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The dynamics of Pierce-like diodes is investigated for ions moving with arbitrary velocities opposite to
as well as in the direction of electron propagation. By application of an integral formalism that is able to
account for mobile streaming ions, equilibrium solutions for the diode in an external circuit are derived.
The stability of the uniform equilibrium for the short-circuited diode and for counterstreaming species is
investigated. In this case, new oscillatory unstable branches appear that destabilize the diode for all
values of a, where a is the Pierce parameter. This contrasts with the diode with co-moving ions being
stable for sufficiently small values of a. These new branches coincide with the Pierce-Buneman modes
for initially resting ions. If ~u;p~/v p is increased, where v, p are the injection velocities (s=e, i), a
stronger destabilization is observed for counterstreaming in comparison to co-streaming with maximum
growth rate in the range of v;0= —2v, o for a hydrogen plasma. It is furthermore shown that the familiar
picture of waves (Fourier modes) must be substantially modified to meet the physics of bounded plasmas.

PACS number(s): 52.75.Fk, 52.90.+z, 52.35.—g, 41.85.Ja

I. INTRODUCTION

Many plasma systems used in science and technology
such as Q machines or thermionic converters are beam-
plasma devices exhibiting a rich variety of boundary con-
trolled phenomena [1]. Theoretical models accounting
for this circumstance are, therefore, of profound interest.

One of the basic bounded plasma models is the Pierce
diode [2], which is an idealized one-dimensional model
useful for low density current-carrying bounded plasmas.
In the Pierce diode, a cold electron beam of density no
and velocity v, o is emitted at the cathode at x=O and
completely absorbed at the anode at x =L. The elec-
trodes are held at the same potential. The ions form an
immobile neutralizing background. The model is electro-
static, one dimensional, and collisionless and can be con-
sidered as a first step to the theoretical description of ex-
periments such as thermionic low pressure discharges
[3,4] or magnetic box discharges. The Pierce model has
also been used in the context of ion-beam neutralization
for inertial confinement fusion [5,6], high power mi-
crowave sources [7], cosmic plasma fiow [8,9], and p i n--
senuconductor diodes [10]. Pierce found that the uni-
form equilibrium of the diode is destabilized if
a= co~,L/u, p excee—ds m. , where roz, = canoe /corn, is the
electron plasma frequency at injection and L the diode
length, m, the electron mass, e the elementary charge,
and eo the permittivity of the vacuum, respectively.

The nonlinear dynamics of the Pierce diode has been
extensively studied by Godfrey [11]. External circuit
effects have been incorporated in both analysis and nu-
merical simulation by Horhager and Kuhn [12], Lawson
[13],and Crystal and Kuhn [14]. Besides direct numeri-
cal integration techniques of the basic integral equations
[11,13], particle simulations of the diode have been per-
formed mostly on the basis of the PDP1 computer code
[15] giving deep insight into the nonlinear dynamics of

the simplest possible model of a bounded plasma
discharge.

Finite ion mass effects have so far been incorporated
into the Pierce diode model in [16—21]. The interaction
of an electron beam with initially resting ions (u;p=0)
leads to an instability of the uniform equilibrium for all
values of a. New growing oscillatory modes due to ion
dynamics, called Pierce-Buneman modes, appear which
have been experimentally verified by Iizuka et al. [22].
Ion dynamical effects involving arbitrary finite ion veloci-
ties have been investigated in [23—26].

