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A detailed theory is developed for calculating the average time-dependent precessing nuclear
spin of an atom diffusing through a porous medium in the presence of a nonuniform aligning field.
An expansion in cumulant averages of the phase shift of the precessing spin is set up in terms
of the diffusion propagator. For a periodic porous medium, a practical scheme of computation is
exhibited which is based upon the diffusion eigenstates. This scheme is used to calculate the second
and fourth order cumulants, both numerically and by asymptotic expansions for short and long
precession times, when the field inhomogeneity is caused either by susceptibility differences between

pore fluid and solid matrix or by an externally imposed field gradient.

The results are used to

calculate the diffusion effect on the transverse relaxation rate of spin polarization, and to discuss
the validity of the Gaussian approximation for the distribution of phase shifts of the precessing

spins.

PACS number(s): 47.55.Mh, 05.60.+w, 66.10.Cb, 76.60.Jx

I. INTRODUCTION

Even when the static magnetic field which is used to
align the nuclear magnetic moments in a homogeneous
macroscopic sample is somewhat nonuniform, the con-
comitant dephasing of the precessing moments is effec-
tively cancelled when one performs a spin-echo experi-
ment. However, if the nuclear spins can displace away
from their initial position by diffusive motion of the
atoms, this introduces an additional decay of the spin-
echo signal. The decay is then characterized by the func-
tion [1]

27 2
exp (—E - (7VH)2§DPT3> . (1.1)

Here, 1/T> is the decay rate of transverse (i.e., precessing)
magnetization in a uniform field, 7 is the time interval
used in the dephasing and rephasing periods of the spin
echo experiment, D,, is the appropriate self-diffusion coef-
ficient, «y is the nuclear gyromagnetic ratio, and VH is the
field gradient, assumed to be uniform. In many situations
one wishes to avoid the extra decay caused by diffusion
in a slightly nonuniform field—ingenious tricks, such as
the Carr-Purcell-Meiboom-Gill (CPMG) pulse sequence
[1], have been devised for that purpose. Alternatively,
measurements of enhanced spin-echo decay in an exter-
nally applied field gradient can be used to measure the
self-diffusion coefficient D, in a homogeneous medium
[2]-

In a fluid filled porous medium, the self-diffusion of
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atoms or molecules in the fluid is strongly affected by
the microgeometry of the pore space. In addition, in-
homogeneities of the magnetic field are induced locally
by a combined effect of the microstructure and the mag-
netic susceptibility difference between the pore fluid and
the matrix component, even when the externally applied
field is very uniform. Experiments have been carried
out to measure spin echos in such systems [3-7], but
the theoretical interpretation of those experiments is usu-
ally difficult. In the case where there is only a uniform
applied field gradient, exact results have been obtained
for isolated pores of simple shape [8,9], and an approxi-
mate treatment has been given for more complicated mi-
crostructures [10]. A more recent discussion exploits the
known form of the diffusion propagator in the presence
of a perfectly reflecting planar boundary in order to de-
velop an asymptotic calculation of the effects of such a
gradient which is valid at short enough times [11]. Some
qualitative estimates of the long time effects were also
attempted in that reference. The more complicated field
inhomogeneities which are due to the susceptibility dif-
ference were discussed by making assumptions about the
distribution of either the phase shifts of individual nu-
clear spins [12,13], or the relaxation times of different
spins [14], or by assuming a particular spatial variation
of the magnetic field [15]. The main source of difficulty
in all of these discussions is the inherently disordered
character of the pore microstructure and the associated
dearth of information about its details.

In contrast with those discussions, our approach is first
to try and develop a detailed theoretical understanding
of diffusion effects on T» relaxation in a porous medium
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with a periodic microstructure that is known precisely.
We expect that the most important effects will not de-
pend in a crucial way on the exact long range periodicity
but rather on certain important details of the local mi-
crostructure, like the existence of narrow constrictions
in the pore space or long tubes which connect between
large pores. Thus functional relationships between im-
portant physical parameters, such as the relaxation rate,
echo spacing, bulk effective diffusion coefficient, magnetic
field gradient, pore size scale, etc., can be studied. Also,
experience in other areas of condensed matter physics has
shown that a good understanding of periodic systems is a
prerequisite to the successful tackling of disordered sys-
tems. Finally, although natural porous media are usu-
ally disordered, it is possible to make synthetic porous
media which are periodic. Experiments on such artificial
systems should teach us a great deal about what to ex-
pect from disordered systems, especially when they can
be compared with good calculations on the same sys-
tems. We already applied this philosophy to a discus-
sion of pulsed-field-gradient spin-echo (PFGSE) experi-
ments and to the calculation of the time dependent bulk
effective diffusion coefficient D(t) of a periodic porous
medium [16-18]. Here we apply it to a discussion of spin-
echo experiments in the presence of a time independent
but nonuniform spin aligning magnetic field.

The remainder of this paper is organized as follows.
In Sec. II we develop a basic theory for calculating the
average precessing spin carried by a single diffusing atom
as an expansion in cumulant averages of the time depen-
dent phase shift associated with the diffusive motion. As-
suming a spatially periodic structure for the pore space,
the diffusion eigenstates are used to construct a practi-
cal scheme for computing the second and fourth order
cumulants for cases where the field inhomogeneity is due
either to differences in magnetic susceptibility between
pore fluid and solid matrix, or to an externally imposed
field gradient VH. In Sec. III this scheme is used to
calculate those cumulants for a range of spin-echo times
7 that spans the gap between very short and very long
times, where the behavior can be analyzed using asymp-
totic expansions. We calculate the diffusion related en-
hancement of the transverse relaxation rate of spin polar-
ization. We also discuss the question of whether a Gaus-
sian approximation for the distribution of phase shifts is
valid in the porous medium, as has often been assumed
without proof in the literature on this topic. In Sec. IV
we present some conclusions. In the Appendix we dis-
cuss some important technical properties of the diffusion
propagator and the probabilities of time reversed paths
of a diffusing particle in a porous medium.

II. THEORY

A. Averaging of phase shifts over diffusion paths

We focus upon a single nuclear spin which is aligned by
a strong magnetic field Hy along the z axis. When that
spin is flipped into the z,y plane, it begins to precess
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around Hy at the Larmor angular frequency wo = vHo,
where <y is the gyromagnetic ratio. It is convenient and
conventional to transform to a reference frame which ro-
tates around the z axis at that frequency. In that frame,
the precessing spin is at rest as long as Hjp is the only
field present. When other time independent fields are
also present, the flipped spin, described by the complex
quantity

54 (t) = s4(t) + isy(t), (2.1)
satisfies a Langevin-type equation of motion
ds s .
—8{- = —?: — iy8H[r(t)]sy + F(t). (2.2)

Here, 1/T> is the average transverse relaxation rate due
to interactions with other degrees of freedom of the sys-
tem. Those interactions also give rise to the random force
F(t), which fluctuates rapidly both in time and in space.
The middle term describes the effect of small local devi-
ations  H(r) in the z component of the static field away
from Hy. These can arise either from an externally ap-
plied field gradient, which we will always take to have a
uniform value, or from local field heterogeneities caused
by the magnetic susceptibility difference between pore
fluid and solid matrix. A time dependence is introduced
into this term by the fact that the position of the nuclear
spin r(t) changes with time as the molecule in which it
resides moves through the pore fluid by diffusion.

If we ignore the rapidly fluctuating force F'(t), then
(2.2) can be solved to yield

s4(t) ( t ; /t ’ ’ )
=exp|—= —1¢ dt'dH|[r(t . 2.3
o =ew (—g - [[avemp@)). @)
In a simple spin-echo experiment, with a w/2 rf pulse
applied at ¢t = 0 and a m pulse applied at ¢t = 7, the
measured quantity would be

5+(27) =e % | exp|—i i r
<s+(0)>— < p[ 7</ At Hr (1)
- / v dt6H[r(t)])}>,

where the average must be taken over all the actual paths
r;(t) of all the spins ¢ during the time interval (0,27).
The field dependent exponent in (2.4) is the phase shift
i® accumulated by a precessing spin at time t = 27

R ( /0 " S H[e(8)] dt&H[r(t)]) (2.5)

and it is clearly a functional of the path r(t). An impor-
tant property of this expression is that any time indepen-
dent additive term in § H makes a vanishing contribution
to ®. That is why ® would vanish in the absence of
diffusion, or if § H were uniform in space.

The required average can be expressed as an expan-
sion in cumulant averages of powers of ® ((). denotes a
cumulant average):

(2.4)

2T

r
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(e7*®) = exp(e™*® — 1),

= exp |:—'L'(q3>c - %(‘I’z>c + %(q)s)c

g (@t (2.6)

These cumulant averages can be expressed in terms of
simple averages () (see, e.g., Ref. [19]):

<q)>c = (@),
(®%)e = (2%) — (2)* = ((A®)%), A2 =2 (D),
(@°)e = ((A2)?),
(@%)e = ((A2)*) - 3((A®)*)?,

etc. When the distribution of values of ® is Gaus-
sian, then all cumulants beyond the second one vanish.
For non-Gaussian distributions, the magnitudes of ($3).,
(®*)., etc., are a measure of the deviation from Gaussian
shape. The cumulant expansion is useful mainly if those
deviations are small.

