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Fracture modes in a triangular lattice crystal: Numerical and phenomenological studies
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By numerical simulations we study the stationary or terminal crack propagation in the triangular lat-

tice system with a truncated harmonic potential under several static external stresses. For the external
stress called mode I we found three typical crack propagation modes for the strong external stress, and
one more mode for the weak external stress. These crack propagation modes are classified by the poten-
tial depth scaled by the external stress. Two of the modes are related to two sound modes: The regions

by the transverse and the longitudinal sound modes are separated from each other. There is a supersonic
mode by which the crack propagation velocity exceeds the sound velocity. Only in the weak stress case
does a zigzag crack pattern appear. By this mode the crack propagation velocity is about half of the
transverse sound velocity. We examined the zigzag crack surface and found that its roughness exponent
is about 0.75, which is near to those observed experimentally. A system size dependence of the critical
potential depth for the crack propagation is also found. DifFerent external stresses (so-called mode II,
mode III, and spherical stresses) are also examined. Sometimes di6'erent aspects for the fracture were

seen, but they are explained by the same basic ideas that have been developed for mode I stress.

PACS number(s): 61.20.Ja, 81.40.Np, 46.30.Nz, 62.20.Mk

I. INTRODUCTION

The fracture mechanics provides with rich contents
not only as a microscopic fundamental physics but also as
a macroscopic physics [1]. For instance, time-dependent
external stresses reveal periodic regular crack patterns
[2—8], which are considered to belong to the class of the
pattern forming irreversible phenomena seen widely in
nature [9,10]. However, the fracture itself is a micro-
scopic phenomenon and should be closely related to
mechanical properties of the material. If the material is a
perfect crystal, principal dynamical factors related to the
fracture are the force constant, the particle mass and the
crystal structure, which are just factors for the sound
motion. Therefore, it is probable that the fractures are
microscopic phenomenon closely related to the sound
propagation. In fact several theoretical analyses suggest-
ed the equivalence between the crack propagation termi-
nal velocity and (Rayleigh) sound velocity [11—14]. On
the other hand, the experiment [15] and the numerical
simulation [16] exhibit different features of fracture.
Crack propagation velocities are about half of the sound
velocity [15,16] and crack surfaces are generally fractals
[17—20]. Such a fractal nature is not taken into con-
sideration in the theoretical calculations of crack propa-
gation velocity. It is probable that the fractal nature of
the crack surface and the reduction of the crack propaga-
tion velocity should be closely related to each other,
though we have no satisfactory explanation of the
discrepancy between the theoretical and the experimental
observations. Therefore, we need much more informa-
tion on the crack propagation even for a simplified
dynamical model. A complete information on crack
propagation over a wide parameter range of a simplified
model will help us to understand the nature of the crack

propagation in a real system.
In this paper we shall extensively study the crack prop-

agation using the numerical simulation for an idealized
dynamical lattice model in two dimensions. Four types
of external stresses, i.e., so-called mode I, mode II, mode
III, and spherical stresses are examined. The fracture in
the case of the mode I stress is examined in detail. We
concentrate our attention on the stationary or terminal
state of the crack propagation. We, therefore, do not pay
much attention to the very early stage of the crack propa-
gation [21]. Crack propagations are started under several
initial conditions. To obtain global information on the
crack propagation for the present model we study the
simulation in wide ranges of values of parameters for the
external stress and the interparticle potential depth. In a
wide parameter range our study partly supports the
theoretical prediction that the crack propagation veloci-
ties are approximately equal to sound velocities. But in
contrast to the theoretical condition crack patterns are
not regular, in general. Most of crack patterns are very
complicated: They are often very irregular, multiply
branched or zigzag. In the case of mode I stress we
found three or four broad parameter regions for crack
propagation velocity as a function of a reduced potential
depth parameter. Two of them are related to the longitu-
dinal and the transverse sound velocities, respectively.
Origins of these regions are qualitatively explained. In
the case of weak stress there is a region with a single zig-
zag crack pattern before the crack stops propagating. In
this case the crack propagation velocity is by no means
equal to the sound velocity. The crack propagation veloc-
ity is about half of the transverse sound velocity, and the
crack surface is a fractal. The fracture mode in this case
resembles that in the case where dynamical fractures
have been examined by experiments [15] and a realistic
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II. MODEL

We use the same model as in the previous paper [5].
Such models have been studied by many authors [22—31].
Our simulation scheme rather follows Ashurst and Ho-
over [22]. We collect much more data by the present
simulation and give a qualitative explanation to the simu-
lation. The equations of motion are given by

dii
dt

=Vi

numerical simulation [16]. For other external stresses we
sometimes found different aspects of fracture from those
for the mode I stress, but they are explained by the same
basic ideas as for the mode I stress. In the next section
we explain our model. In Sec. III we present numerical
results for mode I stress and we classify types of the frac-
ture into three or four fracture modes giving qualitative
explanations. In Sec. IV we examine the fracture for the
other external stresses. In Sec. V we present conclusive
discussions.