The integral formulation presented in [23,24] being an
extension of the one introduced and applied by Godfrey
[ll] and Lawson [13] offers the possibility to treat the
dynamical behavior of a plasma diode in a general con-
text. It makes use of a Lagrangian description of the ac-
tive species assuming the latter to be governed by hydro-
dynamic equations and it permits a higher fjexibility in
the incorporation of boundary conditions and of the dy-
namics of the second species than Eulerian schemes. In
[23] it is the electron dynamics that is described in a La-
grangian manner supplemented by the linearized ion dy-
namics, whereas in [24] the ions are treated as active par-
ticles assuming a quasistatic kinetic equation of state for
the electrons. The advantage of this description is that
within the limits imposed by the validity of the underly-
ing equations the complete nonlinear dynamical behavior
can be evaluated, which includes, for example, the search
for equilibria in dependence on various kinds of boundary
conditions or the search for bifurcations and stability re-
gimes. Examples of its versatility have already been
presented in [23] and [24], and as a special application of
[23] the stability of a Pierce-like diode in case of arbitrary
ion injection velocities could be investigated by the
present authors [26]. The stability was shown in that pa-
per to be controlled by the parameter a=a(1+P)'
where u is the Pierce parameter and p=m, veo/I;v;0 is
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the ratio of electron and ion kinetic energy at the emitter.
In addition, a generalized dispersion relation for linear
electrostatic perturbations of the uniform equilibrium
was established. Its evaluation exhibits several interest-
ing features, such as the appearance of growing oscillato-
ry modes which in the limit of initially resting ions be-
come Pierce-Buneman modes.

In [23,26] the ions were emitted from the same elec-
trode as the electrons, a situation that applies, for in-
stance, to thermionic converters or to Knudsen diodes
with surface ionization. There are, however, cir-
cumstances where ions enter the active diode region from
an opposite direction such as in triple plasma devices or
in low pressure magnetic box or linear discharges [3,4]
where a residual neutral component experiences ioniz-
tion in the anode region, setting free ions moving towards
the electron emitting cathode. We therefore found it
worthwhile to investigate this case in some detail since it
is, as it turns out, not simply an extension of the already
treated co-n..oving case, as one might perhaps expect.
The essence of the present paper consists in effects gen-
erated by counterstreaming charged particles. We men-
tion parenthetically that the Lagrangian formulation
proved to be beneficial also in a pure electron diode as
shown by Coutsias and Sullivan [7]. Kinetic effects (ex-
cept that treated in [24]) are, however, out of the scope of
a Lagrangian description and demand different treat-
ments such as that introduced by Kuznetsov and Ender

This paper is organized as follows. In Sec. II the basic
formulas describing the diode dynamics are presented.
The similarities and differences between the case of coin-
jection of electrons and ions and of counterstreaming
species are emphasized. The equilibrium solutions are
given in Sec. III. In the following section, the dispersion
relation for counterstreaming particles is derived, numer-
ically evaluated, and discussed. A summary completes
the paper.

II. BASIC EQUATIONS
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FIG. 1. The model of the generalized Pierce diode. Cold
electrons are injected at the cathode (x =0) with density no and
velocity v,o. Cold ions are injected with equal density and arbi-
trary velocity U;o from the cathode (co-injection) or from the
anode (x =L) (counterstreaming). The electrodes are connect-
ed by an external circuit consisting of a resistance R, an induc-
tance L, and a capacity C.

:-N, (t„t)= —U,'(t„t),
:- U, (t„t)= px'(t„t)—x(t„t) .

In these equations

n, (t„t)=1+N, (t„t)—:n, [x (t„t),t],
u, (t„t)= A '+ U, (t, , t) =u, [x(t, , t), t]

(2)

(3)

represent the ion density and the ion velocity, respective-
ly. The operator = is defined by

(4)

In the following the basic formulas describing the
diode dynamics are presented. Both species are assumed
to be cold. The electrons are injected with density no at
x=O which is the position of the cathode (see Fig. 1).
The ions are injected with equal density either at the
cathode or at the anode. A Lagrangian description of the
electron fiuid is used. x(to, t) represents the position of
an electron Quid element at the time t, which was released
from x=O at the time to ~ t. The ion Auid is treated in
linear approximation, which is justified by the small mass
ratio p =m, /rn; (& 1. Ions are allowed from the outset to
have an arbitrary injection velocity v;o. The governing
equations derived by Schamel and Maslov [23] can be
kept; it makes no difference with respect to the starting
equations whether the ions are injected at the anode or at
the cathode. They read in normalized form

x (to, t) —a'(t to)—
a'f drx'(r, t)n, (r—, t)= —E,(t), (1)

