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Curvature controlled wetting in two dimensions
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A complete wetting transition at vanishing curvature of the substrate in two-dimensional circular
geometry is studied by the transfer matrix method. We find an exact formal mapping of the partition
function of the problem onto that of a (1+1)-dimensional wetting problem in planar geometry. As
the radius of the substrate ro ~ ao, the leading eKect of the curvature is adding the Laplace pressure
III. oc ro to the pressure balance in the 61m. At temperatures and pressures under which the wetting
is complete in planar geometry, Laplace pressure suppresses divergence of the mean thickness of the
wetting layer l~, leading to a power law /~ oc ro . At a critical wetting transition of a planar
substrate, curvature adds a relevant 6eld; the corresponding multiscaling forms are readily available.
The method allows for the systematic evaluation of corrections to the leading behavior; the next to
the leading term reduces the thickness by an amount proportional to ro

PACS number(s): 68.45.Gd, 87.22.Bt, 05.40.+j

I. INTRODUCTION I

W.; a = d x —~]vl(s)]'+IIbt +V(l)).2 (2)

When two thermodynamic phases n and P are close
to coexistence, i.e., to a first-order phase transition line,
the presence of a substrate strongly preferring one of the
phases leads to singular netting effects. The preferred
phase P tends to form a layer intruding between the sub-
strate and the other phase o., even when the latter is
stable in the bulk. In the complete wetting regime the
thickness l~ of the layer diverges continuously, l~ —+ oo,
as the bulk n -+ P phase transition line is approached.
This continuous line of surface critical points may ter-
minate at a netting transition point, which can be first
order or critical (Fig. 1). Scaling description is achieved
in terms of two orthogonal fields: one, pressurelike, IIb,
measures the difference in the grand canonical poten-
tials per unit volume of the two bulk phases; the other,
temperaturelike, t, is a generalized coordinate measuring
the distance &om the wetting transition point (P~, T~)
along the coexistence line in Fig. 1. Then a power law

+Cl~ (x: IIb, IIb ) 0, characterizes growth of the film
in the complete wetting regime, while a critical wetting
point can be described by a two-parameter scaling form

Here l(z) is the local thickness of the wetting film at a
given point x in the substrate. The first term in the
Hamiltonian represents excess surface energy caused by
an increase in the interfacial area due to inhomogeneities
in the thickness and the second describes the excess bulk
energy of the P phase compared to that of the a phase.

T T

where A = @/iII'.
Wetting of a planar substrate has been extensively

studied [1,2j. Large-scale critical fluctuations are gener-
ally believed to be those of the d' = (d —1)-dimensional
interface separating the wetting film IIrom the bulk o.
phase. If cr is the stiffness of the interface, then these
fluctuations are usually described by the phenomenolog-
ical capillary Hamiltonian

FIG. 1. Generic phase diagram for wetting by one of two
fluid phases (P) at the bulk coexistence line with the other (n)
shown by thick solid line. The critical netting transition oc-
curs at T~ by increasing the temperature along the gas-liquid
coexistence curve, as shown by path (1). For T ) Tvr, any
path taken in the direction of arrow (2) would terminate in
a continuous complete netting as the gas-liquid coexistence
curve is approached.
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The last term describes efFective interaction between the
interface and the substrate, generally mediated by exci-
tations in the P phase [3]. It also contains a crucial hard
core part, restricting l to positive values.

In the planar geometry uniform changes in the thick-
ness of the 61m do not change the area of the interface.
Correspondingly, at coexistence of the two bulk phases
IIb ——0, the equilibrium state of the film is determined
by interplay of the interfacial potential V and thermal
Huctuations. In particular, nothing prevents the thick-
ness from diverging when the effective interface-substrate
interaction, resulting &om renormalization of V by ther-
mal Huctuations, is repulsive. In many cases though, one
may be interested in the role played by large but 6nite
inclusions in a matrix undergoing a 6rst-order transition
(or phase separation). This question arises naturally in
colloidal science, where colloidal particles may attract
thick wetting layers of the preferred phase &om a liquid
mixture. Overlap between such wetting layers leads to
an effective attraction between colloidal particles, which
was conjectured to cause their aggregation [4].