tain

r(t +at)+r(t b, t—) —2r(t) =F(t),

which is a time reversal symmetric equation by Verlet's
algorithm. Here we have replaced t by t —ht. Notice
that in the computational program we may simply put
two equations, (5) and (6), in this order. In this method
the energy is conserved on the average. In this paper
lengths are scaled by the equilibrium lattice constant a
(= 1), and the velocity is scaled by the velocity of the lon-
gitudinal sound in the one dimensional system c (=1).
The discrete time interval ht is chosen so that the results
are insensitive to this value. Actually, values between
ht =0.01 and 0.1 have been chosen.

The system is a rectangle. A particle is placed on each
site of the triangular lattice with the nearest neighbor in-
teraction. We examine the fracture for the so-called mode
I stress in detail in Sec. III. We also have done simula-
tions for other types of external stress, i.e., mode II, mode
III, and spherical external stresses, and we will discuss
them later in Sec. IV.

Vi
=QF(r, —r„),

dt
(2) III. CRACK PROPAGATION

FOR MODE I EXTERNAL STRESS

where r; and v; are the position and the velocity of the
ith particle, which is initially placed on the ith lattice site.
The lattice we employ is the triangular lattice. The sum-
mation on the right hand side of (2) is taken over nearest
neighbor sites. It is equivalent to think that all particles
are connected with modified harmonic springs. It was al-
ready shown that the crack propagation velocity on the
triangular lattice is very similar to that in the three di-
mensional hexagonal closed packed lattice structure [32].
F is the force

We extensively discuss fractures for the mode I stress,
which is shown in Fig. 1. In almost all cases we have
done simulations with the periodic boundary condition at
longer edges of the system, and the free or the solid
boundary condition at shorter edges. The only exception
is the case where we compute the roughness exponent of
the crack surface. In this case we used the fixed bound-
ary condition at longer edges of the system. One of the
lattice axes is set to be parallel to the longer edges (say

F(r)= — f(r) . —
r

(3)

The scalar part f (r) of the force in most cases is chosen
as

r —1, for r +ro,
0, for r )ro,

r(t + b.t) =r(t)+v(t)b, t . (5)

Then the force equation (2) is discretized as follows:

v(t+bt)=v(t)+F(t+bt)bt . (6)

Here the force term in the right hand side of (6) is a func-
tion of r at time t +At, which is given by Eq. (5). This
method is essentially equivalent to that by Verlet [33]. In
fact by solving v in (5) and substituting it into (6) we ob-

where ro is a cut-off parameter. The above form of the
interatomic force is over simplified. We shall show later
that a tailed force also gives almost the same result. The
equilibrium distance between nearest neighbor particles is
set, being one. The above set of equations is numerically
solved as follows. As the first step the velocity equation
(1) is discretized

FIG. 1. Schematics of the system. Arrows indicate external
stress. This type of stress is called the mode I stress. Actually
the stress is imposed by setting initial lattice spacings as (7), and
the periodic boundary condition is used at the longer system
edges (horizontal edges) in most cases. The crack is set at one of
the shorter edges until the crack starts to propagate spontane-
ously. Most formations of the initial crack are done with the
time rate 0.1 (lattice spacings per unit time), which corresponds
to the 0.1 times one dimensional sound speed. We also examined
a sudden formation of the crack. However, the difference be-
tween these two conditions is not significant for the determina-
tions of terminal crack velocities.
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the x axis). Usually the magnitude of the external force is
a natural external control parameter. In this paper, how-
ever, we choose an interparticle distance as a control pa-
rameter and we characterize the external force by the in-
terparticle distance. This is because the analysis of the
simulation is more conveniently done by the interparticle
distance than by the external force itself. The external
force is represented by the initial interparticle distances
through a simple monotonic function. Let us call a bond
oriented to the x axis the type 1 and others type 2.
Lengths of all type 1 bonds are set shorter so that there
may be no stress in the x direction initially. Lengths of
type 2 bonds are set equal to r, ( & 1).That is, one sets

parameter (ro —r, )/(r, —1). The quantity ro r,—is relat-
ed to the potential barrier, and the quantity r, —1

represents the strength of the external stress. We thus call
the quantity (ro r—, )/(r, —1) simply the reduced poten
tial depth. It will become apparent that this is an impor-
tant parameter for the classification of crack propagation
modes. In the present simulation we find that the crack
can propagate if the values of the reduced potential depth
is smaller than about ten. We note here some relations
between the present simplified potential with a more real-
istic one. Let us consider the Lennard-Jones type inter-
particle potential

log„v

&& 40
+ 60

80
200

c}-Q +0 +q +qp)
—Ci

L ~~

(2—r, ') ', for type 1 bonds,

r, , for type 2 bonds .