0

In the following prime (overdot) means differentiation
with respect to the first (second) argument, i.e.,
x'(to, t) = r), x (tu, t) —and x(to, t) =—B,x (to, t). The con-

stant a denotes the Pierce parameter a =co,L /u, o, where

co~, ="y noe /mom, is the plasma frequency based on no,
2

L is the diode length, and A =u, o/u;o is the ratio of elec-
tron and ion injection velocity. Injection of the ions at
the anode leads to negative values of A. As said, up to
now no difference must be made between the case of co-
injection (injection of both species at the cathode) and
counterstreaming electrons and ions (injection of the ions
at the anode) [23,26]. Eo(t) =E(t, t) denotes the el—ectric
field at x=O which is generally time dependent. In [23]
both Eqs. (2) were combined to yield a single second or-
der equation for N;(to, t). This equation is, however, in-
complete, since it was implicitly assumed that the opera-
tors = and 8, commute with each other. If we use the

0
correct commutation law, nevertheless both equations
can be combined to yield a single equation for N; (to, t):
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x'(t„t):-'N, (t„t)—[x"(t,, t) [1/A x—(t„t)]'
+2x'(t„ t)x '(t„t) [1/A —x (t„t) ]

+ [x'(t, , t) ]'x(t, , t) ]N (t„t)
=p[x'(to, t)] x'(to, t) . (5)

The coupled system (1) and (5) hence describes the elec-
tron dynamics nonlinearly and ion dynamics linearly.
Two further boundary conditions must in addition be
fulfilled [11,13,23,24].

(i) The transit time condition, i.e., the fact that an elec-
tron Quid element reaches x = 1 at the time t when it has
been released from x=O at t0=t —T:

x(t —T, t)=1, (6)

where T is the transit time. Alternatively, Eq. (6) can be
considered as the defining equation of the Lagrangian
auxiliary quantity T.

(ii) The external-circuit equation as derived by Kuhn
and Horhager [27] and transferred by Lawson [13]into

f E(x, t)dx= f E(t, , t)x'(t„t)dt,
0

L +R +—Eo(t)
—d d 1

dt C
(7)

has to be fulfilled, R, L, and C are the normalized values
of an external resistance, inductivity, and capacity. They
are given by

C CC~C'=
Co BOA /L

Ve0
R+—R '=RC0

L
2

VeOL~L ' =LC0
L 2

As long as there is no return of electron-Quid elements
and as long as the ions do not accumulate, which would
cause a breakdown of the linearized ion dynamics, the
coupled system of Eqs. (1) and (5) together with the
boundary conditions (6) and (7) describes the spatio-
temporal dynamics of the diode. If there is no virtual
cathode, Eq. (1) is a suitable description of the nonlinear
electron dynamics. Only the electric field at the cathode
Eo(t) and the ion density n; (to, t) must be determined. If
it is necessary to treat the ion dynamics nonlinearly such
as in the case of an ion accuinulation, Eq. (1) must be
supplemented by the ion continuity and the ion momen-
tum equations instead of (5). These cases seem only ac-
cessible to numerical methods. Here we focus our in-
terest on the analytically solvable problem of linearized
ion dynamics which in view of p «1, the small mass ra-
tio, is a reasonable restriction.

For a small electric field E0 at the cathode we look for
an analytic solution of the coupled equation system (1)
and (5) by the ansatz

x (t„t)=X(t„t)+Y(t„t),

where X(to, t) is O(1), satisfying already the boundary
conditions

N;(to, t)+2AN'(to, t)+A N "(to,t)= —p Y'(to, t), (11)

where A is defined by A =(1—A '). The equations are
the same whether the species move in the same direction
or in opposite directions. The range of A. is given by—oo (A ~ 1 in the case of co-injection. A = 1 stands for
zero ion velocity, denoted as initially resting ions and
A =0 for equal values of the injection velocities in this
case. Counterstreaming of the species leads to a negative
A and thus A is in the range of 1~&(+~. The
difference arises from the boundary conditions, as we will
see. The last equation can be written as

(a, +Aa, )'N, (t, , t)= —~a, a', Y(t, , t) . (12)