In this paper we focus on the two-dimensional version
of this problem: wetting around a disk embedded in a
two-dimensional system undergoing a Grst-order phase
transition (Fig. 2). One possible motivation comes from
biophysics: integral protein macromolecules that are em-
bedded in biomembranes [5,6]. Reconstructed mem-
branes, composed of the main component of the biomem-
branes matrix (usually a certain type of a lipid molecule),
often undergo first-order phase transitions (or phase sep-
arations) at temperatures that are similar to those in
which the biomembranes can be found. One can thus
envision that a large protein molecule can induce a thick
wetting layer around it by selecting one of the matrix
phases and Chat, just as in the case of colloids, the overlap
between such layers may be an important factor favoring
aggregation of proteins.

The crucial feature of the curved geometry comes &om
the fact that increasing the thickness of a wetting film
does lead to an increase in the area or, in our two-
dimensional geometry, the length of the interface. The
corresponding increase in the surface &ee energy sup-
presses complete wetting at IIg ——0. The situation can be
qualitatively described using the picture of the equilib-
rium thickness of a wetting film being determined by the
balance between the disjoining pressure [7] (to be precise
one has to use a renormalized, i.e., averaged over thermal
fluctuations, potential V here)

Ilq = BV/N

and the bulk compressing pressure IIg. In the presence
of curvature a term, the Laplace pressure

(4)

where r = ro+ l is the radius of curvature of the interface
measured from the center of the substrate (Fig. 2), has
to be added to the bulk part of the thinning pressure.
For any bounded potential V the disjoining pressure IIp
falls off faster than l, so that even at IIg ——0 the film
cannot become infinite. This comes on top of the fact

FIG. 2. The model under consideration: a circular solid
substrate of radius ro, a Quid phase n, and a Quid phase P,
away from the xnelting point of the substrate (7). At an
angle 8, xneasured from some arbitrary origin, r(8) denotes
the location of the interface measured from the center of the
circle and l(8) the same location measured from its surface.
The xnean thickness (dashed circle) is denoted by lxx .

that for any 6nite ro the system is finite, therefore the
possibility of a genuine surface phase transition is very
unlikely.

It is, however, possible to put the problem into the
scaling &amework by considering the limit of large radii
ro of the substrate: if the planar substrate is completely
wet, then the ro ~ oo limit is critical. Prom the formal
point of view curvature is a relevant perturbation with
respect to the critical or complete wetting 6xed points of
the renormalization group and we are interested in gener-
alizing the scaling description (1) to the presence of this
third relevant Geld. While in a real experiment curvature
is normally Gxed, as opposed to pressure and tempera-
ture, which are tunable, the fact that many interesting
examples such as protein embeddings and colloidal par-
ticles involve values of ro much larger than any relevant
length characterizing the bulk phases makes considera-
tion of the singular limit ro —+ oo sensible. Note also
that in the same limit ro m oo the length of the system
is infinite, so that a surface phase transition is possible;
in fact, we will see that the restrictions on divergence of
the thickness imposed by the 6nite size are much weaker
than those coming &om the presence of Laplace pressure.

Wetting of cylindrical substrates has been considered
in Refs. [8—10] within the xnean-field approxixnation.
While the analogy with the planar case suggests that the
mean-Geld approximation should work reasonably well in
the case of wetting in three dimensions controlled by the
long-range van der Waals forces [1],it is unlikely to be ac-
curate for the two dimensional problem. Wetting in two
dimensions is known to be dominated by long-wavelength
8uctuations of the interface, which are completely ne-
glected in the mean-field approach.

In this paper we address the problem of the wetting
of a disk in the transfer matrix framework, which is well
known to provide a relatively easy and elegant solution
for the planar (d = 2)-dimensional wetting problem. We
show how, by a suitable change of variables, the curved
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problem is mapped onto an equivalent planar one with
a difFerent set of parameters (Sec. III) and then use the
results available for the latter problem to analyze the
ro ~ oo limit of the former. It turns out (Sec. IV)
that the leading behavior is correctly given by the phe-
nomenological pressure balance (as developed further in
Sec. II) if the asymptotic form II& oc l, well known for
the planar case [11],is used. Our formalism, however, al-
lows us to go further and to calculate corrections to the
leading scaling (Sec. V), which are found to follow non-
trivial power laws. Those corrections can presumably be
quite important in defining the scaling domain and an-
alyzing experimental data taken fmm a sample of finite
radius ro. We finish with summarizing the results and
discussing possible implications of our findings.

