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Generalized relaxation theory and vortices in plasmas
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We present a generalization of the relaxation theory based on the canonical momentum of each
species fluid in a multicomponent plasma. The generalized helicity, as a topological quantity, has a life-
time larger than the lifetime of the energy. We then propose a simple variational principle that suggests
the existence of vortex structures. We study localized solutions, assuming the existence of a separatrix.
Two-dimensional and three-dimensional solutions are studied for an electron-positron-proton plasma.
Ideal magnetohydrodynamic three-dimensional localized vortices are studied as well. Possible cosmo-
logical implications are discussed.

PACS number(s): 52.30.Bt, 52.55.—s, 95.30.Qd, 47.65.+a

I. INTRODUCTION

The observations of galactic magnetic fields (GMF's) of
order 10 G in contrast to the intergalactic magnetic
field & 2 X 10 G for N, &4X 10 electrons/cm
brought to the astrophysicist an outstanding problem
which concerns the origin and nature of these fields. For
a review, see, for example, the reports of Asseo and Sol
[1] and Kronberg [2) and references therein. Essentially
there are two schools of thought, one believing in a pri-
mordial cosmic magnetic field from the big bang and the
other one in a generating magnetic field from a certain
dynamical mechanism such as dynamos. In any case, it is
of considerable appeal to verify if plasma phenomena, in-
cluding cosmic magnetic fields, played a role in the for-
mation of structures that led to seeds of what we see to-
day, such as galaxies and clusters of galaxies. Kulsrud
and Anderson [3] showed that it is difficult to make
presently observed galactic magnetic fields through the
dynamo mechanism after the recombination epoch. Ra-
tra [4] discussed the possibility of magnetic field genera-
tion during the infiation epoch. Tajima et al. [5,6] and
Coles [7] discussed the possibility of magnetic field gen-
eration during the plasma epoch. In particular, Tajima
et al. [5] found that, for a primordial plasma (such as
t —10 sec) in a thermodynamic equilibrium, a large
amount of magnetic field energy is stored in
configurations with a minuscule spatial size, i.e., magnet-
ic fields favor the formation of tiny "bubbles. "

It is thus of interest to consider what are the natural
forms of magnetic and plasma topologies, as, for exam-
ple, in a relaxed state plasma [8,9]. Therefore we consid-
er structures such as vortices and/or solitary waves of
magnetic fields. In this work we present some exact stat-
ic solutions at di6'erent spatial scales. For that purpose
we assume that there is a slight asymmetry between the
electron and the positron density, balanced by a back-

ground Quid of protons. We also assume that the Quid
velocities of electrons and positrons are equal and that
the plasma is in isothermic equilibrium. Finally, as one
of the main features of the cosmological plasma we as-
sume no external field boundary conditions (no static field
at infinity).

Thus we seek localized stationary solutions of low fre-
quency electromagnetic fields that do not cause charge
separation. The localizability of the fields is required by
virtue of the no external field boundary condition. That
is, at spatial infinity the fields must vanish. We may re-
quire the existence of a separatrix beyond which the fields
decrease fast enough so that the total field energy is finite.
We show that these solutions are stable against linear
perturbations.

The paper is organized as follows. Section II presents
a generalized theory of relaxation for a multicomponent
plasma and we conclude that the formation of vortices is
a possible equilibrium configuration. In Sec. III we study
static and stationary vortices in an electron-positron-
proton (ee+P, abbreviated eeP) plasma and present possi-
ble solutions. That is, we assume the existence of a
separatrix beyond which the magnetic field vanishes (in
some cases asymptotically vanishes). A similar technique
[10] has been proposed to find vortices of the electron
magnetohydrodynamic (EMHD) fluid in a uniform back-
ground proton plasma. In Sec. IV we present possible
three-dimensional solitary vortices in spatial scales for
which ideal magnetohydrodynamics (MHD) equations
hold.