Averages over possible paths r(t) of a diffusing parti-
cle will be calculated by using the diffusion propagator
G(rr'|t): G(rr'|t)dV is the probability that a particle is
found in the volume element dV around r at time ¢ if it
was at r’ at time 0. Mathematically this propagator is
the solution of the following boundary value and initial
value problem, involving the time dependent diffusion
equation:

oG
— =D, V3G 2.7
ot p ( )
in the pore space,
oG
5 =0 (2.8)
at the pore-matrix interface, and
Gly—g = 6%(x —1'). (2.9)

The boundary condition at the pore-matrix interface ex-
presses the fact that there is no net particle flux into
the interface, which means that there is no absorption
of particles or extra spin relaxation there. As a result
of this, the probability density G(rr’|t) preserves its nor-
malization for all times (V) is the total volume of the
pore space)

/ vV G(rr'|t) = 1. (2.10)
VP

It is easy to show, using Green’s theorem, that G is
symmetric, i.e., G(rr’|t) = G(r'r|t) (see the Appendix).
Therefore if the particles are uniformly distributed at
t = 0 (with density 1/V},) then that property is also pre-
served for all times
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1/ ! ! 1/ ! / 1
— dV' G(rr'|t) = — dV' G(r'r|t) = —.
v, Iy, (rr'|t) v by, (r'rft) A

In practice, there often is some extra nuclear spin relax-
ation at the interface—that would require replacing the
boundary condition (2.8) by the more general one

(2.11)

D a—G+pG=0,

b o (2.12)

where p is the interface absorption coefficient. Here we
will always assume p = 0.

We also note that any possible path r(t) is as probable
as the time reversed path r’(t) = r(27 — t) when p = 0
(this is proved in the Appendix). Moreover, the phase
shift &’ associated with the time reversed path is equal
to —®, as can easily be shown by transforming the inte-
gration variable from ¢ to t’ = 27 — ¢t in the expression

for @’
—y (/OT dt — /TZT dt) SHI[r'(¢)]
— (/TZT dt' — /OT dt’) SHr(t')] = —®. (2.13)

As a result of this symmetry, it follows that any odd
power of ® averages out to 0. It follows that we have
(®2). = (92), and that the next nontrivial cumulant av-
erage is (®*)..

Averages of even powers of ® can be simplified by
noting that the diffusion process described by (2.7) has
no memory. Therefore the joint probability distribution
for paths which include the points r(t1),r(t2) - -r(¢,),
t; <tz <--- <t, has a density which is just a simple
product of diffusion propagators (see the Appendix)

@I

Il

G(rnTn—1ltn — th—1)G(Cn_1Tn_z|tn_1 —tn_2) -

XG(!‘zI‘lltz - tl). (2.14)

This probability density is properly normalized, as can
be seen by integrating it over r, - - - r2 and using (2.10).
The expression for (®2")

1 on T 2T
- (B2 = dtzn — | dtan)---
v 1] T

(/OT dt; — /TZT dtl) (6H[r(t2n)] - - - 6H[r(t1)]) (2.15)

is best rewritten by expanding all the large circular brack-
ets, and rearranging the time integrations in chronologi-
cal order, to give
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1 2n . 27 tan tht2 T t2
2n == RIS RIS
(@) = (n)! 3 (1) ( /T dtay [ dtanes /T dtk+1> ( /0 dt /0 dtl)

k=0

X(SH[r(tzn)|6H[r(t2n—1)] - - SH[r(tr+1)|6H[r(tk)] - - - H[r(t1)])-

(2.16)

A further simplification is achieved by using the following theorem about integration over hypertriangular domains

in an n-dimensional space

T tn th_1 t2 27 t ty th_a
/ dt,,/ dt,,_lf dtn_z---/ dt, =] dt;/ dt;/ dtg---/ datl,,
0 () 0 0 T T T T

(2.17)

where t; = 27 —t;. This shows that the terms in (2.16) which correspond to k and 2n — k are equal, leading finally to

(®%") = 72"(2n)!iek(—1)k (/jf dtan ---/Ttm dtk+1) (/OT dty, - --/0t2 dtl)

k=0

X(8H[r(tzn)] - - SH[r(th+1)]6 H[r (tk)] - - - 6 H[r(t1)]),

where €; = 2 for k < n and €, = 1. Similar to what was
noted in connection with (2.5), it is easy to see from
(2.15) that any additive contribution to the averaged
product of § H[r(t)] factors in the integrand, which is in-
dependent of even one of the integration times t;, makes
a vanishing contribution to the final result for (®2").
The averages in the integrand are evaluated as follows:

(8H[r(tn)] - - - 6H[r(t1)])

- i/ dV1/ de---/ dVo6H () - - - 6H(r1)
‘/P Vo Ve fd

XG(I’nl'n_1|tn — tn—-l) s G(l‘zl‘lltz - tl)
fort; <tz <--- <t,. (2.19)

We take the field fluctuation d H to be a sum of two
contributions

SH(r) =r - VH + 6 Hgyec (1), (2.20)

where the first term represents a uniform, time indepen-
dent gradient of the spin aligning magnetic field, while
the second term is the result of the fluid-matrix magnetic
susceptibility difference Ax = xp — Xm (Xp, Xm are the
magnetic susceptibilities of pore fluid and matrix, respec-
tively).

The problem of local magnetic field fluctuations of a
two-component (in this case, fluid and matrix) compos-
ite, where the components have different values of mag-
netic susceptibility, is mathematically identical to the di-
electric problem of a two-component composite, where
the components have different values of dielectric con-
stant. The latter problem has been treated previously
for a composite whose microstructure is periodic [20].
From that discussion we conclude that the static field
distortion § Hgysc(r) can be written as the gradient of a
periodic scalar potential ¥(r), which can be expanded in
an appropriate Fourier series

(2.18)

P(r) =D vhge’®T. (2.21)

The sum here is over all the vectors g of the reciprocal
lattice that is dual to the Bravais lattice which character-
izes the periodicity of the microstructure. The expansion
coefficients satisfy the following infinite set of linear al-
gebraic equations:

4w Ax

i|glvg = T+ dmn

(Ho cos(g, e, )bg

+> rgg,i|g'|¢g,) for g # 0, (2.22)

g'#0

Tgg = cos(g,8')0g—g', (2.23)

where (g,e.) and (g,g’) indicate the angles between g
and e,, and g and g’, respectively, e, is a unit vector
along the z direction, and 6g is the Fourier expansion co-
efficient of the characteristic function of the pore space
0p(r) (V, is the volume of a single unit cell of the mi-
crostructure):

_J 1 for r inside the pore space,
Op(r) = { 0 otherwise, (2.24)
1 )
Og = — dV 0,(r)e*E". (2.25)
Va Jv,

Because xp, Xm, and Ay are all much less than one, an
excellent approximation to the solution of (2.22) is

i|g|Yg = 4w AxHy cos(g, e.)0g, (2.26)
and this leads to
oY(r) ig-
0Hgysc(r) = 5, = AnAxHy z cos?(g,e;)0ge®".
g#0
(2.27)

In contrast with 6 Hyysc(r), which is periodic in space
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and therefore bounded, the constant gradient term of
(2.20) is nonperiodic and unbounded. This can lead to
nonconverging spatial integrals in calculations of aver-
ages such as (2.19). In order to avoid this, we recall that
any additive contribution to the average of the product
0H([r(t2,)] - - 6H[r(t1)] which is independent of one of
the times ¢; makes a vanishing contribution when inte-
grated over t; in (2.15). Therefore we can replace the
average of [r(t2,) - VH] - [r(¢t1) - VH] by the average of

U (fr(t20) — r(tanr)] - V)

x ([r(t2) — r(t1)] - VH)®

in (2.15). In order to see this note, for example, that the
last factor expands to a sum of three terms [r(¢;)-VH]%—
2[r(t1)- VH][r(t2)- VH]+[r(t2)- VH]?. The first of these
is independent of t; while the third is independent of ¢,
therefore they make a vanishing contribution to the time
integral. However, before transforming to (2.18) we have
to symmetrize this product, i.e., replace it by

s S

(2.28)

([r(tzn) —r(t2n-1)]" VH)Z...

x([r(t2) — r(t1)] - VH)Z}, (2.29)
where P is a permutation of t, ---t,, which transforms
the set of time pairs (t2n,t2n—1) - - - (t2,t1) into a different
set of time pairs. The sum over all such permutations P
comprises (2n)!/(2"n!) different terms, and is symmetric
under any further permutation of t; - - - ta,.

(6H[r(t2)]0H[r(t1)])

-L / dVl/ dV2 G(r2r1|t2 — tl)
Vp \73 Ve

X (l‘l VH)(I'z VH)+ 47I'AXHO

= (external field gradient contribution) + (susceptibility difference contribution).

We can therefore evaluate these two contributions sepa-
rately.