II. PHENOMENOLOGY: QUASIPLANAR
AP PROXIMATION

ro )& (ii )& &w &) 6I (5)

which turns out to be self-consistent. Here we introduced
the bulk correlation length, which is the smallest

length scale at which treating an interface as a geometri-
cal line still makes sense. Locally the substrate-interface
system is then close to being planar and the whole sys-
tem can be viewed as a collection of 2m so/(~~ independent
planar segments. To study complete wetting controlled
by r o M oo, we consider T & Tv]r and IIiI = 0 (see Sec. I).
Then we build a phenomenological approximation for the
grand canonical potential A(l) by adding the self-energy
of the interface 2vrdr(ro+ I) to the loss of entropy involved
in preventing the interface &om crossing the wall. In pla-
nar geometry, the latter results in the effective interaction

V(l) = const/(P (rl )

per unit length of the substrate [ll—13], where P:—k~T,
k~ being the Boltzmann constant. Multiplying (6) by
the length 2xro, we obtain

const
O(l) = 2~ro + 2mdr(ro + I). .

The mean thickness l~ is the value of 1 that minimizes
0,

Before analyzing the partition function in its general
form, we present qualitative arguments that later turn
out to describe the ro ~ oo limit correctly. These ar-
guments are widely used when estimating the effect of
thermal Huctuations of an interface in the vicinity of a
planar wall (see [11—13]). For a macroscopic wetting layer
of finite mean thickness l~, one can define a longitudinal
correlation length (~] to describe the correlations between
Buctuations in the value of the thickness l along the in-
terface [13]. We consider the limit

oc pot~.2 (x (pa)'.~'

consistent with (5). All fiiute size efFects are expected
to be of the order of exp( 27—rro/$~~) oc exp( —const'. o ),X/3

where 2vrro is the length of the circumference of the sub-
strate. Thus, in the ro —+ oo limit, finite size efFects van-
ish much (exponentially) faster than those of the Laplace
pressure.

The main result (8) can be easily obtained in the pres-
sure balance picture described in the Introduction: dif-
ferentiation of the asymptotic expression (6) yields dis-
joining pressure Ilg (x P 2o il s. Balancing the latter
against the Laplace pressure IIL, = Lr/(ro + I) = (r/roI
where (5) has been used, one immediately arrives at (8).

The main assumption involved in this estimate is that
the expression (6), which encapsulates nonperturbative
effects of strong interfacial Quctuations, can still be used
in the curved geometry under condition (5). In the re-
mainder of the paper we will prove the validity of this
assumption and calculate the leading corrections to the
results of this section.

III. TRANSFER MATRIX APPROACH

Directly generalizing the ideas underlying the deriva-
tion of the interface Hamiltonian (2), one can quite gener-
ally write, for the (d = 2)-dimensional wetting geometry
of Fig. 2,

II = d8 —IIb(r (8) —rr ] + dL(8)rr + dr(r 8)) .
0 2

(10)

The integrand includes (a) terms proportional to the area
of the wetting layer (Ili, /2)(r2(8) —ro2); (b) terms pro-
portional to the length of the interface L with the co-
eKcient equal to the asymptotic, thickness-independent
value of the stiB'ness Lr; and (c) the substrate-interface
interaction potential u(r), which absorbs all thickness-
dependent corrections to the first two terms. Note that
we have made the usual assumption of no overhangs
[known as solid on solid (SOS)] leading to single valued
r (8); the justification comes from the roughness exponent
(, defining how the amplitude of the thickness Quctua-
tions scales with the correlation length 8l oc $~~, known

to be equal to i ( 1 in the planar geometry [14].
To get some feeling for the last term in (10), we fol-

low [8,15] and calculate the substrate-interface interac-
tion potential u for the simplest model of molecules in-
side the P and n phases interacting with those of the
substrate via additive van der Waals pair potentials de-
caying as d/8(r) 1/H' with p = 6, 7 for nonretarded and
retarded interactions, respectively. It is easily seen that
as the thickness of the film l = r —ro increases relative
to the radius of the substrate ro, the interaction crosses
over 6.om the quasiplanar limit

lv]r = const x 2ro(p(r) oc(po).
The corresponding value of (]~ is

(8)
du = d8 r(8)V(l(8)) oc d8
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where the function V(l(8), r p)
= V(l)[1+ O(l/rp)] con-

tains the leading planar part plus power law corrections
to it.