In this way the theory provides a possible framework
that there is a hierarchy of formation of large-scale struc-
tures in a plasma, beginning with the spatial scale of
thermal fluctuations in an eeP plasma up to large scales
in a MHD plasma. Nevertheless, in this work, we do not
address either the time evolution of each structure or the
possible evolution of one kind of structure into another.
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II. GENERALIZED RELAXATION THEORY
FOR MULTICOMPONENT PLASMAS

a
Q, =VX [v, XQ, ]—VX

R,

A. Uorticity equation

The macroscopic equations of a plasma with X species
are

V B=O,
(15)

71a

In the limit of low viscosity and/or high density and
low interAuid collision frequency

Pa . 2 9a«min Lm, v„L B
C

VE= g q, n, ,
a=1

(2)
v, vb q B

v,b «min
L L'm, c

(16)

4~ ~ aVXB= g q, n, v, + E,

VXE= — B,8
cBt

(3)
where L is a typical length in the problem, we can neglect
r, and R, . In this limit the equilibrium configuration
will be the one in which e, is the level surface function
for field lines of v, and Qa:

a
n, +V.(n, v, )=0,

at

V va=O,

v, XQ, =Vs, ,

va V&a=0,

Q, Ve, =0.

(17)

(18)

(19)

d
n m

a

Va
a ~a a ~+ XB

C

n, m—,VQG VP, +R—, ,

where (d Idt), = c)IBt +v,—V and

R,:—p, V v, m, n, g v—',b(v, —vb)
b

(8)

The energy is constant along the streamlines of both the
velocity and the vorticity fields.

Except possibly in subdomains where Ve, =0, the
streamlines of v, and Q, lie on surfaces e, =const. The
topology of these surfaces is determined by the topology
of the sets of points at which Ve, =0: these points may be
isolated, or they may fill three-dimensional subdomains
[11].

with the viscosity p, and the collision frequency for
different fluids v', b. We assume an equation of state
P, =P, (n, ).

Let the electric and magnetic fields be given by their
potentials E= VP (BlcBt)A—and —B=VX A. If we

use the canonical momentum

B. Generalized relaxation theory

Now we relate the equations obtained above to a gen-
eralized version of the relaxation theory. The evolution
of the fields, determined by (10) in the liinit (15)—(16) and
spatially constant density, preserves the generalized heli-
city

p, =—m, v, + A I."=fp. Q.d'x gp. .dI—, gp. dl, , (20)

p, = —v, XQ, —Ve, +r, ,
8
at

(10)

of each of the species of the plasma and eliminate A in
favor of p, and v„we get from the equation of motion
(7)

where the integration is over the whole spatial volume
and the line integrals appear for multiply connected
spaces. This definition is gauge independent [8]. Indeed,
the time derivative of (20) is

where the generalized vorticity is
I, = f [ e, Q, +—(p, .Q, )v, —(p, .v, )Q, ].dS . (21)

0,:——VXp, = —m, V'Xv, —

e, is the energy of the component a,

Pa
e, = —,'m, v, +q, P+m, PG+

Pl a

~a B

(12) I,"=2Jr, Q, d x .
Bt

(22)

So, for the boundary conditions Q, n =0 and v, n =0 we
have dlBtI,"=0.

If we include the dissipation terms we find, assuming
the above boundary conditions,

and

~a =
'Ia

I',
V(inn, ) . (13)

Applying the curl on (10) we get an equation for the vor-
ticity:

We promptly notice a special case for which
ra Q, =A,,p, Q, so that the evolution of the helicity is

I,"(t)=I,"(0)exp[2J 'A, (t')dt'] T, herefore . it can increase,
decrease, or be constant, depending on the behavior of
A,, (t) in time.

The time derivative of the total energy
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1 1

4m.
(23)

1S

E„„i=fQR, .v, d x .a
tota (24)

r,„„„=min[1/v', ;n, m, L /p, ],
rh, &;„,„=max[ 1/v'„n, m, L'/p, ] .