The external force acting on the particle is,
therefore, F =0 in the x direction and F
=(r, —I)/(2r, —1)Q(4r, —3)(4r, —1)=V'3(r, —1) in
the y direction (perpendicular to the x direction). The
average crack surface or the crack line is parallel to the x
axis and this is the stress usually called the mode I stress.
Initially a crack, which is parallel to the x axis, is
artificially created near a shorter edge of the system (Fig.
1). The length of the initial crack is finite or being
elongated gradually before the crack begins to propagate
spontaneously. Then the terminal crack propagation ve-
locity is observed for the various system sizes I XN.
Here L is the width (the number of layers in the y direc-
tion) and the N is the length of the system in the x direc-
tion. We carried out simulations for I. =40, 60, 80, 200,
and X =600, 1000, 2000.

We examined the fracture for two values of ro, i.e.,
ro = 1.01 and ro = 1.1 and for several values of r, . These
values of r, correspond to the weak (r, =1.01) and the
strong (ro= l. 1) external stresses. We shall find that
qualitative features of fractures are characterized by the

This potential function with m =6 is most familiar. The
scalar force f (r) is given by BP/Br. I.et us define ro by
0=8 P/Br2~„„ for simplicity. Then (ro —r, )/(r, —1)
=5 corresponds to r, =1.02 for m =6 and r, =1.01 for
m =10. On the other hand (ro —r, )/(r, —1)=0. 1 corre-
sponds to r, =1.1 for m =6 and r, =1.07 for m =10.Al-
though a rigorous correspondence between the Lennard-
Jones type potential and the truncated harmonic poten-
tial is not possible, the above estimation states that our
choices of the r, are not unrealistic.

The crack propagation velocities U are shown as func-
tions of (ro —r, )/(r, —1) for r, =l. l in Fig. 2 and for
r, = 1.01 in Fig. 3 for the interatomic force (4). The crack
propagation velocity is calculated as a straight length of
crack along the x axis divided by the corresponding time
interval. We measure the vertical distance by assuming
that all bond lengths are equal to one. Therefore, if the
velocities are corrected by taking the shrink of type 1

bond into account, then they are about 10% smaller for
r, = l. 1 and about l%%uo for r, =1.01 than as shown in the
figures. In the strong stress case we find three broad
branches of the crack propagation velocity. The system
size effect is seen for the critical value of the potential
depth, ~here the crack stops propagating: For smaller
system width 1. the critical value of the potential depth is
smaller. We classified these three branches as S (super-
sonic), L (longitudinal), T (transverse) from the left. In
the weak stress case an extra branch labeled by Z is

-3

log, (ro-re )/(re -1)

log„v

c' 40
+ 60
0 80

200
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l

FIG. 2. The crack propagation velocity v as a function of the
reduced potential depth (ro —r, )/(r, —1) for the mode I strong
stress (r, =1.1). Numbers on the figure indicate the system
width L. A straight line indicates the slope —0.5. Short hor-
izontal straight lines with symbols e& and e2 indicate the upper
and the lower limits of the longitudinal (0.061, 1.031) and the
transverse {0.6124, 0.4430) sound velocities propagating in the x
direction (along a lattice axis) evaluated in the Appendix. Sym-
bols S, L, and T indicate the supersonic, the longitudinal, and
the transverse branches, respectively.

L C2

—1
-3

log„(ro-r, )/(re -1)

FIG. 3. Crack propagation velocity U as a function of the re-
duced potential depth (ro —r, )/(r, —I) for the mode I weak
stress (r, =1.01). The curve shown corresponds to the data of
Fig. 2. The symbol Z indicates the zigzag branch.
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vt(t)dt —(r—, ()f tdt —rv r, .—
0 0

Then the crack propagation velocity v is given as
—1/2

rp —r,
r —1e

(10)

This agrees with the simulation except for the propor-
tionality constant, which is about 1/&10 from the simu-
lation.