For a given interface configuration r(8), the element of
interfacial length

dI(8) = I/r'(8)d8' + dr'(8)

C onsistent with the SOS assumption made above, we ex-
pect fIuctuations in the slope of the interface to be small

dr/de 1r (8) (14)

in the scaling limit. This allows a Taylor expansion of
the element of length (13) in (10),

odL(8) = dg rrr(8) + (7 (dr '[
(15)

Substituting Eq. (15) into Eq. (10) [and keeping (5) in
mind] we obtain

2

'8[r(8)] = d8
1

—„1 +err(8)
p 2«Edgi

valid under condition (5), to the other limit I » rp in
which the substrate is efFectively reduced to a point so
that du oc rp2dg/lr 2. On the basis of the estimates of
Sec. II, we expect the first of these two limits to be of
relevance to us here and will use below scaling form

du = dg r(8) V(l(8), rp),

of stifFness on fluctuations in. the thickness of a wetting
layer has been recently shown to change critical wetting
properties in three dimensions [16].

Nevertheless, we can formally eliminate the thickness
dependence in the stifFness by simply transforming

Z= 17p exp — d8 — — +v p 8 4
(T (dp')

() 2 (dg)

—"-(l)
Z)p e

—P&[~()j (2o)

where the last line defines a transformed Hamiltonian
'R[p(8)] governing Buctuations of the variable p.

This last expression is formally equivalent to a planar
partition function and following Feynman's formulation
[17], it can now be expressed as

Z= dpg(p, 2vr; p, 0) = ) e
0 n

(21)

Here

.(8) ~
1&2)

so that the term (T(dr/dg)2 /2r(g) becomes a (dp/dg)2/2.
The Jacobian of the transformation dr~ -+ p~dp~/2
adds the terin —ln(p/2)/P to the integrand of Eq. (16)
and Eq. (17) takes the form

+r(8)V [r(8) —ro] + —IIr (r*(8) —roo)
)2

d8
[

—
[ +o[r(8)]),

o (dr))
2r 8 (dg) (16)

with v[l(8)]:—ar(8)+rV[r(8)]+ 2IIs[r2(8) —rp2] absorb-
ing all terms without gradients. The partition function
Z is given by

g(p 2~ p o) =).14-(p)l'e '

is the Green's function satisfying

1 Bg(p, g; pp, 0)
p gg: + PI PP

'R is the 8-independent transfer matrix operator

(22)

(23)

Z= Vrexp — 'R r 8 (17)
'R = 89 +v(p) ——lnp/2;

2 0' (24)

Here Dr—:17[r(8)] is the functional measure for the in-
tegration over all possible r(8) functions satisfying the
natural periodic boundary condition (Fig. 2)

r(0) = r(2~) (18)

and P is the conventional notation for inverse tempera-
ture 1/(k~T).

The second line of Eq. (16) has the formal appearance
of an interface Hamiltonian Eq. (2) describing a (d = 2)-
dimensional wetting of a finite planar substrate, except
for the r dependence of the coefficient at the gradient
term. It is this possibility of a nonlinear feedback &om
the Buctuations of the interface into the stifFness term
controlling those Buctuations that makes applicability of
the relation (6) for the entropic repulsion doubtful in the
curved geometry. Note that a much weaker dependence

&4 (p) =s-4-(p) (25)

while the 0 dependence of the Green's function comes
through the exponential factors 8 = e ~ "~ satisfying
p-independent difFerential equations

1 00
P I98

= e„O„. (26)

The boundary conditions, expressed in Eq. (18), are
taken into consideration by setting p = p(8 = 0) = p(8 =
2') in the argument of g in Eq. (21).

As a consistency check we apply this formulation to de-
scribe a circular domain of the P phase inside an a.-phase
matrix. Such domains can be viewed as an o .rsimpli-

its eigenfunctions 4)„(p) are solutions to the Schrodinger-
like equation
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fied description of the bulk Quctuations in the o. phase
at coexistence IIg ——0, so that the average radius r of
such droplets has to give a rough estimate for the bulk
correlation length in the system. Here we assume that we
are not too far from the n-P critical bulk critical point
T, so that the bulk correlation lengths in both phases
are larger than the molecular size and are roughly equal
to each other. Setting V and IIb to zero in Eq. (20), we
arrive at

cr (dpi' p' 1 p
dg —

~

—
] + cr ———ln

2 gd0) 4 P

d' ( II l (1 3IIb0&=-„,+
I yo+4, yo Iy+ I 2+8, yo ly

+4 2 yoy +/3xl yoy+ y /24cr2 (33)

