

—e~~h p/3. In order to ensure that Q p is
traceless and symmetric, tensors which couple to Q p
in the &ee energy must also be traceless and symmet-
ric. For example, if a tensor T p is coupled to Q p, we
include a term, Q p[T p] in the &ee energy, where we
define [T p] = (T p + Tp )/2 —Tr(T)b' p/3.

If the system is isotropic, one can easily minimize Eq.
(9) and find that Ae —2nAn = AQ AE2. With the
field strength E of the order of 10s [V/m], the bire&in-
gence Ln is around 10 . One must keep in mind that
the bire&ingence in isotropic systems can only be ob-
served in a direction perpendicular to the applied Beld.
If observed along the Beld direction, the system is still op-
tically isotropic. We show in the following that if there is
a bond orientational order, in general, the system is bire-
&ingent when observed along the Beld direction, which
makes it easy to distinguish the bond orientational mod-
els &om the amorphous models of BP III.

For systems with cubic bond orientational order under
the in6uence of an external Beld, the total &ee energy
includes Fq of Eq. (9), F~ b„ig of Eq. (1), and the cou-
pling terms among the bond orientational order param-
eter B4 b, the induced order parameter Q p and the
externa 6eld, E,

F.o ii,b i = flAo(AzQ pB'p, SQ,a

+AsQ pB p~~E~Eg).

The total energy for BP III of the cubic bond orienta-
tional order model is, therefore,

orientational order part of the &ee energy E~ b„~k +
E~ g, d is minimized with a chiral cubic bond orienta-
tional order, with the chiral axis along either the [001] or
[ill] direction. We follow the standard procedure and as-
sume this same bond orientational order would minimize
the total &ee energy, Ft t,hir ~,„b;,. One can therefore
obtain the induced order parameter Q by minimizing the
total &ee energy, i.e. , BFqoq, biz~i, „bic/OQ~p = 0.

In the absence of an external field, &om Eq. (11) it
is obvious that Q p = 0 for the cubic bond orientational
order model. However, for the chiral cubic bond orien-
tational order model, Q p g 0, or there exists a bond
orientational order induced bire&ingence. The magni-
tude of Q can be estimated by minimizing Eq. (13) with
E set equal to zero,

2AQ p +2AzB p gQ~g + A4[e p„Bp „„VpB„„„]
+A5 [B'„.&~~~V~B,'p, -]

(14)

For the chiral cubic bond orientational model with chi-
ral direction [001], for example, we find Qii ——Qzz ——

—Qss/2 = 5B (8$/Oz)(A4 + 4As + 8AsBQ/Dz)/(10 +
6BA2). From Eq. (10), we see that A2 is dimension-
less and has the magnitude of 1. As the transition is
expected to be first order we expect that the bond ori-
entational order parameter B is in the range of 0.2 to
0.4. Also &om Eq. (12) we see that both A4 and As have
units of length and, if B describes the microscopic order
we estimate they have the magnitude of the character-
istic length scale of the molecules, 10 [m]; As has the
dimension of length squared, As 10 [m ]. We ex-
pect that the pitch of the chiral cubic bond orientational
order has the same order of the magnitude of the lattice
constant of BP I and II, (8$/Bz) ~ 2z/P ~ 107 [in i].
With these dimensional analyses, we therefore estimate
that the bire&ingence An Ae 0.1[Qii —Qss

~

10
If on the other hand B is associated with ordering on the
scale of the cholesteric helix, that length is the typical
length and the resultant bire&ingence should be much
larger. In other words, the chiral bond orientational or-
der induced bire&ingence is large enough to be easily
detected in the absence of an external Beld.

Additionally for the cubic bond orientational order
model, bire&ingence should be measurable under a weak
Beld. Minimizing the total energy, Et t,ub;„we obtain

2Q p
—Ai[E Ep] + 2A2B p ~Q~g + AsB p ~E~Eg ——0.