B. Type L and type T crack propagation modes

(e)

The crack velocity U by the type S mode becomes
smaller than the (longitudinal) sound velocity as
(r r)/(r ——1) increases, because it takes a longer time0 re e

for the bond length to reach rp. Then the crack extension
is caused by sound vibrations more effectively. Let us as-
sume that the sound propagation and the crack propaga-
tion are stationary. Let the sound amplitude near the
sound propagation front be P(x ct), and l—et us assume
that a bond near the tip is cut if the bond is further
elongated by the amount Ar. The quantity hr and the
functional form of P are time independent. The crack tip
location is determined by

(t)(x ct)=b,—r . (12)

FIG. 4. Typical crack patterns for mode I stress. (a) Super-
sonic mode, (b) longitudinal mode, (c) and (d) transverse mode,
and (e) zigzag mode. (a) —(d) ro —r, = 5 X 10,2 X 10,0.2, 0.4,
respectively, in the strong stress case r, =1.1, in the system of
size 60X600. (e) ro —r, =0.038 in the weak stress case r, =1.01
in the system of size 80 X 600.

found. In Fig. 4 we show typical crack patterns for typi-
cal parameter values.

A. Type S crack propagation mode

The branch S was already examined in the previous pa-
per [5]. On this branch the crack propagation velocity
exceeds the sound velocity. .We here brieAy review the
crack propagation mechanism on this branch. When one
bond is cut, the force acting on a particle becomes sud-
denly unbalanced, and the particle is accelerated by the
force of the order r, —1 in the direction perpendicular to
the crack surface. The velocity of the particle is there-
fore given as a function of time t as

U~(t)-(r, —1)t .

Due to these motions of particles, a bond, which is con-
nected to the moving particles, is elongated to be cut.
This process continues successively to yield the crack
propagation. We now assume that bonds are easily cut

(9)

On the triangular lattice the bond elongation is propor-
tional to the positional displacement of particle. There-
fore, a bond cuts when the particle moves for a distance
of the order r0

—r„and the time ~ needed for the bond to
cut satisfies

This states that the crack propagation velocity v is equal
to the sound velocity c in a stationary state

U =C

We can find that the longitudinal and the transverse
crack propagation modes appear at different regions of
the reduced potential depth (ro r, )/(r, —1). Na—mely,
the longitudinal mode appears for small reduced poten-
tial depths and the transverse mode appears for large re-
duced potential depths. Shortly speaking, this is because
the transverse sound mode more easily cuts bonds but
propaga eropagates more slowly than the longitudinal sound
mode. Let us explain this. First, we show that the ampli-
tude of the transverse sound is larger than that of longitu-
dinal sound. The relation between the amplitude A and

2 2the velocity c of the sound is given by c A —sound en-
ergy. Thus the amplitudes by the longitudinal, AI, and
the transverse, A„sound modes satisfy

AI

A,

c,———1/2
CI

(13)

where c, and c& are the transverse and the longitudinal
sound velocities, respectively. For the transformation
into the last side see the Appendix. Second, we show that
a bond is more easily cut by the transverse sound mode
than by the longitudinal sound mode if the sound ampli-
tudes are the same in both modes. This can be easily
shown. Let us consider type 2 bonds. Successive cuts of
the bond of this type give rise to the crack propagation in
the x direction. By the transverse sound vibration
a bond is stretched by the amount [(+3/2+ A )

+(1/2) ]' —1-&3A/2, whereas by the longitudinal
one by the amount A /2. By these two reasons the trans-
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ro —r,' &2&3-3.5 .
r —1e

(16)

Up to these values the stress is assumed not to be strongly
concentrated on the crack tip, and therefore the crack is
not necessarily a single line. We observed that crack pat-
terns are almost regular over the T branch in the weak
external stress case (r, =1.01) and on the T branch at
large potential depth in the strong stress case (r, =1.1).
In such cases the stress may be concentrated on the crack
tip for the transverse mode, and the assumption used here
cannot be applied. The case of the concentrated stress
will be discussed later in connection with the limit of the
crack propagation.

We observed that the crack patterns of the transverse
mode in the strong stress case are classified approximate-
ly into two types, i.e., irregular [Fig. 4(c)] and regular
[Fig. 4(d)] ones, and also found that the crack propaga-
tion velocity is little bit smaller for the irregular crack
pattern than that for the regular crack pattern. We think
that the irregularity of the crack pattern may elongate
the sound propagation path, and hence the crack propa-
gation velocity becomes smaller than the sound velocity.

verse sound mode more easily cuts bonds than the longi-
tudinal sound mode. Notice, however, that the trans-
verse mode is not always more effective to the crack
propagation than the longitudinal mode. This is because
the crack by the longitudinal sound mode propagates fas-
ter than that by the transverse sound mode. Therefore, if
two sound modes are simultaneously effective, then the
crack formation is governed by the faster longitudinal
sound mode. This is the type L region in Fig. 2 and Fig.
3. When the reduced potential depth becomes larger, the
longitudinal sound mode becomes ineffective but the
transverse sound mode is still effective. Then the crack
propagation is done by the transverse sound mode. This
is the type T region.