1. Susceptibility difference terms

In order to compute the integrals in (2.33), we use
the expansion of G in the Bloch-type eigenfunctions
®nq(r)e’dT of the diffusion equation [Pnq(r) is periodic,
q is a wave vector in the first Brillouin zone, and n is a
band index] [17]
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B. Calculation of ($2)
From (2.18) we get that
1 27 ts 27
W(¢2> = (2[. dtz dtl ——/ dtg/ dtl)
X (BH[x(t2) S HI[x(t1)]). (2.30)
The average over diffusion paths is
(6H[r(t2)]6H[r(t1)])
-1 / v, / dVy G(rary|ts — t1)5H (r2)6H(r1).
Vo Ve
(2.31)

We note that for a microstructure that has inversion
symmetry, 0g is real and satisfies §_g = 6. Therefore
0Hgysc(r) is even under space inversion. Finally, for an
inversion symmetric microstructure the diffusion propa-
gator satisfies

G(—r —r'|t) = G(zr'|t). (2.32)

Consequently, since the product (r; - VH)§Hgysc(r2) is
odd under space inversion, its contribution to the inte-
grand of (2.31) vanishes upon integration. As a result
of this, the external field gradient and the susceptibility
difference make separate, additive contributions to the
averages in (2.30), without any cross terms:

E E cos?(gy,e,) cos (gz,e,)ﬁglﬂg 81 T1 82 T2
8170 g27#0

(2.33)

G(xr'|t) = Jbq(r)eie =), (2.34)

1 -
v Z e /\"qltl‘ﬁnq(r
nq

where A,q are the eigenvalues and V is the total volume
of the pore space and matrix. For a microstructure with
cubic symmetry and for small q, the eigenvalues \,,q can
be expanded in the form

D. -
= a_zp[’\"o + Bpq%a® + Cpq*a* + O(¢%a®)], (2.35)
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where a is the edge of the cubic unit cell and :\nq is
the dimensionless reduced eigenvalue, which is usually of
order 1 or greater [17]. The coeflicients Ano0, Bn, Chr,
etc., depend upon the shape of the microstructure, but
are independent of the absolute size scale a. [Actually,
the fourth order term here and in (2.36) below, as well
as the higher order terms, can depend on q in a more
complicated way, even for cubic symmetry. We avoid this
complication by always taking q || z, since we only need
to know the order of magnitude of these terms.] The
lowest band of eigenvalues Agq is an exception to this
rule, since 5\00 = 0. The next coeflicient in the expansion
of Aoq in powers of ga (i.e., Bo = D./D,) is related to
the bulk effective stationary diffusion coefficient D, =
D(t - o0), where D(t) is defined in (2.61) below [17].
Therefore we can rewrite (2.35) for the case n =0 as

Xoq = Deg? + D,Cog*a® + O(¢°), (2.36)

The eigenfunctions are assumed to be normalized as fol-
lows,
1 *

77 [ AV 0,006 (6)bma(e) = o,

and their values restricted to the inside of the pore space
can be expanded in a Fourier series as follows:

Op(r)na(r) = 3 Pna(8)e™® ™

(2.37)

(2.38)

bral®) = 3 [ AV 0,0)0ua(me. (239)

The eigenfunction ¢nq(r) depends on the detailed
shape of the microstructure, however, if expressed as a
function of qa and r/a, it has no further dependence on
a. Similarly, if q‘;nq(g) is expressed as a function of qa
and ga, then it too has no further dependence on a. We
note here, and use later, the fact that ¢oo(r) = 1/1/9, a
constant (¢ = V,,/V, i.e., the volume fraction of the pore
space). Using this we get

- 1
boo(g) = ﬁog, (2.40)
$n0(0) = v/ bn0. (2.41)

From the orthogonality property (2.37) the following use-
ful results can be shown to follow:

Z <1‘5:‘"51(g)é;’mq(g) = 8nm, (2.42)

0,(r)0p(r") Z Pnq(r)dhg(r') = Vaby(r)83(r — 1),

(2.43)
D Fna(8)dnq(8') = bg—g'- (2.44)

Another useful result which follows from (2.38) is
(2.45)

Z Gs—s’énq(g’) = </~’nq(g)~

This means that anq(g) is an eigenvector of the matrix
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0g g with the eigenvalue 1.

When (2.34) is used in (2.33), the double integral of the
susceptibility difference contribution (the second term in
the square brackets) separates into a product of single
integrals,

1 . .
—182'r2 q-r2
VY, (/v,» Wae T bnalra)e )

X (/ dVlei""”¢;q(r1)e‘iq"1) .
VP

Because of the periodicity of ¢nq(r) and €®T these in-
tegrals vanish unless q = 0. In that case they can be
calculated by restricting the integration volume to a sin-
gle unit cell of volume V,. When this is done, (2.46)
becomes

(2.46)

é (Via /V ,, AV 6, (r)e & " p,q (r))
x (Vla /V ., dvap(r)e—"gl"qﬁno(r))*

_ %ano(gz)&:o(gl)-

We thus get for the susceptibility difference contribution
to (2.33)

(0H([r(t2)]6 H[r(t1)])suse

(2.47)

= %(47rAxHo)2 Ze_)‘"“t’_t‘l]anﬁ, (2.48)

n

an, = Z cos?(g, ez)0;¢~>no(g).

g#0

(2.49)

We note that ag can be calculated explicitly for the
case of microgeometry with cubic point symmetry: From
(2.40) we get

ap = —\—/La Z cos?(g, e;)|0g|%. (2.50)

g#0

Invoking the cubic symmetry of §g we can replace
cos?(g,e;) in the sum by ;[cos?(g,ex) + cos?(g,ey) +
cos?(g, e;)] = 3. This leads to

1 . ) 1
=375 (zs: |0g|® — 90) = g\/a(l —-¢). (2.51)

Using (2.44) we can also show that the sum over all the
terms |a,|? satisfies the following inequality:

Z lan|? = Z Z cos’(g, e5)050g g 0g: cos®(g', €;)

n g#0g’'#0
<) cos*(g,es)l0g]* < D cos®(g, eq)|0g/?
g#0 g#0

= %4)(1 —$). (2.52)
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Here we used the fact that the eigenvalues of the matrix
0g—g' are 0 and 1 in order to get the first inequality sign,
and the cubic point symmetry to get the last equality
sign. From (2.52) and (2.51) we also get

3 lanf? = Z|an|2—a0_3¢(1—¢)2+¢. (2.53)
n>0

In order to get the corresponding contribution to (®2),
we still need to calculate the following integrals over
times:

T .
2/ dt2/ " dtrePnolta—t)
0 0
- / ’ dt, / i dtye~rnolta—tat7)
0 0

2T 1
= — — — (1 — —AnoT —
o /\1210( e )(3—e

= b, (7) for Ape # 0.

—A"o‘r)

(2.54)
This quantity has a simple form in two limiting cases

~ 2/\no7'3 when A, o7 K 1,
bn(7) = { /\zﬁ when Apo7 > 1. (2.55)
These results are not valid for n = 0, since Agp = 0—in
that case the integrands of (2.54) are time independent
and the result is 0.

We finally get for the susceptibility difference contri-
bution to ($2)

(®)suse = = (47T’YAXH0) D bn(7)]anl? (2.56)
n>0
~ —(47r7AxH0)2
x . DP Z)\no|an| when et NP
n>0
2
e ilan|2 when =2 > 1. (2.57)
D A 2
P p>0 'n0

The simple asymptotic results are valid only if all the
eigenvalues A,o which contribute substantially lie in the
same asymptotic limit (i.e., either Apo7 K 1 or Apo7 > 1
for all the relevant eigenstates).

2. Fized gradient terms

We now calculate the uniform gradient contribution to
(®?), denoted by (®2)graq. Using (2.18) and (2.29) we
get

1 2T ta 2T T
—2<Q2)grad - (2/ dtz dt]_ —/ dtz/ dtl)
Y T T T 0
X (—i) / dV1 / de[(rz — r1) . VH]2
Vp Ve \

XG(rzrlltz — tl). (2.58)
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The spatial integrals are evaluated by taking derivatives
of the Fourier transform of G

1
——/ dV1/ dVy[(r2 — 1) - VH]?G(rar1)ts — 1)
VP VP

, (2.59)

8 2
= (VH- 51(-> M(k,tz —tl) o

where

M) = o /V v /V dV'G(rr'|t)e= % =) (2.60)
p f3 3

The function M (k, t) is the so-called pulsed-field-gradient
spin-echo (PFGSE) amplitude which can be measured
in a PFGSE experiment [21]. Recently it has been dis-
cussed in great detail in connection with both experi-
mental and theoretical studies of diffusion in a porous
medium [22-28,16-18,29]. For small k, this function has .
a simple Gaussian shape

M (k,t) = e~ DORIF (2.61)
where D(t) is the time dependent bulk effective diffusion
coefficient. This coefficient is useful for characterizing
the small k behavior of M(k,t), but can also be used
to construct an approximate representation for M(k,t)
at arbitrary k [25]. The asymptotic behavior of D(t) at
short times has been worked out explicitly [27]. Here we
only note that when ¢ is either very small or very large,
D(t) tends the following simple limits

_ | Dp for small t
D) = { D, for large t.