(15)
If the field is along the [110] axis, E = (E,E, O), for
example, we find Qii —— Qz2 —— —Qss/2 = (5Ai-
3BA&)E /(30+ 18BA2) and Q» —(5Ai —2BAs) E /(10—
4BA2). It is easy to see that As in Eq. (10) has the same
dimension as Ai in Eq. (9) with the magnitude of 10
[m /V ], the bire&ingence observed along the field direc-
tion is therefore b,n 0.1
assuming the field strength of the order of 10 [V /m ].
Bire&ingence when the light is propagating along the
field direction is symmetry forbidden in isotropic (e.g. ,
amorphous) models of BP III. Birefringence of the or-
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der of 10 is experimentally observable. Note that as
this system is known to have large scale chiral Huctu-
ations which couple to light there should be apprecia-
ble and temperature or condition-dependent optical rota-
tion, thus bire&ingence may be better observed through
crossed (right and left) circular polarizers (rather than
the more usual linear polarizers). Also when observation
direction is perpendicular to the field direction, say along
the z axis, with the same Geld strength, the bire&ingence
is around b,n 0.2Qi2 10 s and this is about the same
order of magnitude as for the isotropic phase, discussed
earlier.

Care must be taken in the bire&ingence measurement
experiment. It is expected that if the sample is large
enough (so surface effects do not dominate) and the sam-
ple is cooled &om the isotropic phase, then the direction
of the bond orientational order parameter will vary in
space in complicated ways, rather as the nematic order
parameter does with similar preparation. Through the
analysis of the torque [9] and the free energy [7], it has
been shown that depending on the sign of the parameter
a in the expression for the nonlinear susceptibility tensor,

y p ~
——an 'np'n~'ng'+b(b ph~g+h ~bpg+b gbp~),

the system tends to rotate with the Geld such that the
field direction is parallel to the [001] or [111]direction.
It is easy to see using Eq. (15) that with such arrange-
ments bire&ingence can only be observed perpendicular
to the field direction, which makes it difficult to distin-
guish &om an isotropic system. To avoid such a problem,
one needs to limit the Geld strength well under a thresh-
old so that the cubic bond orientation does not rotates
with the field. For blue phases I and II, Pieranski et al.
have estimated the critical Geld to rotate a &ee standing
single crystal to be around 10s [V/m]. Since the surface
also tends to reorient the ordering in BP III [10], the
sample must be sufficiently thick so that one can observe
the bire&ingence through the ordering of the bulk.

In summary, we Gnd that if there is a chiral cubic bond
orientational order in BP III, the system should be bire-
&ingent even in the absence of an external Geld. If there is
a cubic bond orientational order in BP III, under a weak
Geld, below the threshold of reorientation, one should be
able to observe a bire&ingence along the Geld direction.

IV. SUMMARY AND DISCUSSION

Through the analysis of the Landau theory we propose
a chiral cubic bond orientational order model for BP III,
in which the cubic bond orientational orders found in BP
I and II are twisted along either the [001] or [111]direc-
tion depending on the relative magnitudes of the elastic
constants. The chiral cubic bond orientational model of
BP III would yield a lower total bond orientational &ee
energy comparing with the cubic bond orientational or-
der model. Due to the twist, chiral bond orientational
order has a symmetry lower than cubic, which implies
that the system will have a finite expectation value for

a second-rank order parameter. Landau theory predicts
that there will be an order parameter Q p induced by
the chiral bond orientational order even in the absence
of an external field. We propose a simple experiment to
observe possible bire&ingence along the Geld direction to
distinguish the cubic bond orientational model &om the
amorphous models of BP III. This experiment should be
considerably easier than the three-wave-mixing experi-
ment proposed by Longa and Trebin [3].

We should stress that, like cholesteric, a blue phase
with only orientational and not translational order will
twist. Of course this does not change results for the crys-
talline blue phases which have translational order. How-

ever, it is interesting in this context to speculate that
if orientational order in blue phases is important, there
may, for large enough chirality (or weak enough trans-
lational order) be a phase like the twist grain boundary
phase found in chiral smectic A. Such a phase would
likely be bire&ingent, a reflection of the bire&ingence in
the twisted bond orientational phase discussed above.
There are some inconclusive experimental suggestions
that this may occur [11]. It would also have an array of
dislocations in the blue phase translational order which
would result in additional Bragg peaks, likely close ei-
ther to former Bragg peaks or the origin. A splitting of
the [110]peak in BP II has been observed by Rakes and
Keyes [12]. Such dislocations might also be observable in
a photomicrograph; Sammon [13] has observed disloca-
tion arrays induced by thermal gradients in this way.