The limit of the crack propagation by the longitudinal
sound modes may be evaluated as follows. The released
energy by the cut of a bond is (r, —1) /2 and the ampli-
tude of the sound vibration is about (r, —1). Thus, by as-
suming that the stress is not much concentrated on the
crack tip, the longitudinal sound can cut bonds if

ro —r, &r, —1,
i.e., if

ro r &1.
r, =1

This gives the limit of the crack propagation by the longi-
tudinal sound mode. The proportionality constant is only
an approximation. The simulation reveals that the pro-
portionality constant is about 1.

The same discussion can be applied to the transverse
mode by assuming that the stress is not concentrated on
the crack tip. The critical value for the transverse mode
is larger than that for the longitudinal mode by the factor
about 3.5, which is evaluated as the amplification of the
sound amplitude, 2, times the amplification of the bond
elongation, V'3

This is consistent even in the weak stress case, i.e., the
crack pattern of the transverse mode in the weak stress
case is almost regular and the transverse mode in the
weak stress case sometimes gives a larger crack propaga-
tion velocity than in the strong stress case.

C. Zigzag crack propagation mode

In the weak stress case there appears a completely
different kind of crack pattern near the transverse
branch. The crack is a single zigzag line, and the crack
propagation velocity is about half of the transverse sound
velocity. This type of zigzag crack may be considered to
be equivalent to those examined experimentally [15] and
numerically [16]. All crack propagations we have shown
here start from zero temperature of a perfect crystal. We
examined also the initial condition that particles have
small random velocities. But results are essentially the
same. Probably the randomness may come from the
strong nonlinearity in the interparticle potential and the
asymmetry in the initial crack. Once the randomness ap-
pears it is amplified to give the zigzag crack independent-
ly of the initial condition. Here we examine the crack
propagation path length and the roughness exponent g of
the crack line height. If the crack is straight, the termi-
nal velocities by the present numerical simulation are
consistent with the theoretical prediction that crack ve-
locities are equivalent to the sound velocities [11—14].
However, for a zigzag crack the crack propagation veloc-
ity is generally smaller than the (transverse) sound veloci-
ty by a factor of about —,'. By counting the number of cut
bonds we found that the total path along the crack sur-
face is about 1.2 times the straight length of the crack in
a system of size 80X600 and thus the crack propagation
velocity along the crack surface is about 1.2 times the
crack propagation velocity along the straight line. Such
an amplification of the crack propagation velocity is
insufficient to reproduce the sound velocity along the
crack path. Therefore, there should be a time lag be-
tween the lattice vibration and bond cut for the zigzag
crack mode: The relation (12) cannot be applied to the
zigzag crack mode.

We examined the roughness exponent g of the crack
surface in this system by means of the correlation func-
tion. Let the height of the surface at the position x by
y (x). A self-affine surface y (x) is invariant for the scale
transformation [17]

(x,y)~(Ax, k~y) . (17)

The surface spectrum is defined by means of the auto-
correlation function of y and is scaled as

Sk= f (y(0)y( )x)e ' dx o-k (18)

In Fig. 5 the spectrum is shown together with an example
of the crack surface profile. Only to the present purpose
we used the fixed boundary condition at the longer sys-
tern edges. The spectrum shown is the average of only
three different spectra in the region near ro —r, =0.038
with r, =1.01 and L =80. The straight line corresponds
to the value $-0.75, which is near to those observed
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crack height y
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V I

Crack profile
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because the lattice deformation is restricted in a finite
system. We show this here. Consider a half-side infinite
crack in a lattice with the width L„which is in equilibri-
um. Let the crack height be y at the position x from the
crack tip. Generally, apart from angular dependences,
the stress o. and the deformation u around the crack tip
are functions of the distance R from the tip [34], i.e.,

o(R)— , u (R) —C+R
R

Ci

&og, k (b)

I

where C is a constant. At system edges this stress is
equal to the external stress (-r, —1). Thus c7(L)-C I&L -r, —1, and therefore we find C (r-,
—1)&L. Thus we find o(R) -(.r, —1)&L/R, and
u(R)-(r, —1)VLR. Applying this deformation to the
crack profile, i.e., by setting u ~y and R —+x we obtain

y —(r, —1)&Lx

Let y, be a vertical shift of the crack surface at x = 1. We
have

y, -(r, —1)&L (21)

pectru

FIG. 5. (a) An example of zigzag crackline for the mode I
stress. The abscissa indicates the crack position (x) and the or-
dinate indicates the crack height (y). Only in this case we used
the fixed boundary condition. (b) Corresponding spectrum. The
spectrum is the average of three diQ'erent spectra for r, =1.01
with ro —r, =0.038, 0.039, and 0.040. The system size is
80X 600. The spectrum is calculated for 512 vertical points. The
straight line corresponds to the roughness exponent /= 0.75. r, +y, ) ro,

that is, when

(22)