For a periodic porous medium M(k,t) has a conve-
nient expansion in terms of the eigenstates of the diffu-
sion equation (see, e.g., Refs. [26,17])

(2.62)

M(k,t) = =

Ze "qltl|¢nq(gk)|z (2.63)

where gy is the reciprocal lattice vector which is closest
to k, and q = k — gk. Using this expansion in (2.59) and
noting that gy = 0 for small k, the result of the spatial
integration becomes

-\ 'i)ZZe“A"‘*"”““'Ié (02
¢ 9q) < e

We now use (2.35), (2.36), and (2.41) to rewrite this as
—2(VH)?D,|ts — t,]

¢Ze‘*"°“"‘l' [(VH ) !¢nq(0)l2] )

(2.65)

. (2.64)

q=0

The time integration then yields
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4
((I’z)g,ad = ('yVH)ngeTa

1 0 2 . 2
42 Y ba() [(WH- 55) 1na(©) } ,

n>0 q=0
(2.66)

where b,(7) was defined in (2.54). Note that the n = 0
term in the sum of (2.65) is time independent and there-
fore makes a vanishing contribution to the time integra-
tions and does not appear in (2.66). In the same limits
that were considered before, we find that the second term
of this expression becomes

S5 o [(”VH ) i&nq(O)P}

(2.67)

q=0

1 |(yVH 8 )2 . 2
—_— — C— nq (0 2.68
zm[( T i) 18a(0)] (268)
for 257 > 1.
Using (2.61) we can also write the result of (2.59) as
—2(VH)2D(ty —t;)|t2 —t1|. Comparing this with (2.65),
we get the following representation for D(t)

q=0

D L N et [ 2215 o2
D) = Do = g e |l OOF]

(2.69)

where gy = (q- VH)/|VH]| is the component of q along
V H. We can also write

1
3(®)gena

2T ta 27 T
= —(yVH)? (2 / dt, / dty — / dt, / dtl)
T T T V]

XD(tz — tl)(tg — t]_). (2.70)

In the limiting case of a uniform fluid, D(t) = D, and
the time integral can be evaluated to yield the following
well known result [1]

(@) graa = (WVH) 2D, (2.71)
which is exactly the same as the second term in the ex-
ponent of (1.1).

Clearly, for sufficiently long times 7, the first term in
(2.66) dominates the behavior of (®2)4aq. Since that
term is similar in form to the uniform fluid result, one
might be tempted to conclude that measurement of a
CPMG spin-echo train in a porous medium would simply
measure the bulk effective stationary diffusion coefficient
D., in the same way that it measures D, when performed
in a uniform fluid. This conclusion is, however, prema-
ture as will become clear in the following subsection: it
is only correct if the higher order cumulants can be ne-
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glected. Note also that, although the asymptotic forms
of D(t) are independent of the size scale a [see (2.62)], at
intermediate times D(t) does depend on a (see, e.g., Ref.
[27]). Therefore, ($2)graq should also depend on a, and
not just on the shape of the microstructure.

C. Calculation of ($4)

In the case under discussion, of a pore structure with
simple cubic periodicity and inversion symmetry, ($*) is
a sum of three contributions: pure susceptibility differ-
ence terms, pure fixed gradient terms, and cross terms.
Each of these will now be discussed separately.

1. Susceptibility difference terms

For the pure susceptibility difference term we need to
calculate the following integral

1
V dV1 e / dV4 G(!’4l’3|t43)G(I’31’2|t32)G(I’2!‘1|t21)
Ve

pJV,

x6i81'r1+-~+i84'r4, (2_72)
where t3; = t; — t;, etc. If we substitute the expansion
(2.34) for G, then the volume integrals can be performed
independently, resulting in some Fourier expansion coef-
ficients of the diffusion eigenfunctions or of products of
those eigenfunctions. The integral of (2.72) now becomes

15 § § e~ Anoltas|—Amoltsz|—Aiolta1]
¢ n m [

X Gno(—8a)wnm (—8s)wmi(—82)Pjo(81),  (2.73)
where the matrix elements of &(g) are given by
1 . —ig-
Wnm (g) = 7 dV¢n0 (r)¢m0 (r)e e
a JV,NV,
= $n0(8)dmo(g +g'), (2.74)
sl
Wnm(8) = Wmn(—8), (2.75)
Wrm(0) = bnm.- (2.76)

It is useful to note that, because of (2.40), the expression
for w,m(g) simplifies whenever either n = 0 or m = 0:

1

o (8) = P (8), (2.77)
wno(8) = ﬁ Fro(—8). (2.78)

Using (2.44) and (2.45) we can also calculate the product
of two @ matrices:
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Z Wnm (81)wmi(82) = Z Z bro(g’ 1)981+s'1—s£~<7~510(82 +&'2)

81 82

= Z‘ﬁn(’(gl)‘z’lo(& +g2+8)
8

= wni(g1 + 82)- (2.79)

The matrix wnn(g — g') is easily shown to be non-negative and bounded: for any vector A, we find [A(r) is the
function whose Fourier coefficients are Ag]
2

323 Aol — €)= (3ol ~ )| = v . 4V o) AR

g g

< max |fuo(r))? Z|Ag|2

rEV NVp

> 0. : (2.80)

Thus the eigenvalues of w,,(g — g’) lie between 0 and max |@no(r)|?, which is usually of order 1.
The necessary time integrals are

R R e R A SR ST

e~ Antas—Amtaz—Nitn — i (T), (2.81)

where we have omitted the 0 subscript from Ao, etc., and where the last equality serves to define b,,,;(7). The
precise form of this function, which can be obtained by straightforward though tedious integration, is

2 1—e A7 2 1—e ™ AmT  1—e A7
bamt (7) = 35 ( An ) T A (O = Am) ( Am A )
_2(2—e7NT) 1 1—e M7 1—e T 1 1—e ™ 1—e A7
A —,\,)[ —,\,( YW )_,\ —Am ( A A )]

1 1— e—Am-r 1—e" AnT —)\mf —)q‘r _ e—)\m'r
— . 2.
XA ( A ) (= ) (2:82)

This form is strictly valid only when A,, A, and )A; are all different and nonzero. The special cases when two or
more of these eigenvalues are equal, or when one or two of them vanish, can be obtained as limiting cases of this form.
Thus, for example, b,0:(7) is obtained from (2.82) by taking the limit A,, — 0, leading to

b 72 2 1, 2- e M7 1—e L 22= e NT [1—e M7 1 —e AT
St S WD Wl S v B U ¥ —xn U *

1 1—e 7 1—e M7
- - ). 2.83
+/\z/\n (T An ) (T Al ) (2:83)
The further limits A, — 0 and \; — 0 lead to
278 72 72 2r 2 1—e A7
= (S5t - 2.84
bnoo(T) 3%, TN +(2/\ +/\2 +/\ﬁ) (T . ) (2.84)
573 2(2—e™NT) —e N7 1 72 72 1 — e NT
=2 - ) e 2.85
bor(7) = § %, N2 pY: xt2) T N (2.85)
[
An important property of bn.m,i(7) is its asymptotic be- and by the following expressions, which are valid for large
havior when 7 is either very large or very small. This is T:
summarized by bami(T) = T + O(1) for n,m,l >0, (2.87)
A AmAn
-2
brmo(T) = + +O(1) for n,m >0,
brmi(T) = 9 = 62m = An 7% for small 7, (2.86) AmAn )‘

60 (2.88)
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2
27 5T 37 + O(1) for n,l >0,

IS W T Wb W
(2.89)
b v T M T +0(1) for m,l>0
S W VS Wi BTy >0
(2.90)
-3 72
broo(7) = GT + W +O(1) forn >0, (2.91)
273 272 2T
bomo(T) = X + SYRED R + O(1) for m >0,
(2.92)
573 572
boor(7) & —— 6 2/\2 + /\3 +0(1) forl>0. (2.93)

The pure susceptibility difference part of (®*) is given
by

1 *
ﬂ<¢4>susc = (47FAX’)'H0)4 Z bnml )ananmamlala

n,m,l
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The a,m, coefficients can be bounded by considering the
following sum:

3 lanm
m

=3 Y cos’(g,€)03wnn(g — &')0g cos?(g', e,)

g#0g'#0
)2 D cos* (g, ) 0g|?
g#0

< max |pno(r)|? Z cos?(g, e;)|0g |
g7#0

= 11— ) max|dmo (o)

< max |ppo(r

(2.99)

From the asymptotlc behaviors of b,(7) (o T3) and
bpmi(T) (oc 7°), at short times it is clear that (B susc is
asymptotically much greater than 3(®2)2 . but much
less than (®2),,,.. Thus for times 7 that are short
enough, the Gaussian approximation will be valid for
the probability distribution of ®. By contrast, when 7