From a difFerentiation of Eq. (10) with respect to to, we
obtain

N, (t„t)=,8, (8', +a')Y(t„t) .
a

(13)

Combination of both equations leads to a differential
equation for the deviation of the ion Auid density from
the injection density:

[(a', +a')(a, +Aa, )'+a'~a', ]N, (t„t)=0

or alternatively to a differential equation for Y( to, t ):

8, [(8,+a )(8, +AB, ) +a pB, ]Y(to, t)=0,

(14)

(15)

having in common the same linear differential operator in
brackets. This operator commutes with 8, . In the equa-
tions still no difference must be made concerning the
direction of the ion velocity, whereas the boundary condi-
tions will be different. Furthermore, vanishing density
and velocity perturbations of both species at the injection
planes are assumed. This means 5n, =0 and 6v, =0 for
all times t at x=0 and the electron injection conditions
read

Y(t„t,) =0, Y(t„t, )=0,
Y (To to)= Eo(to)

(16)

The condition of zero ion density perturbations becomes
in the case of counterstreaming electrons and ions
(t, =t T)—

x(to, to)=0, x(to, to)=1, x'(to, to)= —1 .

The solution of O(1) is found to be X(to, t)=t to—. It
represents the unperturbed motion of the electrons. The
deviation Y(to, t) from straight line orbit results from a
nonzero electric field and from the mobility of the ions.
Y(to, t) is assumed to be O(e). The contribution to O(e)
of Eq. (1) is

Y(to, t)+a Y(to, t)+a f drN;(r, t)= —Eo(t) .
fo

N, (to, t) f. ollows from the lowest order of (5) which be-
comes
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N, (t T—, t)=0

instead of

(17) injection. After a threefold integration, the differential
equation (19) for P(X) becomes

N, (tp, tp)=0
'Y'c(X)+a Yc(X)=c&+czX+c3X (2&)

and

N; (t —T, t) =Px( t —T, t)x'(t —T, t) (18)

which applies for co-moving species. From the ion con-
tinuity and momentum equation [23] in the limit
to~t —T (counterstreaming) and t +t—o (co-injection)
can be derived

The constants c&, c2, and c3 follow from the boundary
conditions and can be calculated as

c) =Pc(0)+a 5'c(0)= —Ep,

c2 =Pc'(0)+a 2+c(0)=Q,

c3=2[&c"(0)+a Pc(0)]=—,'[a Ep+a ( Eo)—]=Q.

N'(to to) =PEp(to)

respectively, using the boundary
x(tp, tp) = Ep(t—p) and x'(tp, tp)= —1.

III. EQUILIBRIUM SOLUTIONS

conditions
Y'(tp, t)+a'Y'(t„t) —a'N, (t„t)=0,
—P'"(X)—a 5'(X)—a JV(X)=0 .

(26)

(27)

The values of Pc (0) and Pc" (0) are found as follows.
Equation (10) can be differentiated with respect to tp and
yields

Equation (26) can be difFerentiated a second time with
respect to t p. In the stationary case this reads

P""(X)+a 'P"(X)+a A'(X) =0 . (28)

Using the above equations and the boundary conditions
in the case of co-injection, the constants c &, c2, and c3 are
fixed. It remains to be solved

&c(X)+a'&c=—Eo . (29)

The equilibrium solution in the case of a small electric
Geld at the cathode is given by

Pc(X)= — [1—cosaX] .
a

(30)

From Eq. (21) the corresponding stationary deviation
from the ion injection density in the case of co-injection is
given by

In the preceding section we have shown how the
boundary conditions are altered if one switches from co-
to counterstreaming ions. This change has important
consequences as it influences the method of solution, as
will be demonstrated in this section. For the sake of clar-
ity we simultaneously treat both cases and point out the
differences. In the following the subscript A refers to
ions injected at the anode (counterstreaming) whereas the
subscript C refers to ions injected at the cathode (co-
injection). If subscripts are missing the equation is valid
for both situations.