This value is much larger than the amplitude of the
sound vibration r, —1. Thus we underate the sound am-
plitude to evaluate the elongation of the bond within the
present crude approximation. Therefore, the approxi-
mate bond elongation at the crack tip is about r, +y&.
The crack extends when a (type 2) bond at the tip be-
comes longer than the force range, i.e., when

values [16,20], though the number of samples is not
enough to get a conclusive result. Under the periodic
boundary condition we have observed generally some-
what smaller values of g, though crack propagation
modes and the crack propagation velocities are un-
changed. We have no suitable idea for this observation at
this moment.

The zigzag branch cannot be observed in the strong
stress case. In the weak stress case all bonds have almost
the same length, and therefore the zigzag crack may eas-
ily appear. In the strong stress case, however, bonds
oriented in the direction perpendicular to the stress are
much shorter than other bonds, and therefore such bonds
hardly cut: The crack shape is a straight line.

D. Limit of the crack propagation

When the reduced potential depth ( ro —r, )I( r, —1 ) be-
comes larger, the lattice becomes harder to fracture.
Then the stress concentrates on the crack tip and only
bonds near the crack tip become unstable, and the crack
extends along the most probable path yielding a single
crack line. In the present simulation we use the periodic
boundary conditions. For the fixed and the periodic
boundary conditions the limit of the reduced potential
depth for the crack propagation is system-size dependent

&L . (23)

This gives the limit of the crack propagation. The above
discussion is based on the straight crack shape only im-
plicitly. Therefore, the criterion (23) may also apply to
the weak stress case where the critical crack shape is zig-
zag. Nevertheless the application of the above discussion
to the one dimensional zigzag crack is dificult, because a
strong irregularity in the crack surface orientation must
stop the propagation of the crack. The test of (23) was
done for the strong stress case r, =1.1 for systems with
the length X =600 and various values of the width L. In
all cases the cracks are gradually formed with the time

L
ro r,
r, —1

2

40

0.65

60

0.74

80

0.82

200

0.92

TABLE I. Critical reduced potential depths for the mode I
stress for the strong external stress case (r, =1.1). Shown data
are critical values for which crack tips stay inside the system
and cracks no longer propagate, under the periodic boundary
condition at longer edges of the system and under the initial
condition stated in the text. The length of the system is X
=600.
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rate 0.1 (lattice spacings per unit time) until the crack
lengths become larger than the value of the system width
L. By increasing the value of r0 we obtain the smallest
value of r0 for which the crack tip stays inside the system
and the crack does not propagate any more. We com-
pared thus obtained values of r0 with the predicted criti-
cal values (23). The result is shown in Table I in the case
of the strong external stress r, = 1.1. It can be found that
numerical data exhibit slight deviations from (23) about
the L dependence, i.e., L may be better replaced by L" .

log, v

0

—1 I

-3

40
v 40

200
+ 200

log„(ro-re )/(r, -1)

—C
1

C2

IV. CRACK PROPAGATIONS FOR MODE II,
MODE III, AND SPHERICAL EXTERNAL STRESSES

re
1—,for the other bond .

2p' +1

(24)

Then the net force acting on the vertex of the triangle
connecting to these two bonds is parallel to the x axis.
For the mode III stress bonds which are not oriented to
the x direction are initially set as r, ( ) 1).

Figures 7—9 represent crack propagation velocities for
mode II, mode III, and spherical external stresses, respec-
tively. In this paper we briefly examine fractures in these
cases.

We also examined fractures for three other external
stresses, i.e., mode II, mode III, and spherical external
stresses. In Fig. 6 schematic explanations of these
stresses are shown. The mode II stress is a shear stress.
In this case we assume that all particles can move only
within the lattice plane (xy plane). The mode III stress is
oriented to the z direction. In this ease we assume that
all particles can move only in the z direction. For the
spherical stress all lattice spacings are initially set equal
to r, . In this case we assume that all particles can move
only within the lattice plane (xy plane). For the mode II
and the mode III stresses we use a periodic boundary
condition at longer system edges, whereas for the spheri-
cal stress we use a fixed boundary condition.