(2.94) is large, it appears at first sight as though (®%),,,. in-
L. ludes terms that are asymptotically much greater than
by (2.49), and ¢ ymp y gr
where ap is given by (2.49), an both 3(®%)2,,  and (®2)s,,.. However, a remarkable set
of cancellations occur which can lead to a situation where
_ 2 . the Gaussian approximation is valid even then. From the
Unm = Z cos*(g, ez)98wnm(g). (2.95) asymptotic behaviors of b, (7) and bpmi(T) at long times
870 we get for the fourth order cumulant average, after some
From (2.75)—(2.78) we get that algebra,
* 1 a?\?
Gnm = a'l'"“ (2.96) ﬁ(tﬁ‘*)c,s“sc = (4myAxHo)*r (D—) F4 for large 1,
Aom = —=am, (2.97) ?
Ve (2.100)
1
ano = ﬁa:. (2.98) where
]
Fa _ AnGnmamia; _ > ((1 —¢)ananT::32(Am +An) Ia,12|~2|a,~n2|2) > (1- 3|a,,|2 (2.101)
2 >0 A AmAn a0 3pA2Z A2 P2A A2 =5 9pA3

is a dimensionless numerical factor of order 1, which
tends to 0 when ¢ — 0 or ¢ — 1. From (2.57) we can
also write

2
(®%)suse = (41r'yAxHo)2‘r%—}'2 for large 7, (2.102)
p

N

where

Z |an|

'n.>0 "'

(2.103)

is another dimensionless factor of order 1. The distribu-

tion of ® will be approxima.tely Gaussian for large 7 if
the ratio 55 (®*)c susc/ 3 (®%)suse K 1, ice., if

Fa

(4myAxHo)? (1—)~) 7 <L (2.104)
P

Since F,, F4 are both independent of a, therefore the left-
hand side of this inequality is proportional to a%. In Sec.
III we present results of a numerical study of (®2)gysc
and (®%). susc Over a range of times 7, including large 7,
in order to study the validity of the Gaussian approxi-
mation.
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2. Fized gradient terms

For the pure uniform gradient contribution to ($*) we need to calculate the following spatial integral [see (2.20),
(2.18), and (2.29)]:

2
V— / dVy-- / dV]_[(l‘43 . VH)Z(I'21 . VH)2 + (1‘42 . VH)z(l‘gl . VH)2 + (r41 . VH)z(r;;z . VH)Z]
pJV, A
XG(l‘4l‘3tt43)G(l‘3l‘z|t32)G(l‘21‘1|t21). (2105)

This is again done by taking derivatives of an appropriate Fourier transform
M3(k1k2k3|t21t32t43) = -‘;/ d‘/l . / d‘/‘lG(r4r3|t43)G(l‘3l‘2't32)G(l‘21‘1|t21)€_ik3'“3_ik2'r"_iklTn, (2106)
p JV, v,
where r3; = r; —ry, etc. The result of (2.105) is obtained as

8 82 8 8\ (a a8\ 8 @ &
= = —_t — —_ 4 — Ms(kikoks|tatsat , (2.107
2 [akf k3 + <3k1 + 8k2> (3k3 + akz) + (8k1 + o ks + ET ) 6k2 a(kikzks|t21t32t43) . ( )

where each partial derivative actually stands for the scalar product of the gradient operator in k space with VH, i.e.,

8 _ )
or = VH i (2.108)

Using (2.34) to expand the diffusion propagators, we get the following representation for M3 in the case where all the
k; are inside the first Brillouin zone, and are therefore replaced by q;:

M3(q192q3]t2itastss) = ZZ Z e~ Mazlt21l—Amay [ts2]—Anas [tas|

g1 82 n,m,l
X¢IQ1 (g1)¢lq1 (0)$T"-Q2 (gz)i:‘nqz (gl )égﬂqa (O)q;:xqs (gz) (2109)

When the time integrations of (2.81) are applied to this result, the time dependent exponential factor is replaced by
bnmi(T) as given in (2.82), but with A;, Apn, An replaced by Aiq,, Amqas Angs- We denote this quantity by b,qsmaaiqs (7)-
We thus get for the uniform field gradient contribution to (&%)

9? 82 ) a\/ 8 8 \? ) ) a\? 82
8% graa = ——+(~_+—) (_+_) +(_+_+_) &
(®)geaa [&If 943 0q1  Ogr O0q3  Oqga 8¢  Oq2 Oq3) 0Og2

xX= (7VH) Z bnasmazla; (T)d’nqa (0)@nqsmas @mazla ¢lq1 (0) ) (2.110)

i
n,m, @i=0

where

@mana’ —Zcﬁ (8)Bna (8) (2.111)

is a Hermitian matrix which satisfies

w;tqnq’ = Wnq'mq> (2112)
Wmqnq — Omn, (2113)
Wmono = wmn(o) = dmn- (2114)

If the partial derivatives are applied to the time dependent exponential factor before the time integration, (2.110)
has the following form:

(®*)graa = (YVH)* { —D27% —9.6Dpa’Cor® + - 3 Z [ nmi(7T)(AB + CD + EF)G

n,m,l

—2D nmi(T) (A + C + F)G = 2D edpmi(7)(C + D + € + F)G — 2D cenmi(7)(B + D + .7-')9’] } (2.115)
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where Cj is given by (2.36), A, B, C, D, &, and F are
partial differential operators defined by

a1

B a\? ) a>2
C=|l—++71], D=(—++—] »

( Oq1  Oq ) ( Oqs  Oq2

) ) 8 \? o2
E=(—t oty ), F=q

(3‘11 9q2 3‘13) 6q§

operating on the function G

g(ql’ g2, q3) = 4;"“13 (O)WHQsqu Wmaqalqy $;q1 (0)’ (2'117)

and cpmi(7), dnmi(7), and e,mi(7) are obtained by time
integrations like those in (2.81) for b,mi(7), but with dif-
ferent integrands defined as follows

(2.116)

cnm,(r)z/--- tage” Ante"Amtar=Xitn (2.118)
d,,m,(r)z/--- tage Antes"Amtsz—Arim (2.119)
enmi(T) E/ tore Antes—Amtaz—Artar (2.120)

Note that besides the explicit dependence on a, which is
exhibited in (2.115), bnmi(7); Cami(7); dnmi(7), €nmi(7)
also all depend on a through the eigenvalues A,q, 7 # 0,
etc.

In Sec. III below we present results of numerical eval-
uations of ($%)graq. Here we confine our discussion to
the limits of small or large 7. Because (®2)graq o 72 in
both of these limits [see (2.66)—(2.68)], therefore we also
investigate the asymptotic behavior of (®%)graq in those
two limits.

At short times 7, the leading behavior is (®*)graa o<

75a? [see (2.86)]. This is much greater than 3(®?%)2 4 x

7%a%, but much smaller than (Qz)g,ad, therefore the

Gaussian approximation for the distribution of ® will
again be valid for sufficiently short times. This result
differs from what is quoted in Ref. [11], where it was
found that (®%); graqa ox 7'3/2 at short times. We believe
our result is correct, although the conclusion regarding
the validity of the Gaussian approximation at short times
remains unchanged.

At long times, the situation is more complicated. The
leading behavior of (®%)4,q is obtained from the n =
m = [ = 0 terms in the sum of (2.110), and when the
q derivatives all act upon bnqymqziq, (7). It shows up as
the first term in (2.115). Hence, we have

(®*) graa = 13—6(’)’VH')4D3’1'6 + O(7%) for large 7.
(2.121)

Comparing this with (2.66) shows that it is exactly equal

to the leading term of 3(®2)2, _;, therefore the O(7¢) term

of the fourth order cumulant average (<I>4)c,gmd vanishes.
The next terms in the large 7 expansion of ($%),,,4 are
O(7%a?), and they arise from the n = m = [ = 0 terms
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in (2.110) when exactly two g derivatives are applied to
the bnqsmaqalq, (7) factor, which shows up as the second
term in (2.115). The terms of order O(7%) do not appear
to cancel out, therefore

(®*)c,grad = O(7°a%) 3> (8?)graq = O(73) for large 7.
(2.122)

This leads to the conclusion that the Gaussian approxi-
mation for the distribution function of ® in the presence
of a uniform field gradient must always break down if 7
is large enough, and that this will occur sooner when a
is larger.

In the limiting case of a uniform medium, the result
(2.121) is exact with D, — D,. This is due to the fact
that ¢~$nq(g) = bgg, is then independent of q and that
(2.36) is then also exact with D, — D, and Co — 0. It
is therefore clear that, for a uniform fluid medium with a
low density of solid obstacles, the deviations from Gaus-
sian behavior must remain small for all values of ® which
have a non-negligible probability, i.e., the coefficients of
the 7%, 7%, and 73 terms in (‘I>4)c,g,ad are sufficiently small
that those terms can be neglected for all times at which
(®%)graq is not too large. It remains to be seen whether
this can occur also in a non-dilute system of obstacles—
this will be investigated numerically in the following sec-
tion, using (2.115).