Small amplitude equilibria solutions with Ep =const of
0 (e) can be found as follows. For equilibria, the to and t
dependency is simply given by X = t —to, which rejects
the time invariance. The differential equations are
transformed with P(X):Y(to, t), JV(X) =N;(tp,—t) and—
8, —8 , 8, 8 into

0

and

—BXXP(X)=0 (19) pEo
JVc(X)=Pic(X)= — sinaX .

a
(31)

XJV(X)=0 (20)

with the linear difFerential operator X—=Bx(Ox+a ).
Correspondingly, the deviation of the ion Quid density is
given by

JV(X)= — Bx(OX+a )P(X)1

a
(21)

and

(22)

The boundary conditions read in the case of counter-
streaming electrons and ions

P(0)=0, P'(0) =0, P"(0)= Ep, —

JV~ ( T)=0, JV~ ( T) =PP"( T)[1+P'( T) ] .

(23)

(24)

In the case of co-injection, T has to be substituted by 0.
In order to learn how the differences in the boundary
conditions affect the analysis we first treat the case of co-

+c4coscxX +c5sinaX, (32)

which follows from an integration of (19). The boundary
conditions have to be linearized up to 0 (E) and 0 (Pe) to
keep the problem solvable. We assume that @&pal
and quadratic and higher orders in e and p are neglected.
Strictly speaking, Y„(tp, t) can be split into
Ygp( tp t) + Yg ](tp t) with Y~o(tp, t) being of 0 ( e) and
Y„,(tp, t) of 0(Pe). From Eq. (21) it follows that
N;(tp, t) is 0(Pe).

This equilibrium solution differs from the result in [23]
because a wrong implicit boundary condition for
N (tp, tp) was used there.

In the case of counterstreaming electrons and ions, the
constants c&, c2, and c3 cannot be determined so easily,
because two of the five boundary conditions are posed at
the anode. Therefore the equilibrium solution is given by

r

1 X 2'P~(X) = (c, +c2X)+c3
CX
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The boundary conditions (23) yield three linear equa-
tions for c&, . . . , c5. Completing the system, the condi-
tions (24) must be linearized. From the transit time con-
dition it follows that for small electric fields T = Tp+5T
[where To= 1 and 5T is of O(e)]. The contribution of
the small deviation in the transit time leads, however, to
corrections in quadratic order in e and can therefore be
neglected. Finally, we get

CI = —Ep,

c2 = —p,aEpsina,

c3=0,
Ep

C4=
a

Ep
c5 =p sina

a

We express the constants in this form containing p in
a=a+I+P, using (32) and linearizing the equilibrium
solution for counterstreaming species afterwards. We
find

p„(x)=—
[ 1 —cosax +P sin(a )[ax —sinax] ] +

a2

E0
(1—cosax) — sinax+sin(a)[ax —sinax] —I+cosax .+O(p e)+O(Pe ) .

oP aX .
a a (33)

The additional terms in O(Pe) in comparison to the re-
sult in the case of co-injection (30) are due to the different
locations of the ion injection. The deviation in the ion
Auid density from the injection density is given by

S~ (X)=)[9'(X)—9'( I ) ]+
Epp

(sinax —sina ) +

IV. THE DISPERSION RELATION

The electric field at the cathode is assumed now to
show a time dependence of the form Eo(t)=eoexp(o. t)
which represents the perturbed electric field at the
cathode. This dependency is transferred to
Y(t ot)=e px(ot) y( X) and Ã;(to, t)=exp(ot)g(x) with
X=t —tp. The derivatives of a function of the type
F(to, t) =exp(o t)f (X) are calculated as follows:

E A.
pP (sinax —sina)+O(p e) . (34) F(to, t) =B,F(to, t) =exp(o t)(o +B»)f(X),

F'(to, t) =8, F(to, t) =exp(o t)( —i)»)f (X) .
In our treatment both injection solutions differ only
slightly because of the assumed smallness of p. If p ((1
is lifted, equilibrium solutions for co-injected ions can be
found [26] for arbitrary kinetic energy ratios and are de-
scribed by (30) and (31). Our results for counterinjected
ions indicate differences to this solution simply by extra-
polating (33) and (34) to finite values of P. In general, the
equilibrium solutions have to fulfill further constraints.
The allowed values of the electric field Ep are restricted
by two conditions. From the transit time condition (6) it
follows for equilibria that