For the mode II and the mode III stresses bonds which
are oriented to the x direction are initially set unity. For
the mode II stress other two bonds within any single tri-
angular unit are initially set as

1+r, , for one bond,

A. Crack propagation for mode II stress

It can be found that the crack propagation velocity is
scaled by the reduced potential depth (ro r, )/(r—, —1).
But there are two interesting differences from the case of
mode I stress. (1) For the supersonic crack propagation
mode, the velocity-potential relation does not obey the
—,'-power law. The reason is as follows. For the mode I
stress the bond cut is done by the positional displacement
of a particle at the tip of the crack. Such a bond cut is
directly done from bond to bond. On the other hand for
the mode II stress, one bond elongates but the other bond
shrinks in the one unit triangle. Therefore, the bond cut
cannot be directly done from bond to bond but multiple
bonds are associated to the cut of a bond. This may give a
diFerent power law (with smaller power). From the nu-
rnerical result we find an approximate power law
u —[(ro r, )/(r, —1)—] ' . The exponent 0. 17= 1/6
seems to suggest that (10) should be replaced by
~ o- ro —r, . Three bonds collaboration may explain this.
(2) We cannot observe the transverse mode of the crack

log&p W

0

40
40
80

+ 80

FIG. 7. Crack propagation velocity v for mode II stress as a
function of the reduced potential depth (ro —r, )/(r, —1). Cases
of L =40, 200, and r, =1.01, 1.1 are shown in the same figure.
Here small polygons are for r, =1.1 and others are for r, = 1.01.
The curve shown corresponds to the data of Fig. 2.

mode II mode III spherical

FIG. 6. Other stress types: mode II, mode III, and spherical
stresses. Arrows indicate external stresses. Zigzag lines indicate
cracks. For mode II stress particles are allowed to move only in
the direction perpendicular to the xy plane, whereas for other
stresses they are allowed to move only within the xy plane.

log, (ro-re )/(re -1)

FIG. 8. Crack propagation velocity (modified) for mode III
stress as a function of the reduced potential depth
(ro —«, )/{r, —1). Cases of L =40, 80, and r, =1.01, 1.1 are
shown in the same figure. Here small polygons are for r, =1.1

and others are for r, = 1.01. The vertical axis indicates the loga-
rithm of W=—v /V'3(r, —1)/2 with the crack propagation veloc-
ity U. Here the sound velocity in this case is given by
+3(r, —1)/2. The straight line indicates a slope —0.5.
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V. CONCLUSIONS AND REMARKS

log„v
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log„(r~-r, )/(re -I)

FIG. 9. Crack propagation velocity v for spherical stress as a
function of the reduced potential depth (ro —r, )/(r, —1) in the
case r, =1.1 with the potential represented by (4). The system
size is 700X 700. The curve shown corresponds to data of Fig. 2.

propagation, and hence we cannot observe the zigzag
crack propagation mode. The reason is not obvious at
this moment.

B.Crack propagation for mode III stress

C. Crack propagation for spherical stress

A remarkable difference of the crack propagation ve-
locity from those for other stress modes is that the crack
propagation velocity is a function not only of the reduced
potential depth (ro r, )/(r, —1) b—ut also of r, —1. But
even in this case the above idea can apply to the present
case by slightly modifying it. Notice that the z com-
ponent of the restoring force F, by a single bond elonga-
tion is given as

F, = —(r, —1)bz,

where the Az is the relative positional displacement along
the z axis. From this the sound propagation velocity can
be calculated. We can find that the longitudinal and the
transverse sounds propagating in the x direction have the
same velocity +3(r, —1)/2 in this case. By rescaling the
crack propagation velocity by this sound velocity we find
that the crack propagation velocity can be represented by
a single master curve as in other stress cases. In Fig. 8
the quantity W is defined by W=—vI+3(r, —1)/2. In
this case we observed only one Hat branch, where the
crack propagation velocity is smaller than the sound ve-
locity only by the amount about 10% or less.

We have studied the mechanics of fracture using a two
dimensional model. This model is simplified in two
respects. First, the potential between particles is a
simplified truncated harmonic potential. But it is shown
below that the crack propagation velocity is not much
affected by the potential form. Second, interactions are
limited between definite partners which are set initially
between nearest neighbor sites. Therefore, most secon-
dary collisions such as cluster-cluster collision and
particle-cluster collisions are not accounted for in the
present study. Because the crack-tip formation is the first
fracture process, such secondary processes are not impor-
tant. Therefore, the model is sufficient to the present
purpose. We now summarize our main conclusions. The
following (1)—(3) are for the mode I stress.

(1) When the crack propagation velocity is represented
as a function of the reduced potential depth
(ro r, )—/(r, —1), it has three or four branches. Two of
them are related to the longitudinal and the transverse
sound modes. When the crack propagation is stationary,
it is natural that the crack propagation velocity is equal
to the sound velocity [see (12)]. When there are many
sound modes, many corresponding crack propagation
modes may appear as the potential depth varies. For a
small reduced potential depth the crack propagation ve-
locity exceeds the sound velocity forming a typical
branch. In this case a crack is formed not by the sound
vibration but mainly by the imposed external stress.
These crack propagation mechanisms are not affected by
a slight modification of the interparticle force. Instead of
the force given by (4), we also examined crack propaga-
tion velocity for the following force

(r —1), for r ~
—,'(r, +ro),

f (r)= 2i(r, +ro) —1, for —,'(r, +ro) (r ~ ra, (25)

0, for r)ro .