(32)

so that the intrinsic width of the interface can be ne-
glected [14]. In our variables this implies y )) 1/yo. Re-
taining only the leading terms we obtain the Hamilton
operator (24)

The mean-field approximation for this model amounts to
a minimization of IV. WETTING TRANSITIONS AS Ro m oo

A. Planar limit: A recollection

gxvxng p2/4 = 1/(OP). It is easily seen, moreover, that
all lengths in this model scale trivially with 1/(Po), so
that one can write

1
(b -- r = (p/2) = const

0
(28)

where p is the value of p averaged over Eq. (20). The re-
sult (28) is consistent with the bulk hyperscaling relation
o'(b ——const/P [18],so that our forxnulation passes this
test. We also note that the estimates of Sec. II can be
rewritten using (28) as

Having reduced the problem to the same form as the
planar wetting problem, we are in a position now to apply
the results available for the latter. For completeness we
start with a brief recollection of these results (see Refs.
[19,20]).

The functional integration in the partition function
Z = I'Dl exp (—P'R;„q[l]) for the interface Hamiltonian
(2) with periodic boundary conditions can be replaced
by the eigenvalue problem for the operator

1 d'
+ Ilbl + V(l) g(l) = Z„g(L).

lw 6(ro/(b) ~ ([[ 4(ro/6) 29
The partition function becomes

so that as soon as To )) (b the other inequalities in (5)
are automatically satisfied.

We finish this section by introducing variables natural
for this problem: we will measure the radial coordinate
not &om the origin, but &om the substrate surface, as in
l = r ro (Fig. 2) a—nd scale all lengths with (b 1/(Po').
The dimensionless variables y and yp are hence defined
by

(35)

.Br„e-~~-
PI, ~:all", Z (38)

where L is the length of surface of the substrate, and the
mean thickness is obtained via [20]

yo —= po/~(~ = 2/ro/6,

(yoy+ y /2) —= r(0) —ro = l(0),
2

(30)

where p(8) = (yo+ y)~(b.
Substituting Eq. (30) into Eq. (20), we obtain the di-

mensionless Hamiltonian

1 (dy) 1 1
P'R = d8 —

~

—
~

+ —y + —yoy
2 fade) 4 2

+32, [y'+ 4(yyo + y'yo) + 6y'yo] + Pu(y)

—ln
i
1+ —

i
+2' —yo —ln( y) 1 2 yp

yop 4 2

where the term in large square brackets is y independent.
The interface Hamiltonian approach is applicable only if
the typical configurations of the interface satisfy

The thermodynamic limit is reached by taking L to in-
finity; the &ee energy then becomes equal to the lowest
"ground-state" eigenvalue of the transfer matrix Zp and
lxv Bio/BIIb It is there. fore sufficient to investigate the
ground state of the transfer matrix operator Eq. (34) in
order to obtain the critical exponents of the wetting tran-
sitions; in the language of the quantum mechanical anal-
ogy, those transitions become transitions between having
and not having a bound ground state.

It is convenient to factorize the interface potential
V = BU(l) in (34) into a dimensionless functional form
U(l) and an axnplitude B and then study various tran-
sitions as the amplitude B varies with temperature. It
has been shown [19] that attractive potentials U(l) & 0
with a finite first moment

] j lU(l) dl~ & oo exhibit
a transition &om having to not having a bound ground
state at a finite value of B = B*. The singular part of
the surface &ee energy vanishes as bB, while the mean-
thickness lxv diverges l~ bB + with 4' = 1 [cf. (1)],
as bB=B —B* t —+0+.
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Power-law potentials U(l) = —l with a ) 2 have a fi-
nite second moment and thus behave as described above.
The exponent a = 2 is the marginal case still allowing
for a wetting transition at finite B [19]. In this case an
infinite number of bound states become unbound at the
transition paint (far the quantum mechanical analogy,
see Ref. [21]). For a ( 2 a wetting transition happens
at B m 0 and 4 = 1/~a —2~. Finally, setting a = —1
and B = IIb one is able to model the complete wetting
problem resulting in 4' = @(a = —1) = 1/3.