(25)

(26)

The case 1/vd « n, m, L /p, , is one in which the dissi-
pation of the energy is through interQuid collisions, usu-

I

The total energy decreases in time mainly because of the
viscosity term in (8). In the ideal limit neglecting R, the
total energy is, of course, conserved. But in general both
helicity and total energy can decay in time. From the ex-
pressions (22) and (24) we conclude that the rates of de-
cay of helicity and total energy may be different. I," are
topological quantities and we have some reason [8] to be-
lieve that the helicity does not decay as fast as the total
energy does [10]. Indeed, since changing the helicity in-
volves changing the topology of the lines, breaking and
reconnecting them, it takes some time to happen while
the dissipation of energy does not have such a constraint.

We estimate phenomenologically the lifetime for de-
creasing the total energy and the helicity as

leads to

V E=O,

VXB= g q, n, v, ,
e

(29)

na
Q = — va ~ a (30)

The first two equations above are of no surprise. The
last equation is a special case solution for Eq. (17). In
this case the generalized vorticity field lines are frozen in
the Quid.

To check the stability of these configurations, we make
a second variation on (27), use Eqs. (28)—(30), and in-
tegrate by parts. We get

ally at small scales compared to the other case
1/v', ))n, m, L /p„ in which the energy is dissipated
through the viscosity of each Quid species.

In any case, given the motivations above, a variational
principle is proposed as follows. Minimize E„„&,subject
to the constraint that Q, I,"=const. Let 5$, 5 A, and 5p,
be the general variations of the electrostatic potential, the
vector potential, and the canonical momentum, respec-
tively. Then the "stationarity" condition

5 E„„i—A gI," =0

5 E„„i—A,QI," = J'd'x y ' '(5U. )'+ '(V5y)'+y(B 5A, ) —2A, +5(VXp, ) 5p.
extreme 4m

(31)

If the last term does not change sign, we can make the
configuration stable by appropriate choice of A, . This
term is called the average perturbation spirality in con-
nection with amplifications of vortex disturbances in
planetary atmospheres [12].

Combining (29), (30), and (10), we get
2

VXB= 2A, Q B+2A, Q(m, q, VXv, ) . (32)
C C

We promptly notice that this equation is a particular case
of Eq. (17). It is very gratifying to see that the general-
ized vortex equation can have, in principle, relaxed state
solutions. In the next section we study the more general
equilibrium equation (17) with planar and axial symmetry
for an electron-positron-proton plasma. We have been
unsuccessful so far in finding an explicit solution for
three-dimensional (3D) configurations. It may be that lo-
calized filamentary structures are preferred for this spa-
tial scale.

e
p =mv+ —A,

c
eQ+= —V Xp+= —m VXv+- —B,

(33)

(34)

and similarly for the protons

ep;=m;v;+ —A, (35)

has been discussed and justified in Ref. [13]. Further, Ta-
jima et al. [5] have pointed out that in a thermal plasma
there are mainly two components in the photon energy
spectrum: The high frequency ones and the low frequen-
cy ones. The high frequency photons are the familiar
blackbody radiation photons that permeate and interact
strongly with the opaque plasma. ) Therefore the canoni-
cal inomentum (8) and the generalized vorticity (10) are
[for the electrons (

—), for the positrons (+), and for the
protons, or ions (i)] (v+ =v =v)

III. ELECTRON-POSITRON-PROTON PLASMA
e0;=—VXp;= —m;V'Xv; ——B . (36)

We assume that the electron and positron Quids have
the same velocity field v due to the strong coupling with
the isothermal high frequency photons. (Such a model

We neglect the displacement current [(3/c Bt )E« V
X B] and assume that the quasineutrality condition
(n; =n n+ =5n*) hold—s. For sim—plicity we consider



SAMUEL R. OLIVEIRA AND TOSHIKI TAJIMA

, VXB.
4~e5n * (37)

Configurations in which this relationship between v

and B holds are called "magnetic vortices" [14]. Let us
use some appropriate units:

6n * constant and the ion velocity much smaller than the
electron-positron velocity: v; ((v. Therefore from
Ampere's law (3)

A. 20 case

H= [Va(x,y, t) Xz]+h(x,y, t)z, (47)

Let us now solve Eq. (44) for the case in which one spa-
tial coordinate, say z, is ignorable. Physically it means
that the typical length in the z direction is much larger
than the typical length in the x-y plane
(BA„/Bz &(BA /By and BA /Bz «BA /Bx). There-
fore we can write the magnetic field as

c
[spatial coordinates] =

COp

(38) where a (x,y, t) and h (x,y, t) are functions of x,y, and t.
Thus Eqs. (44) and (45) for the magnetic field (47) become

Ale
[time] =

eBp
' 1/2

4+5n *e

(39)
a A=0,
ai
8

V h+(h, V h)=0,
at

(48)

(49)

H= 8
Bp

(41)

With these units the electron and positron vorticities (34)
are

8 a+(h, a)=0,

—V a+(h, V a)=0,8
Bt

(51)

where (f,g)=—z [Vf XVg]. From (48) and (49) we get

(42) V h=P[h] (52)
a
Bt

A+=VX[A~X(VXH)] .

Adding and subtracting the previous equations we get

(43) for an arbitrary functional P [h]. For a vortex propaga-
ting in the x-y plane with velocity u, Eqs. (50) and (51)
give us

a H=VX [HX(VXH)],

Bt
V H=VX[(V H)X(VXH)] .

(44)

(45)

V2a=Q[h+z (uXr)],

a=R [h+z (uXr)],

(53)

(54)

It may appear that this is an overdetermined set of equa-
tions for H, but it is not. Note that the first equation
above tells us that cE= —vXB and therefore it holds
whenever we neglect the displacement current, that is,
the assumption (B/cBt)E&(VXB is validated. There-
fore the equations are self-consistent with the hypothesis.
Equation (43) gives us also, in a more precise way, the
range of validity for the neutrality condition:

2Bp
, V E=—,, [H.V H+(VXH) ] . (46)2

4~e6n * 4~5n *mc

Therefore the neutrality condition can hold either in an
approximate way for Bo/4m (&5n*mc or in an exact
way for H V H= —(VXH) . Beltrami fields (usually
known by the relation VXH=aH), are fields in which
the neutrality condition holds exactly.

7 h='
—c2(h +uy) for r (ro
+d (h +uy) for r ) ro . (56)

The general solution for h (continuous up to the first

derivative) is given by

where P, Q, and R are arbitrary functions of the argu-
ments in the square brackets.

Let us solve a "linear" case a =h +uy, in which u is
the x direction and Q is given by

—c (h+uy) for r &ro
(55)+d (h +uy) for r )ro,

where c and d are constants. So we have to solve just

I droE2(dro) J, (cr)
+B id''i(dro) rsinP for r &ro—

1 ro cJ', (cro)

I'p
u +B, IC, (dr)sing for r )ro,

IC i dro

(57)

(58)
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where Ji(cro)=0 and J, and K, are Bessel functions.
Another possible choice of the arbitrary Q[a] is

—c (h+uy) for r &ro

0 for r)r
which yields the solution

(59)

~'0+P=F~ [f]

~'f+f+F~ [f]~'0=r'P~[f]'
(68)

(69)

F+[f ] and P+[f ] are arbitrary functions of their argu-
ments.

If we add and subtract the equations above we get

2 Ji(cr) r—sing for r & ro
cJ', (era )

—ur Osi nP /r for r ) r 0
(60)

F+ [f]+F [f]—
2

]
F+ [f]—F—[f]

(70)

(71)

B. 3D case

Now we present the basic steps toward a 3D solution
with azimuthal angle symmetry. Let us assume an axially
symmetric 3D configuration in which the magnetic field

is given by

1 1H= [Vg(r, z, t—) XP]+ f(r, z, t)P—
r r

(61)

with J, (cro) =0.
Both solutions above are dipolelike solutions and decay

with a power law of the distance. Therefore they are, in
some sense, localized. The first solution has finite total
energy while the second has a logarithmic divergence.