This force has a Aat part at the tail. The cut of the bond
is defined also by the bond length which is larger than ro.
The numerical result for r, =1.1 is shown in Fig. 10.

80

log„v

0 —C
1

All bonds are initially set to the same length r„and the
spherically symmetric velocities are given to particles
near the center of the system. The same analysis was also
done in the previous paper within a restricted parameter
region [5]. Cracks patterns are spherically symmetric.
The crack propagation velocity v is calculated by observ-
ing the outermost crack tip. The crack propagation ve-
locity is shown in Fig. 9. We can find that there are three
branches (S,L, T) as in the case of mode I stress. The
crack propagation velocity on the type T branch in-
creases as the (ro —r, )/(r, —1) increases up to the bulk
transverse sound velocity.

-1 I

-3

log, (ro-re )/(re - I)

FIG. 10. The crack propagation velocity U for mode I strong
stress (r, =1.1) with the tailed potential represented by (25).
The horizontal axis is the logarithm of the same reduced poten-
tial depth (ro —r, )/(r, —1) de6ned for (7). We used the system
with L =80. The curve shown corresponds to the data of Fig.
2.
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There are still three types of branches 5, L and T, which
are almost the same as those for the interparticle force
(4). This means that the physical picture based on the
sound modes is suitable.

(2) In the weak stress case a single zigzag crack appears
before the crack stops propagating. The crack propaga-
tion velocity is in general smaller than the sound velocity
by a factor about —,'. Even if the crack propagation veloc-
ity is measured along the crack surface, the efFective
crack propagation velocity is smaller than the surface
sound velocity. The crack propagation velocity is almost
constant in a finite range of the reduced potential depth,
and thus gives the fourth branch of the crack propaga-
tion velocity. In the case of zigzag crack the crack sur-
face is fractal exhibiting the roughness exponents about
0.75. This branch cannot be observed in the strong stress
case. This is because the bonds oriented to the direction
perpendicular to the external stress must shrink in the
strong stress case.

(3) The limit of the crack propagation depends on the
system width I. under the periodic boundary condition. A
finite size scaling (21) is derived and shown that this scal-
ing is supported by the numerical simulation. According
to this analysis the limiting potential depth becomes
larger as the system width L, becomes larger.

(4) We have examined simulations for the other types
of stress, i.e., the mode II and the mode III stresses and
the spherical stress. These simulations provided new as-
pects of the fracture. But such aspects can be well ex-
plained based on or by extending several ideas shown for
the mode I stress.
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APPENDIX: SOUND VELOCITIES

Velocities of sounds propagating on the triangular lat-
tice can be calculated by a standard technique. Here we
give only the result. Let the x axis be parallel to one of
the lattice axes and the y axis be perpendicular to the x
axis. Let k=(k k ) be the wave vector of the sound.
The bulk sound velocity c is given by

Here the plus sign indicates the longitudinal sound veloc-
ity, and the minus sign the transverse sound velocity. The
explicit values of the velocity of the sound propagating
along the x axis are ct =3/(2+2) = 1.061 for the longitu-
dinal mode, and c, =&3/(2v'2)=0. 6124 for the trans-
verse mode.

In the presence of the crack surface, surface sound
modes appear. A nonrigorous but a simplified method of
evaluating lower bounds of surface sound velocities is as
follows. Two bonds per atom are cut on the surface in
the triangular lattice. Thus the restoring force of the par-
ticle motion on the surface is reduced compared to the
bulk system. We approximate the restoring force of the
surface sound by setting the corresponding force constant
to be half of the bulk value (the force constant of the
bond parallel to the x axis, i.e., the crack surface, is un-
changed). This underestimates the restoring force, since
deeper sites reduce to bulk sites. By considering the bulk
sound motion with this approximate restoring force we
obtain the underestimated surface sound velocity. This
gives &17/4 = l.031 for the longitudinal mode and
&3/4=0. 4330 for the transverse mode. The longitudinal
surface sound velocity is almost the same as the bulk
value. The true transverse surface sound (the Rayleigh
sound) velocity —,'+3—&3=0.5630 [35] lies between the
above two transverse sound velocities. It is to be noted
that the surface sound velocity in a system with a finite
width is smaller than the Rayleigh sound velocity but
should be larger than the lower bound &3/4 given above.
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