These results can be combined into the two-parameter
scaling form (1) [19] with

The combination of the two gives rise to

~ - ~(&-/«) —2 oP /,l~ ~ e

We now observe that by transforming

2mrp ++ L,
II,g m IIb,

E~/rp E+ e~,
u(l)/rp ++ V(l),

(45)

(46)

with

const, x ~ 0
@Cx)ZMoo

%=1, d =3, a)2
@ = 1/la —21 a = 3/)a —2(, 0 g a & 2.

B. Mapping onto the planar sealing form

(37)

(38)

we can map Eqs. (41)—(44) of the circular geometry onto
Eqs. (34)—(36) of the planar geometry. We see that taking
rp to infinity is equivalent to taking L to infinity. Note,
however, that since e' in Eq. (45) is divided by rp, the
thermodynamic limit can be obtained &om the ground-
state eigenvalue only, if P(ei —6'p) M oo as rp M 00.

To obtain the energy gap c~ —ep for when the ground
state becomes unbound, we consider the simplest step
potential

In Secs. I and II we explained why wetting transitions
can only occur in the limit of rp —+ oo. According to Eq.
(30) this would mean that yp )) l. On the basis of the
estimates of Sec. II it is reasonable to consider the limit
yp && y, so that

(l)/
+oo, l ( 0
0, l)0, (47)

which is known to capture all essential features of the
complete wetting phenomena in the d = 2 planar geom-
etry. Defining a dimensionless variable

bl~ = —ypy-
2

(39)

/' ll,
/3& = —d, +

I yp+, yp 1
y+/3u[ypy].

dy2 g 4o2

The transfer matrix operator of Eq. (33) in this limit is
reduced to

(2P2 )
i/3 (e-/«) —&.irin— 2/3&.a

Eq. (41) becomes

~q+C 4 (4) =0

(48)

(49)

'R—4-(1) =
Pp

l + Il,irl + u(l)/rp P„(l)2 2o. dl2

= (e-/«) &-(l) (41)

where

0II g = + IIb ~

7 p

With Z given by Eq. (17), 'R being the Hamiltonian
corresponding to '8 in Eq. (41), the mean thickness l~
is defined by

1 OZ

P2mrpZ Bll,s ' (43)

while Eq. (21) yields the partition function

Dividing Eq. (40) by yp and transforming it back to the
original radial coordinates in the limit of Eq. (39), i.e.,
l = (sypy/2 and rp ——(i,yp/4, the Schrodinger equation
(25) is transformed into

with the boundary condition

&-K(l = o)] = o (50)

P„(g) oc Ai( —(„), (51)

where Ai is the Airy function.
For g ) 0, corresponding to l ( e/(rpII, & ), the func-2/3

tion Ai( —() vanishes at an infinite set of points (z„)
satisfying

Ji/3( ~) = —i/3( ~)~

where z =
3

/3/2. This set can be obtained numerically; it
corresponds to an infinite set af energy eigenvalues (e )
through the boundary conditions (50), i.e. ,

/3g 2/3

e„/rp ——I
—

i z / (2P' )
'/ II

(2 efF (53)

which is imposed by the potential (47). Equation (49) is
solved by

—2~~oP~ /~o (44) The asymptotic expression for P(() at large positive val-
ues of t,

' is [21]
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(t(() ~ 4 '/' »n
I

-C'/' + —
I
.

/'2 32
i3 4)

In this limit, Eq. (50) can be satisfied by

- 2/3./"=(2P )/' '"" "
8 eff ~

implying that, at fixed temperature,

2/3 »/3
E~+» G~ T0II ff T0

and, in particular, the gap

(54)

(56)

, +&iy+&2y'+2Pu(y) 4-(y) =E-4-(y), (61)
CLQ

where E„:—2Pe', hi = yp + II&yp/(40 P), h2 = [1 +
3IIbyp/(4o P)]/2, and, in the limit of interest,

h2y Q( h»y. (62)

The study of complete wetting is done as before with the
hard wall potential (47) and the average value of y is
obtained &om Eq. (45) by substituting hi for Ils.

To first order in y, Eq. (61) is solved by P (g) in Eq.
(51) but with ( defined by

»/3 1 P Moo
P(si —sp) ) P(s„+i —s„)- rp )) 1, (57)

E„—hi y
2/3h,

(63)

which means that as T0 ~ oo the ground state dominates
the thermodynamical properties of the system.