3. Cross terms

In contrast with ($2), the fourth moment (®*) contains
cross terms where both the susceptibility difference and
the uniform field gradient parts of 6 H(r) contribute. In
the integrand of the symmetric time integration of (2.15)
these terms are

((r1: VH)(r2 - VH)S Hoysc(r3)0 Husc (T4)

+ 5 similar terms). (2.123)

A discussion similar to the one at the end of Sec. IIA
leads to the replacement of this average by

_12([(1‘1 - 1‘2) : VH]ZaHsusc(r3)6Hsusc(r4)

+ 5 similar terms), (2.124)

and replacement of the symmetric integration over the
four times ¢;---t4 by the combination of integrations
which appears in (2.81). A somewhat tedious calculation,
in which G is represented as in (2.34), and the eigenfunc-
tions are expanded as in (2.38), results in the following
expression for the cross term in (®%):
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8 2
<¢4)cl‘oss = (47TAXH0’Y )2 (VH aq) where
x Z [bnommq(T)ananmwmmq(;;q(())

n,ym,l
+bnomalq (ﬂanwnﬂmqamqlq‘z);‘q(o)
+bramalq (T)‘ﬁnq(o)anqmqamqlq‘gfq (0)
+5n.0mqio(T)8n Wnomq@mqlod]
+bngmato (T)4§nq(0)anqmqwmqlﬂ aj

+bnqmo10(T) Pnq (0)@Wnqmoamia;], (2.125)

(¢4>Cmss = %(41rAxHo'y (VH) { Z brmi (T

n,m,l

Anqmq = Z COS2 (ga 92)0; Z (Z’;q(gl)é;mq(gl + g)
81

g#0
(2.126)

Again, if the partial derivatives are applied to the time
dependent exponential factor before the time integration,
(2.125) has the following form:

(9 2 [ananmwmolq¢lq(0) + anwnquamqlq¢lq( )

+¢~$nq(0)anqmqamqlq$;‘q(0) + anwnquwmqloa; + q;nq(o)anqmqwmqloa? + q;nq(o)wnqmoamla?]

- Z 2Delan|2[600n(7—) + dnnn (T) + enOO(T) + COnn(T) + dOnn(T) + COnO(T) + dOnO(T)

n>0

+eono (T) + dnnO (7-) + ennO(T)]}'

These expressions are used in Sec. III in order to cal-
culate (®*).r0ss numerically for some specific examples of
a periodic porous medium. In order to examine its large
T behavior, we notice that the leading terms come from
the second summation in (2.127), hence,

(‘1)4)“035 = *“(47TAXHO’)’2VH)2De

) for large 7. (2.128)

The leading 7%a? behavior is exactly cancelled by the

leading large T behavior of 6(<I>2)susc('1>2>gmd In the next

order, 73a*, there are also contributions from other parts

of (2.127). The 73 terms in (®*) ;04 are not cancelled by

similar terms in 6(@2)susc(¢2)gmd, therefore (®%) cross
3a* for large 7.

III. RESULTS AND DISCUSSION

One of our goals in the foregoing theoretical develop-
ment is to try to address several issues facing the inter-
pretation of 7o CPMG measurements for porous media,
such as rocks. For instance, an increase in T causes an
increase in relaxation rate due to diffusion effects. How
does this increase in rate relate to the time dependent ef-
fective diffusion coefficient or other physical parameters
such as pore size, formation factor, and susceptibility dif-
ference? If the assumption of a Gaussian distribution for
the phase angle eventually breaks down, as discussed in
the previous section, over what range of 7 values is the
assumption valid? How does the length of this time frame

(2.127)

depend on some of the parameters mentioned above?

The magnetic field inhomogeneities affecting the T,
measurements for porous media come from two sources.
One is the field gradient externally applied to the sys-
tem. It occurs over a much larger scale compared to
pore dimensions, and in the above treatment, we have as-
sumed that it is uniform throughout the system. Another
source of field inhomogeneities is the magnetic suscepti-
bility difference between the pore fluid and solid matrix,
which makes the local field nonuniform even when the
applied field is accurately uniform. The resultant spatial
variations are at the pore size scale and can be strongly
affected by the local pore geometry. Assuming the phase
angles of spins have a Gaussian distribution (which is a
good approximation if (®*). < (®2)), the magnetization
of the system at time 27 is given by

M(27) 2T 1,.,
) = exp (<37 = (0% me = 5(0)0ma ), (31

T,
where (®2)gusc and (Qz)g,ad are given by (2.56) and
(2.66), respectively.

Frequently, in T> CPMG measurements, increased re-
laxation rates are measured. Using Brown and Fantazz-
ini’s method [14], it can be shown that from (2.56) and
(2.66) we get
M(@2nt) 2n7

B Vi N

2n73

1 8% |- 2
3 Dot 35 2 en(ga \¢mq(0)]q:0]

+ l(47r’yAXHo)2 Z em(T)|am|?,
¢ m>0

= (yVH)?

(3.2)
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where ¢,,(7) is given by

2nT 1— tanh(Ame7)
AmO AmOT
1— —AmoT
TS0
’\mO(l +e 2’\"'01-)2

em(T) =

[14 (—)"e 2mAmoT] (3.3)

The increase of relaxation rate is obtained by differenti-
ating (3.2) with respect to elapsed time ¢, where ¢t = 2nr.
We note that for the magnetic susceptibility difference ef-
fect the increase of the relaxation rate is proportional to
the square of the field strength and the magnetic suscep-
tibility difference. From (3.3), it can be shown that at
short times, the increase of relaxation rate is also propor-
tional to Amo72 = AmeDp72/a®. At long times, it is in-
versely proportional to A0 = ;\mon /a?, where Ao can
be considered as the dominant term in the summation.
Hence, the total shift of relaxation rate due to magnetic
susceptibility difference effect at sufficiently long time is
proportional to a?/D,, where a is the edge length of a
unit cell. For the external field gradient effect, the in-
crease of the relaxation rate is proportional to the square
of the field gradient. Its short time behavior is also pro-
portional to 72a°, but at long times it is dominated by
the 72 behavior from the term containing D., and is
again independent of a. The above statements are valid
only when the phase distribution is Gaussian, or nearly
Gaussian.

In the following, we present results of numerical cal-
culations which we carried out for a periodic porous
medium consisting of simple cubic arrays of identical
spheres which just touch each other. Similar calculations
can be extended to overlapping spheres or any periodic
system. We believe that many of the properties studied
here do not have to do with the long range order and can
be extended to disordered systems such as porous rocks.

In Fig. 1, we show results of the computations for
{®2)gusc and (P2)graq as functions of 7 using (2.56) and
(2:66) for three different values of a (10, 20, and 30 pm),
where a is the edge length of the unit cell. The phase an-
gle @ is in radians. The spin aligning magnetic field was
chosen to yield a resonance frequency of 1 MHz for pro-
tons, which is quite close to the commercially available
NMR logging tools used in the petroleum industry. The
external magnetic field gradient was arbitrarily chosen to
be 1 G/cm. The behavior for other values of magnetic
field or field gradient can be easily scaled according to
(2.56) and (2.66). The magnetic susceptibilities used here
are: solid matrix (quartz) X, = —1.3 x 107% emu/cm?
and pore fluid (water) xp = —0.7 x 107 emu/cm?®. (The
magnetic susceptibility of sandstones varies, ranging from
slightly diamagnetic to paramagnetic with typical values
of Xm = 2 X 1078 emu/cm?®.) The effect of these values
can also be scaled as (Ax)?, according to (2.56). Unless
otherwise specified, we have assumed the same values
quoted here for Ho, VH, Xm, and xp for all the numeri-
cal results presented in the following.

In laboratory measurements, the applied magnetic field
gradient is typically quite small. Thus the susceptibility
difference effect can dominate the T3 relaxation behavior.
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FIG. 1. Results for 1(®?) vs 7 for a periodic porous
medium consisting of a simple cubic array of identical touch-
ing spheres with unit cell edge lengths of a = 10, 20, and 30
pum. The external magnetic field gradient is assumed to be
1 G/cm and the magnetic susceptibilities are those for pure
quartz and pure water.

This may also be true for NMR logging tools designed
to probe a region of uniform field. On the other hand, if
the external magnetic field gradient is significantly larger
than 1 G/cm, the susceptibility difference effect will be
negligible. Figure 1 also shows the effect of unit cell size
variation (hence, grain size) from 10 to 30 pm. From this
graph it is clear that the fixed gradient contribution to
(®?) is dominated by the D, term [i.e., the first term in
(2.66)] for all times T—that is why there is almost no
dependence on a.