Assuming that the ions are counterstreaming means that
the value of A. is greater than 1. The limiting situation of
initially resting ions, where A. becomes 1, is not included
in this case because p would tend to infinity in this situa-
tion. Therefore the calculation is restricted to small
values of a. The short circuit case with initially resting
but mobile ions was treated in [16—21,26]. External-
circuit elements can easily be incorporated and the result-
ing extended dispersion relation numerically evaluated.
The differential equation for Y(to, t) transforms into

T+P(T)=1 (35) a ty(X)=0=—Ta y(X)— (37)

and from the external circuit equation follows after an in-
tegration in the stationary case

Ep—
—,
' [1+P'( T) ] + —,

' = (36)

Note that from the external circuit elements only the
capacity C inAuences the equilibrium solutions as already
found by Lawson [13] and Kuhn and Horhager [12].
'Y'(X) is proportional to Eo; therefore ED=0, T=1
[which corresponds to the uniform equilibrium @(x)=0
in the diode] is always an equilibrium solution for all
values of a. How the stability of this uniform solution is
affected by counterstreaming ions is investigated in the
next section.

with

l=[(o.+B») +a ][o.+(1—A)B»] +a p(o. +B»)

which is a fourth order linear differential operator with
constant coefticients. The corresponding equation for the
ion density is

lg(x) =0 . (38)

4
g(x)= g BIO;exp(k;X), (39)

As in the equilibrium case, the boundary conditions are
used in a linearized form. The general solution of Eq.
(38) can be found by the ansatz
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where k, are the four nonzero roots of the indicial equa-
tions for (38). The exact roots can be found quickly with
an algebraic mathematical computer language, but they
are extremely lengthy. It would be too cumbersome to
continue the calculations on this basis. Fortunately, a
physical argument is helpful, namely, the small mass ra-
tio. Thus we linearize the operator and the functions, a
situation which is familiar from the corresponding situa-
tion in the case of co-injection.

l=lo+l),
y'(X) =yo(X)+y', (X), (40)

with l~=(1 —A ) P Q Q and 1& =a po, where we have
defined

Po +8 =exp( —o X) exp(o X),
dX

q —=cr+ia+8»,

e and can therefore be neglected. The corresponding
boundary conditions at the cathode [resulting from (26)]
are

yo" (0)=2creo, y',"(0)=—a g(0) . (49)

From (18) it can be concluded that

g'(1) =P[cr yo(1)+2cryo(1)+yo'(1)] . (50)

g(X) = — [(o +B» ) +a ]y'(X),1

a
(o.+B») g(X)=P(cr+B») y'(X) .

(51)

The solution yo(X) can be found by integration. Finally,
this leads to

Therefore our equation system (42) —(44) is completed by
the boundary conditions (45)—(50) and the connection be-
tween the two functions becomes

=o la+8»
d2=exp( —o.X) +a exp( o X),

dX

(41) Eo 0
yo(X) = exp( —crX) cosaX +—sinaX —1

0 +a a

(52)

loyo(X)=0 .

The next order is

(42)

d
o =—o +8 =exp( —crX) exp(oX),

dX

with o =cr/(1 —A, ). Instead of (37) a corresponding
equation which results from a division by (1—A ) can be
used. This elucidates that lz ——(1—A ) l&=P Qg is
of O(l) and that I, =(1—A ) l, =a p o is of O(p). As
a consequence, in the lowest order we have to solve

which describes electrostatic perturbations of the uni-
form equilibrium of the classical Pierce diode. In the
case of co-injection an analogous result was found in the
lowest order. This is due to lo, which contains no contri-
butions of the ion dynamics. The next order cannot be
solved by integration because of the special quality of the
boundary conditions. In contrast to this analytical
method of solving di6'erential equations, use can be made
of the fundamental system of the linear di6'erential opera-
tor lo, which is given by

loy', (X)+l,yo(X) =0 . (43)
S& =

I exp( —oX),X exp( —o X),exp( crX)co—saX,
0

The ion density 71(X) is of 0 (pe); therefore in our lineari-
zation procedure it remains to solve

l()g(X) =0 . (44)

yo(0) =0, y, (0)=0,
yo(0) =0, y', (0)=0,
yo (0)= —eo, y", (0)=0 .