The scaling form of Eqs. (37) and (38) with bB
0 can now be applied to the circular geometry by the
transformations (46). In the leading order we obtain

The analogies to Eqs. (53)—(56) lead to

2 (E„l
3 ~h', "~ (64)

- —»/3
II-i/3 ~

~&1 &srol~

which can be represented in the scaling form

&w = ~ '~'~,'~'&(&r, ~o/~), &(~) - ( —,(s'

and the asymptotic values
58

3(2n —l)m 2/3

8
h»

E» —E0 & E +» —E h» )) 12/3

(65)

(66)
(59)

At Ili, = 0 we recover the result of Eq. (8). We proceed
to use the relation between the gap in the transfer matrix
spectrum and the correlation length [11]

in the limit y0 -+ oo, so that

0 —~Ep —»/3"=zw, ' (67)

(ii = rp(si —sp) /p, (60)

which combined with (57) again yields the result (9) ob-
tained earlier within the simple picture of Sec. II.

It is easily seen now that one can add an attractive
part to the repulsive potential (47) and, using the asymp-
totic representation (11), show that the leading three-
parameter scaling with t, IIg —+ 0, and T0 —+ oo is ob-
tained &om the result for the planar geometry (1) by
simply substituting Il,s as defined in (58) for Ils.

V. CORRECTIONS TO THE CRITICAL
BEHAVIOR

So far, the transfer matrix method only allowed us to
confirm the results obtained &om qualitative considera-
tions earlier. The real power of the method, however,
is in its ability to use the quantum mechanics perturba-
tion theory to generate corrections to the leading scaling
behavior. Such corrections can presumably be quite im-
portant in the analysis of a real experiment on a substrate
of finite radius.

To generate the corrections we add next to leading
terms in the limit ro )) l~ )) (i, and yp )) y )) 1 [see
Eq. (39)] from Eq. (33) to the transfer matrix operator
Eq. (40). This results in

gi —aB22(a —i)

(y +2yyo)
(1—aB2a—2

= Pu(y)

m 2Pu(y) = —W/y

Pu(l) =—

a—2

W=2(q B
i

—i, (68)
Eyp)

where B is the factor discussed in Sec. IVA.
Now, to the lowest order, the corrections to the transfer

matrix eigenvalues are given by [21]

dy (4:(y)[I 2y'+ 2pu(y)]4-(y) j
0

To obtain corrections to the above result, we apply the
perturbation theory [21] and calculate a correction Ep to
the above E0 due to the additional h2y term in Eq.
(61). However, power-law tails in the asymptotic form
(11) u(l) oc rp/l" 3

(p = 6, 7 for nonretarded and re-
tarded interactions, respectively) of the interface poten-
tial (12) may invalidate the proposed complete wetting
description. To control that, we add the relevant leading
term in u(y) by transforming
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(@i+pi)(@Q+go)@i @Q))

and y can still be obtained by [see Eq. (67)]

(70)

and in the limit of Eq. (62), we expect IE„I « IE„I, so
that trav (P OII ~) ~ 1 —const —2 ~ ci

I
1 +2 —1 3 1, s f 311i,vol

x I'( /~)"' H-'&'
ro

e ~&@,+E,& (gE gE0 0 (71)

x (a—2)/3
+ 2i +'i—i c2B('

i

'
i ). (77)

Upon using the definitions (63) and (51), Eqs. (68) and
(69) imply

Setting IIg ——0, we obtain

Qp (y=oo)
Eo ———C h '~ « IAi( —Q)I2

t,"p (y=0)

X 2 1 C0 — —
1 )hh ~

( —t,') —Wh~

where co = t,'o(y = 0) = Eo/hi ——(3zo/2) ~ —2.339
is a constant defined by Eqs. (52), (63), and (64). C =
$0($)/Ai( —$0) is a normalizing constant [see Eq. (51)]
given by

dyI4oI
0

Qp (y=oo)
= —C'h

4(y=0)

gp (y=0)
m C = h', «IAi( —g)I h,

' . (73)
gp (y=oo)

The boundaries $0(y = 0) = co and (0(y = oo) = —oo of
the integrals (72) and (73) are universal and do not de-
pend on the parameters of the problem. Those integrals
converge and add numerical prefactors to the correspond-
ing terms. Consequently, we obtain