It is worthwhile to review currently available experi-
mental facts on BP III to further discuss the bond orien-
tational models. Both cubic and chiral cubic bond orien-
tational order models are consistent with the belief that
there are some fundamental resemblances between BP III
and BP II due to the small latent heat measured for the
BP II—BP III transition. Recent light reflection experi-
ments on BP III under an electric field reveal [14,15] that
for systems with negative dielectric anisotropy, there is a
large increase of the intensity of the reflected light, while
for systems with positive dielectric anisotropy, the inten-
sity has little change or even decreases. Also for systems
with either dielectric anisotropy there is not much shift of
the wavelength corresponding to the intensity peak and
the relaxation times in BP III are about three orders of
magnitude shorter than those of the cubic blue phases.
These are the indications that the mechanism in BP III
under the influence of a field is not electrostriction of
the blue phases I and II. By studying the linewidth of
the reflected light as a function of the field strength, the
experimental observations can be understood using the
double twist model through the surface effects. It was
suggested [15, 16] that the sample wall orders the sam-
ple to a penetration depth Lo and the external electric
Geld enhances the ordering and increases the penetra-
tion depth to L ) Lo. Light incident on the sample
is backscattered from the periodic modulation near the
surface. With a simple model free energy of the form [15]

J' = —[AQ + B(dQ/dz) —yQ E"], (17)

where Q is a scalar order parameter which couples to
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the field E and z is the distance from the surface, it was
found that the line shape and the intensity can be well
fitted with the exponent n = 2. It was argued [15, 16]
that in the absence of the field there must be a uniaxial
component in the order parameter (anisotropic part of
the dielectric matrix) in BP III which couples to the field
as E . This essentially ruled out the models which have a
cubic or icosahedral symmetry in the surface region. It is
easy to see that if cubic structure dominates near the sur-
face, the exponent on the external field in the &ee energy
E would be n = 4. The reason is that there is no uniax-
ial component in the cubic order parameter; the induced
order parameter Q~p ~ E and its contribution to the
free energy would be Q pE Ep E4. The strong cor-
relation between the sign of the dielectric anisotropy of
the system and the change of the reBection intensity are
also successfully explained using the double twist model
[15,16].

Apparently in the cubic bond orientational order
model, where the BP III is described as a purely bond
orientational phase with the periodic mean-field align-
ment order parameter Q p = 0, there is no order pa-
rameter which couples to the field as E~. However, we
have shown that the chiral cubic bond orientational or-
der can induce a nonzero second-rank order parameter
even without an external field. In this aspect that chiral
cubic bond orientational order model seems to be more
consistent with the recent experiments than the cubic
bond orientational order model. How'ever, the chiral cu-
bic bond orientational order model expects the system
to be bire&ingent in the absence of a field, which con-
tradicts the common knowledge that BP III is optically
isotropic.

There are quite a few experimental reports on the Kerr
effects of BP I and II [10, 14]. Similar reports on BP III
are still rare. We are not aware of any reports on the ex-
periment we suggested in this paper, observation of the
bire&ingence along the field direction in BP III. Singh
and Keyes [8] have designed an experiinent to directly
detect the electric-6eld-induced bire&ingence by observ-
ing the samples perpendicular to the applied field. They
found that the bire&ingence is proportional to the square
of the field, both in BP III and in the isotropic phase, and
there is almost no change of the bire&ingence &om the
isotropic phase to BP III. As discussed in the preceding
section, when observation direction is perpendicular to
the field, bire&ingence is expected to be the same order
of magnitude in both the isotropic phase and the cubic
bond orientational ordered phase. One cannot therefore
justify or defy the existence of the bond orientational
order in BP III &om this experiment.

Overall, more experimental probes to the structure of
BP III are certainly needed. Current available experi-
mental facts seem to be more consistent with the amor-
phous model (such as the double twist model) than with
the bond orientational models of BP III [17].
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