Figure 2(a) shows the results for the increase of re-
laxation rates due to susceptibility and gradient effects,
using (3.2), for three different values of a (10, 20, and 30
pm). Note that the pure susceptibility effect is propor-
tional to S\MOD]‘,‘rZ/a2 at short times, and to az/(:\moDP)
at long times. Hence, initially, as 7 increases from 0, the
relaxation rate increases faster for small a than that for
large a, but eventually approaches a constant value which
is proportional to a?. For the gradient effect it has two
contributions [see (3.2)], one from the term containing
D,, the other from the summation term, which involves
the higher diffusion eigenstates. For clarity, they are re-
plotted in Fig. 2(b). The term containing D, has a 72
behavior at all times. The summation term has a similar
behavior as that of the pure susceptibility effect. It varies
as 72 at short times and approaches a constant value at
long times, except that the asymptotic value is propor-
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tional to a* instead of a? because of the second derivative
factor 8%|¢mq(0)|?/8g3. For a equal to 10, 20, and 30
pm, apparently the D, term is dominant for both short
and long times. As a increases, the contribution from
the summation term will become important. However,
for sufficiently long times, the D. term will eventually

0.04
due to magnetic
tfield gradient (a)
I
0.03 / due to magnetic

a=30um

susceptibility
contrast

0.02

0.01

Relaxation Rate Increase (1/sec)

0.00#

0.00 0.02 0.04 0.06 0.08
7(sec)
0.04
Relaxation Rate Increase
due to External Uniform
Magnetic Field Gradient
o 0.03 1
@
2
z
]
< (b)
(-
2
- 0.021 Contribution from the
o term containing De
©
[+
c
o
g
K. 4 0.01 1 Contribution from the
‘F:’ summation term
a=30um
a=20um
a=10um
0.00

0.00 0.02 0.04 0.06 0.08 0.10

T(sec)

FIG. 2. Relaxation rate increases due to (a) both effects
of external field gradient and magnetic susceptibility differ-
ence, and (b) only the effect of external field gradient with
contributions from the D, term and the summation term, as
functions of 7 for a = 10, 20, and 30 um.
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dominate.

Figure 3(a) shows (®*)susc, (®*)grad, and (®*)cross as
functions of 7 using (2.94), (2.115), and (2.127) for the
case of N = 2, 3, and 4. N denotes the size of the
reciprocal lattice used in the Fourier expansion of the
eigenfunctions: The reciprocal lattice vectors have the
form g = (27/a)(nz,ny,n.), where n,, ny, and n, are
arbitrary integers between —N and +N.

For the periodic system we are considering, i.e., a sim-
ple cubic array of identical touching spheres, the poros-
ity is ¢ = 0.476. The constants D, and Cp in (2.115)
were evaluated from the lowest eigenvalue band com-
puted at qa = (0,0,0), (0.05,0,0), and (0.1,0,0) for the
case of N = 5, i.e.,, D, = 0.722D,,, where D,(water) =
2.5 x 105 cm?/sec and Cp = —0.0157. The correspond-
ing values for the case of N = 4 are D. = 0.722D,, and
Co = —0.0092. These values indicate that the conver-
gence of the numerical computations is quite good for
D, where only the second derivatives of the eigenfunc-
tions are involved, but not so good for Cy, which involves
fourth order differentiations.

The computations of (®*) take much longer than those
for ($2). To compute (®*) for the case of N = 5 would
take a prohibitively long time on the workstation we used.
Hence, we use the N = 5 values for D, and Cy, which
are likely to be more accurate than those for N = 4,
but compute the summation term in (2.115) only up to
N = 4. This procedure was followed in obtaining all
the numerical results for (®*). On the other hand, the
results presented in Figs. 1 and 2 for ($2?) come from
calculations using N = 5.

Figure 3(a) shows that the convergences of (®*)graq,
(®*)crossy and (®*)gusc With increasing N are all very
good for the unit cell size a = 10 um. The numerical com-
putations yield dimensionless eigenvalues A,q and eigen-
vectors q~5nq(g). In the computations for (®*),,.c, scale
dependent eigenvalues A,q = j\anp /a? were used but
differentiations of eigenvectors were not needed. Hence,
it has the best numerical results of the three. On the
other hand, for (®*)graq and (®*)cross, fourth and sec-
ond order derivatives of the eigenvectors with respect to
q had to be calculated. We computed eigenvectors for
five different q values, i.e., qa = (0.03,0,0), (0.05,0,0),
(0.07,0,0), (0.09,0,0), and (0.11,0,0), in order to carry
out fourth order differentiation numerically. For the sec-
ond order differentiations, eigenvectors for the first three
q values were used. These derivatives are scale depen-
dent. As the unit cell size a increases, the errors in the
eigenvectors magnify through differentiations. This is il-
lustrated in Figs. 3(b) and 3(c) which show, respectively,
the results for (®*) for the unit cell sizes a = 20 and 30
pm with increasing N. Among the three quantities cal-
culated, only (®%),,,. is reasonable over the whole time
regime. This is not true for (®%)g,aq and ($*)cross. For
the case of (®*)g;aq, an increase of a by a factor of 2 (or
3) causes a magnification of error by a factor of 24 (or
3%) through the differentiation, which coupled with the
errors in scale dependent eigenvalues renders the result
below 25 ms in Fig. 3(b) [or 50 ms in Fig. 3(c)] com-
pletely unreliable. The effect on (®%)c;0ss is less severe,
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but the results below 12 ms in Fig. 3(b) [or 30 ms in Fig.
3(c)] are probably also unreliable. In fact, some of the
early values for ($%) 4,24 and (®*)cross Were negative, and
are not shown.

Figure 4(a) shows %(Qz)c,susc and 514(‘1)4)6,3““ as func-
tions of 7 for the unit cell size of a = 10 pum for two
different values of Ax. The results for quartz (xm =
—1.3 x 107® emu/cm3®) and water are shown as data
points connected by lines. The dashed lines are those
for the solid matrix with x,, = 2 x 10~¢ emu/cm?® and
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water. In the second case X, is closer to what is found in
ordinary sandstones. Both results indicate that the ratio
2—1(@‘1)0,8““/%(@2)6,5““ is so small that the phase angle
distribution is essentially Gaussian. However, this ratio
increases as (AxHp)?. We have assumed a resonance fre-
quency of 1 MHz for the numerical computations. Hence,
for a resonance freuency of 100 MHz or so, the distribu-
tion may no longer be Gaussian. Notice that 35 (®*)c susc
is negative below 40 ms and positive above that.

Figure 4(b) shows 1(®2). susc and 511(<I>4)c,susc as func-

10°

a=10um

102 §

10" 1

10° 4

1074

10°%3

1074

(a)

10°
102 §
10" 4
10° 1

(Dl
(@4 107"

10°® r : . .
0.00 0.02 0.04 0.06 0.08 0.10

T(sec)

0.00 0.02 0.04

0.06 0.08 0.10

7(sec)

(@)

0.00 0.02 0.04 0.06 0.08 0.10
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FIG. 3. Results of (®*) due to susceptibility difference, fixed gradient, and cross terms as functions of 7 for N = 2, 3, and
4, for (a) @ = 10 pm, (b) @ = 20 pm, and (c) a = 30 pm, where N is the size of the reciprocal lattice used in the truncated
Fourier expansions.
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tions of 7 for different values of a. Again, the results show
that the ratio of 2 (®*)¢ susc/3(®?)c,susc is so small that
the phase angle distribution is essentially Gaussian. Of-
ten 51;(<I>4)C,susc is negative which means the phase angle
distribution is narrower than Gaussian.

Figure 5(a) shows %(Qz)c,gmd and 515 (®*)¢,grad as func-
tions of 7 for the unit cell size of a = 10 pm for two dif-

10-6_
(a)
10774
10°® —— T T -
0.00 0.02 0.04 0.06 0.08 0.10
7(sec)
10°
10 '4 __,———-“""'"

oo Ligp?
,_............“.-..'.-«-oﬂ--o" - 'E<(D >‘=’,usc

(b)

=10um
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————— a=30um
10°° r — - r
0.00 0.02 0.04 0.06 0.08 0.10
7(sec)

FIG. 4. Results of 2(®%)eusc and 5 (®*)c,ousc vs 7 for
(a) @ = 10 um, |Ax| = 0.6 X 10~ %emu/cm?® (circles) and
|Ax| = 2.7 x 10~ %emu/cm® (dashed lines), and (b) one |Ax|
(0.6 x 10 %emu/cm®) but three different values of a. Note
that ﬁ(@‘)c,msc is positive for @ = 10 pm when 7 is greater
than 40 ms, and negative for all other values of @ and 7.
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ferent values of field gradients. The result for 1 G/cm in-
dicates that the ratio ﬁ(@‘*)c,gmd / %(Qz)c,gmd is so small
that the phase angle distribution is essentially Gaussian
up to 7 = 80 ms. This ratio increases as (VH)2. For
the results with a field gradient of 20 G/cm, this ra-
tio reaches 0.37 by 20 ms. At later times, a Gaussian
approximation is no longer adequate. However, when
7 = 20 ms, the spin-echo signal has already decayed to
exp(—(®?)grad/2) = exp(—28). Thus the signal is un-

1
10 4 1 - ,—’§(¢‘>c,gvad

- e lp?
10° 4 - g - 2< >c,grad
102 § -~
10" § A 1

100 3 /

1
§<¢4 >c,grad
(a)

——O— 1 gauss/cm

""" 20 gauss/cm

T

0.00 0.02 0.04 0.06 0.08 0.10

1(sec)

107%4
10°%4
1077 T . . .
0.00 0.02 0.04 0.06 0.08 0.10
7(sec)

FIG. 5. Results of 2(®%)¢,grad and £ (®*)c,graa vs 7 for (a)
a = 10 pm and two different values of magnetic field gradient,
and (b) one magnetic field gradient (1 G/cm) for different
values of a.
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observable, and the question of validity of the Gaussian
approximation is purely academic.