We emphasize that these solutions physically represent
filamentary vortex structures. At large enough scales
these solutions are thin (ro very small) "strings" that may
eventually close themselves. A good ensemble of these
filaments may form more complex structures in this large
scale. As Petviashvili has shown [14], MHD equations
resemble a set of equations for filamentary vortices in un-

magnetized plasmas.

—= r Q[f], (73)

which can be combined to form

(74)

'[0]]=~[4] (75)

where K ' is the inverse function of E.
We were not successful in finding an explicit nontrivial

solution for these equations. Note that one needs to solve

Eq. (75) only for P because fbecomes determined from g.

C. Relaxed state

The relaxed state configuration obeys the variational
principle given in Eqs. (29) and (30). We conclude that
for the electron-positron-proton plasma case

for some functions g(r, z, t) and f (r, z, t) Equation. s (44)
and (45) become

TXH,
4A,

(76)

d (+Q—b, g)=0,
dt

(62)
n++n

V H= VXH.
4A,

(77)

Compatibility of these equations gives (4X)
=Sn'(n++n ). Then we get a Helmholtz-like equa-
tion for 8:

V kg XV1 1

r r2
(63) n +n+

V H= — H. (78)

where

a 1 a a'=r
dr r Br Qz2

d 8 1

dt Bt r
+ —[Vf XV]

(64)

(65)

The scales of these solutions are
Q(n n+)l(n +n+)(clio—)=cltoz where to~ is the
plasma frequency for the density n +n+, which means
the size is Q(n +n+ )In n+ ) times the c—ollisionless
skin depth of the ee+ plasma.

It is well known that the general solution for the diver-
genceless fields satisfying (78) is

For a stationary configuration, moving in the z direc-
tion with speed u we have

H=V X(mu )+—VX [VX(mu )],a
(79)

d 1

dt r
=—[VfXV]

f=f+ r', —u

2

(66)

(67)

where m is a unitary vector, and u satisfies the scalar
Helmholtz equation

P-u= —a u,2 — 2
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where a=+(n +n+ )/(n —n+ ).
For the cosmological eeP, 0;=10 . This estimate is

based on the observed limits for the asymmetry of matter
over antimatter. Therefore the spatial scale of the solu-
tion is, in principle, small.

IV. IDEAL MHD

B V =v.Vn =0

V v=0,
V B=o,

(80)

(81)

(82)

As we discussed before, the eeP structures can combine
to form larger-scale structures in MHD. Therefore it is
appropriate to investigate localized solutions in MHD.
The set of equations used is

[BX(VXB)]=V + ,'u —+pG
4~mn mn

(93)

(M —1)e=4r«(—P+mn —,'u +mnPG) (94)

is constant along the streamlines of the magnetic field.
Let it be a 3D axially symmetric 6eld:

«B=4 XVP+Pf [4] (95)

aild e =E[Q].
So we get the Grad-Shafranov equations

(96)

There is a degeneracy when the constant M=1 and
P/mn+ —,'u +kG=const which corresponds to Alfven
vortices.

Notice that

J
nm v= —XB VP m—n VPG—,dt c

VXB= J,
C

a B=VX(vXB),
Bt

(83)

(84)

(85)

where the prime means derivatives with respect to the ar-
gument and b, ' =(«B/Br)(1/r)B/Br+8 /Bz .