+-2"""B(T)(~./")'-" (78)

where B(T)—:B(& is the dimensionless prefactor of
ra(s I in the asymptotic form of Pu(l) [see Eq. (68)].
The two correction terms in Eq. (78) start being im-
portant as the size of ro approaches (i, f'rom above (if
we consider a = 3 or 4 ) 2 [see above Eq. (68)]) and
provide the rate in which the mean thickness l~ van-
ishes. In the case of a = 4, the two correction terms
are of the same order proportional to r0 and since
ci » c2B(T ) T~), where T~ is the wetting temper-
ature for the analogous planar system, we expect the
first term to be dominant. When a = 3 and ro
((s/ro)'~ & ((s/ro)~ l~ = ((i,/ro)'~ . Hence, if ro is
considerably larger than (b, the second correction term
proportional to B becomes the dominant correction. In
that limit, the asymptotic form of the interface poten-
tial (68) is valid, but at temperatures larger than Tvv,
the scaling form (37) and (38) tells us that the B term
is negligible. We thus expect the leading correction to
the curvature controlled coxnplete wetting behavior to be

—1/3proportional to r0

Ep = cih2/hi c2Whi2/3 a/3 (74)
VI. CONCLUSIONS

where c1 and c2 are the nonscaling integrals

c1—= C h1 d Ai — c0—

Cp

«[I»(-&)I'i(« —&) 1

where c1 ) c2 & 0 for a ) —2.
Equation (71) now yields

y h —const
I

cih2h + -c2~h-1/3 2 —5/3 a (a—3)/3
1 i 3 i )

(76)

where the constant sets the ratio between the leading
term and the corrections. Hence [see Eqs. (39), (58), and
(68)]

In. conclusion, we have studied wetting of a disk in two
dimensions. The direct; motivation for the study is pro-
vided by the recent interest in the efFects that protein
inclusions in biomembranes could have a near first-order
phase transition (or phase separation) in the membrane
matrix. However, our results can be applied to any other
two-dimensional wetting problem of a disklike substrate,
while the phenomenological consideration, based on bal-
ancing the disjoining and the capillary pressure, can be
perhaps extended to more complicated geometries.

An intuitively appealing description of this situation
(Sec. II) is provided by the concept of pressure bal-
ance at the interface separating the wetting film froin
the matrix. For sufIiciently thick films the likely source
of the outward, disjoining pressure, known to play the
dominant role in the two-dimensional wetting of a planar
substrate, is the entropic repulsion between the interface
and the substrate IId oc l [see Eqs. (3) and (6)]. It is
balanced by the curvature-induced Laplace pressure cr/r
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(4), where r = ro + l is the radius of curvature of the
interface. Correspondingly, in the limit of vanishing cur-
vature of the substrate rp —+ oo, the thickness of the 61m

diverges as ro [see Eq. (8)].
The weak link in this argument is the extrapolation of

the asymptotic law (6) obtained for the entropic repul-
sion of a planar substrate to the curved one. The problem
is that the fluctuations of the interface are controlled by
the first term in the Hamiltonian (16), which in the pres-
ence of curvature acquires a singular dependence on the
fluctuations in the thickness. A dependence of the effec-
tive stiffness of the interface has been recently shown [16]
to qualitatively change critical wetting behavior in three
d j.menslons.

The transfer matrix analysis of this paper provides a
direct way of generating a sequence of approximations
for the quantities of interest in the small curvature limit.
It turns out that the qualitative picture of Sec. EE indeed
correctly describes the leading scaling behavior at a com-
plete wetting transition controlled by vanishing curva-
ture. Moreover, scaling forms at the multicritical point,
arising when a small curvature is added to the critical
wetting point of a planar problem, are readily obtained
&om those of the planar problem by simply adding the
Laplace pressure o/ro [E'qs. (42) and (59)] to the bulk
thinning pressure value, resulting in the effective thinning

pressure

0
EI,g ———+ IIg.

Pp
(79)

The curvature dependence of the stiffness term gives rise,
however, to singular power-law corrections to the leading
scaling behavior (78)

l~ ~ (g rp (1 const(b rp + ' ' ).2/3 1/3 2/3 —2/3
(8O)

Such corrections can be crucial in obtaining a satisfactory
fit of actual experimental data taken on a system of disks
of finite radii.
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