Figure 5(b) shows 1(®2), ;raa and 55 (®*)c graq as func-
tions of 7 for different values of a (i.e., 10, 20, and 30
pm). The results for @ = 10 pm indicate that the ratio
2—14((I>4)c,gmd/ 2(®%)c grad is quite small as discussed pre-
viously in Figure 5(a). The results for a = 20 and 30 ym
indicate that the values for %(@z)c,g,ad do not change
much from those for a = 10 ym as already shown in Fig.
1. But the limited good results for 2—14(<I>4)c‘g,ad when
a = 20 and 30 um seem to suggest that as a increases,
71 (®*)c,graa also increases, as expected from (2.122).

Figures 4 and 5 show results for the magnetic suscep-
tibility difference and the external field gradient effects
separately. If both effects are present in the porous sys-
tem, then we have to consider the cross terms too. Figure
6 shows results for different values of a (i.e., 10, 20, and
30 pm) where the cross terms are included in the compu-
tation of 5 (®*).. Again, the ratio of o5 (®*)c/3(®?). is
quite small up to 7 = 80 ms. In general, 3;(®*). is posi-
tive which means the phase angle distribution is broader
than Gaussian. Here, as before, we compute the cumu-
lants only up to 7 = 80 ms, becasue for porous rocks, the
T, signal usually becomes very small when 7 is greater
than that.

Frequently, as pointed out earlier, one is tempted to
take the increase of relaxation rate due to nonzero 7 in a
CPMG spin-echo experiment and calculate an apparent
D(t) using a formula identical to that for a uniform fluid.
It is not clear whether the apparent D(t) obtained in this
manner is the same as the time dependent D(t) for the
porous medium obtained from the pulsed field spin-echo
(PFGSE) experiment [i.e., (2.69)]. Figure 7 shows D(t)

10"

10° 4

10-4_

10754

10°°
0.00

—

0.62 0.'04 0.06 0.‘08
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FIG. 6. Results of 1(®%). and 5(®*). vs 7 for different
values of a including all three contributions, i.e., susceptibility
difference, fixed gradient, and cross terms.
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FIG. 7. Results for D(t)/D, obtained from theoretical ex-
pression for pulsed-field-gradient spin-echo (PFGSE) type ex-
periments, and apparent D(t)/D, obtained from relaxation
rate increase in T CPMG experiments for a constant field
gradient using a formula identical to that for a uniform fluid.

obtained from PFGSE calculations [17], as compared to
the apparent D(t) [using (3.2)] for a = 10 pm and a
field gradient of 1 G/cm. Note that the time ¢ for D(t)
from PFGSE is the diffusion time, whereas the apparent
D(t) obtained from the increase of relaxation rate [which
should really be denoted as D(7)] is plotted as a function
of 7. We notice that the difference between them is quite
small provided the assumption of Gaussian distribution
for the phase angle is valid. We already pointed out that
this assumption breaks down for 7 greater than 20 ms for
a field gradient of 20 G/cm in Fig. 5(a). It will probably
also break down at larger grain size for a smaller field
gradient.

The numerical results presented above, though not
necessarily representative of disordered systems, can nev-
ertheless serve as good starting points for learning more
about the T, relaxation behavior in complicated disor-
dered systems. The system we considered has smooth
curved surfaces, whereas porous media such as rocks can
have solid grains with very sharp corners. These will in-
crease the magnetic susceptibility difference effect. We
believe our findings will also be useful for understand-
ing NMR T3 relaxation behavior for porous media in the
presence of a nonuniform magnetic field.

A few remarks are probably worth mentioning re-
garding the numerical computations. As pointed out
in Ref. [17], spurious eigenstates appear in the calcula-
tion due to the fact that we are dealing with finite size
matrices. In order to reduce the computation time for
(®*), we included only those eigenstates with the norm
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e |fnq(g)|? greater than 0.1 in our computations. In
the computation of (®2), where computing time is not
a major concern, we found that including all eigenstates
versus including only those with a norm greater than 0.1,
0.3, or 0.5 did not make a significant difference in the re-
sults. Because the functions bnmi(7), crnmi(7), dnmi(T),
and epm(7) contain terms with differences of eigenvalues
in some denominators, large numerical errors sometimes
resulted when two different eigenstates were nearly de-
generate, i.e., when the eigenvalues were nearly equal.
This could be corrected either by making those eigenval-
ues exactly equal, and using appropriate limiting forms
of the above mentioned functions, or by artificially in-
creasing somewhat the separation between the eigenval-
ues, and using the generic forms of those functions. In
practice, we found that it is more convenient to use the
second method.

IV. CONCLUSIONS

In summary, we have developed a theory for T, relax-
ation in a periodic porous medium for the case where
there is no enhanced relaxation at the pore-matrix in-
terface. We identified relationships between the mag-
netization (or relaxation rate change) of the porous sys-
tem and parameters such as magnetic field strength, field
gradient, magnetic susceptibility difference between solid
grains and pore fluid, pore size scale, echo spacing, etc.
We also carried out numerical computations for a peri-
odic porous medium consisting of a simple cubic array
of identical touching spheres. These computations are
used here in order to learn more about the phase angle
distribution of spins and its relations with variations of
grain size, susceptibility difference, and field gradient, in
order to gain more insight as to the time frame for which
the assumption of a Gaussian distribution is valid. They
also serve as illustrative examples for understanding more
complicated disordered systems.

To briefly summarize our results for the periodic
porous medium, we find that: (1) For a uniform applied
field, the magnetic susceptibility contrast effect can be
significant. As 7 increases, the T, relaxation rate also
increases and eventaully levels off. The total increase of
relaxation rate is proportional to a%, where a is the edge
length of a unit cell. (2) For a = 10 to 30 ym, 1 MHz
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resonance frequency, and 7 up to 80 ms, the phase angle
distribution due to the magnetic susceptibility contrast
effect is essentially Gaussian. (3) For the external field
gradient effect, the assumption of Gaussian distribution
for phase angle will eventaully break down when 7 is
large enough. (4) For a = 10 um and a field gradient of 1
G/cm, the Gaussian approximation is valid up to 7 = 80
ms, but not valid for a field gradient of 20 G/cm when 7
is greater than 20 ms.

Clearly, the work we have described needs to be ex-
tended to more complicated microstructures, in order to
study the effect of microgeometric features such as nar-
row constrictions and long tubes. In principle, such sys-
tems should be not more difficult to study than the sim-
ple microgeometry which we have focused upon: the only
difference will be that 6,(r), and hence g, will have a
different form. Our treatment also needs to be extended
so as to allow for the possibility of enhanced spin relax-
ation at the pore-matrix interface. Finally, it is hoped
that experiments will be done on synthetic porous media
with a periodic pore structure, for comparison with these
calculations. Such comparisons will hopefully enable us
to identify those microgeometric features which have a
dominant effect on the NMR relaxation rates.

ACKNOWLEDGMENTS

We have had useful discussions with R. J. S. Brown, G.
A. LaTorraca, and A. C. Reisz. Partial support for the
research of D.J.B. at Tel Aviv University was provided
by the U.S.-Israel Binational Science Foundation and by
the Israel Science Foundation.

APPENDIX

First we show that

G(rzrlltz - t1) = G(l’ll’zltz - tl) (Al)
for the general case of a porous medium (i.e., not nec-
essarily periodic) with a boundary condition of partial
absorption at the pore-matrix interface. We can assume
t2 > t1, then, using Green’s theorem and (2.12), we get

t2
Dpl th dV[G(l‘l‘z'tz - t)VzG(rr1|t - tl) - G(l‘l‘llt - tl)VZG(l’rzltz - t)]

ta
= Dp dtf ds l:G(l'l‘zItz — t)
ty GVP

OG(rry|t — t1)

~ G(rrq|t — tl)____aG(rr;sz —Y)

- ] =0. (A2)

Using the diffusion equation (2.7) and the initial condition (2.9), this can also be written as
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t2 oG t—t
/ av [t [G(rrg|t2 - t)ﬁéy
VP

ty

- G(!‘l‘l‘t - tl)
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6G(l’l‘2 Itz - t)

)

- / AV[G(rrilt — )G (rralts — O]L=2 = G(raralts — t1) — G(riralts — t1) = 0, (A3)
VP

which proves (Al).

Because diffusion is a process without memory, there-
fore the probability of a path that passes through
a sequence of volume elements dVj---dV, around
r(t1) ---r(t,) at the chronological sequence of times t; <
e < tp, is

P(l‘l)dVIG(rzl‘lltg — tl)d‘/zG(l‘;;l‘zltg - tz)dVa e

XG(rprp_1|tn —tn_1)dV,, (A4)

where P(r) is the probability density for finding a par-
ticle at r. When p = 0, this density has the position

[

independent value 1/V,,. Otherwise, P(r) varies with po-
sition, decreasing as r approaches any point on the inter-
face. Similarly, the probability of the time reversed path
r(—tn) - -r(—t1), —tn < --- < —t; is

P(rn)anG(rn_lrn| —tp—-1+ tn)an—l o
xG(r1r2| -t + tg)dVl. (A5)

From (Al) it follows that this is equal to (A4) except
for the factor P(r,), which is equal to P(r;) only when
p = 0 but differs from it when p # 0.
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