Let the separatrix be a sphere of radius a. Then we
take e[f] and f[g] to be linear inside the sphere and
zero outside it. It turns out that g vanishes outside the
separatrix. The inside equation and general solution [15]
are as follows:

where

+(v.V) .
dt Bt

The equation of motion (83) can be rewritten as

(86)

b, *g= —k g+cr

&
«+ g A&C+ &R j& imp(kR)

(97)

a
v —[vX(VXv)]+ [BX(VXB)]1

at 4~mn

= —V + —,'u +pG
P

mn
(87)

where R =V(r +—z ) and C„'~ are Gegenbauer func-
tions and j„,&2 are spherical Bessel functions. We im-
pose continuity for f and its first derivative. This pro-
cedure leads us to

A„=—5„z 1/j(ka),
We assume the density is constant. Then the time evo-

lution equations have the following three conserved in-
tegrals:

3ka
tanka =

3 —(ka)
(100)

BI+ = v+
&4irmn

Iz=f ABd r.

2

I', Therefore
88

2

(89)

c
1

j(kR) r
j(ka) (101)

Let us look for static solutions

[vX(VXv)] — [BX(VXB)]1

4nmn

where

( sing —g cosg')
J (102)

=V +-,'u'+y, , (90)
P

VX[vXB]=0. (91)

V=+ M B,
&4mmn

(92)

There are three possible vortices, depending on how v
and B are related. They are called parallel, magnetic, and
dynamic vortices. For parallel vortices

The first two roots of the transcendental are ka =5.76
and ka =9.11. This is an example of a localized solution
in MHD. It is continuous up to the second derivative of
1( which is zero outside the separatrix.

Other localized numerical solutions were found [14] for
f=&2/(n +1)g"+' and e'= —g for n =2, 3. These
solutions have a preferred direction of paramagnetic in-
teraction along, say, the z axis, and of antiparamagnetic
in the plane normal to the axis. Therefore these solitary
vortices have a tendency to form linear polymerlike
structure. In turn these "polymers" may form even
larger structures, and so on [16).
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V. DISCUSSION

We have found a series of localized relaxed solutions
relevant for plasma structure formation. We obtained lo-
calized solutions for eeP in the form of long strings (2D
solutions) and vortices in MHD scales. We can then set
up a hierarchy in which a filamentary eeP may form a lo-
calized 3D solution in MHD. The localized solutions in
MHD may also form larger-scale structures in a polymer-
like shape. These solutions represent additional and
perhaps more natural equilibrium structures than the
ones found in earlier work [13].

In the quasi-two-dimensional limit of three dimensions,
i.e., with the structure being a long string but not strictly
a straight cylinder, the localized structures can meander
in and weave through the plasma and occasionally
crisscross each other. It is known [17,18] that the direc-
tions of such crisscrosses and thus the presence or lack. of
the strong magnetic field in the plane of contact and per-
pendicular to the reconnecting field lines are a crucial
factor in determining the speed of possible reconnection
of magnetic field lines. It is thus of much interest to pur-
sue the study of the evolutionary outcome of such prefer-
ential reconnection in structure formation. Such interac-
tion may be well described by the approach of Pumir and
Siggia [19]in hydrodynamics and by Kinney et al. [20] in
MHD. It is possible to speculate that a particular
meandering and linking of such strings which originally

did not carry an overall helicity can emerge with a direct-
ed helicity as a result of reconnection [21].

These structures may be of great importance to forma-
tion of isothermal perturbations during the radiation
epoch of the universe. This scenario provides one possi-
ble way for formation of structures of later epochs that is
consistent with the observed uniformity and isotropy of
the microwave background radiation [5].

Moreover, it is often said that the e6'ort of achieving a
thermonuclear burning plasma is to copy astrophysical
thermonuclear burning. (Conversely, the recent experi-
mental progress [22] in tokamak fusion plasmas finds the
presence of strong flows, a study of which may lead to
more understanding of plasma vortices with flows as dis-
cussed in the present paper. ) The absence of external
magnetic fields for these localized vortices suggests a pos-
sible path toward a fusion reactor without (so many)
external coils. An attempt in that direction is being in-
vestigated [23]. More analysis is necessary, however, to
check the feasibility of this option as a reactor. The ob-
served solar bubbles [24] may also be related to the MHD
solutions presented in this paper.
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