(45)

(46)

In the case of counterstreaming electrons and ions, the
variation in the ion injection velocity vanishes; this im-
plies in the Lagrangian description N, ( t —T, t ) =0 and
leads in connection with Eq. (26) and with the time
dependent ansatz to (lowest and next order)

The boundary conditions for yo(X) and y, (X) must, be
calculated separately.

From Y(t„t,)=0, Y(t„t,)=0, Y'(t„t, )= —1, and
from Y( to, to ) = —eoexp( o to ) follows

rI(X)= — [(cr+B») +a ]y', (X)1
2

(54)

can only be solved in a closed manner because of the spe-
cial quality of the boundary conditions. The already
known result in the leading order of y (X) can be used. It
is to be noted that the contribution of O(e) in the last
equation vanishes with yo(X) yo p „(X). Using this re-
sult and the alternative representations of the differential
operators from Eq. (43) yields

exp( —oX) exp[(o —o )X] +ad d 2

dX dX

X exp(o X)y
&
(X)= —a Peoexp( —o X)sinaX .

exp( —o.X)sinaX ] . (53)

Now the coupled system of (43) and (44) and the connec-
tion between both through

(o +a )yo(1)+2oyo'(1)+yo" (1)=0, g(1)=0 . (48) (55)

As seen in the foregoing equations, the contributions of
the derivation in the transit time are of quadratic order in

Here a successive integration can be performed, which
finally leads to
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y ', (X)=a cos(aX)exp( —crX) +b sin(aX)exp( —o X)+ — X cos(aX)exp( —o X)
2(x

C2 C) 2Cz(o —o )+ X sin(aX)exp( —crX)+ X exp( —crX)+ +
z z exp( —oX) .

26K (o —o. ) +a (o —o ) +a [(o c—r) +a ]

(56)

The constants A, and A2 are abbreviations for

0 2 2A, = a[ —(o.—cr) +a ],
[(o —o. ) +a ]

~ P~o
A~= 2a (o cr—) .

[(o —o) +a ]

(57)

(58)

I

Using Y(to, t)=y(X)exp(ot) we obtain after an X in-
tegration

o f y(X)dX+2cry(1)+y'(1)= Lo +Rcr+ —eo .
0 C

(62)

a and b are the constants belonging to the homogeneous
solution of the intermediate stage

d2

dX
+a exp(crX)y', (X)= .

and C, and C2 are so far undetermined integration con-
stants. Use of Eq. (54) leads to

This leads to the final dispersion relation

2e ep 1

Do p +cr y~(X)dX

+2oy, (1)+y', (1)= Lo +R cr+ —eo .
1

(63)

q(X) = — [ 3 z cos( aX)exp( —o.X)
1
2

L +R +—Eo(t) .
—d

dt C
(60)

Neglecting terms of O(e ) and using the assumed time
dependence of the electric field at the cathode, we obtain

f —To

J dtoY(to, t) = —Lo+R cr+ —eoexp(o. t) . (61)

+ A, sin(aX)exp( —oX)

+CzX exp( crX)+C, exp(——crX)] . (59)

In this context, it should be noted that g(X) results in a
linear combination of the functions of the fundamental
system of lo, as expected from Eq. (44).

To determine the four constants a, b, C&, and C2 the
five boundary conditions in O(Pe) (46)—(50) can be used.
This is not a contradiction because Eq. (49) is redundant.
The results are lengthy expressions which can be found in
Appendix A. This and the following calculations were
achieved with the help of MAPLE v [28]. One constant is
still lacking; it is the integration constant Cp and it is
given by (45) (see Appendix A). So y &

(X) can be calculat-
ed completely (see Appendix B). Finally, the dispersion
relation can be determined. The two constraints, the
transit time and external-circuit conditions must be
fulfilled by the time dependent solution

x (t„t)= t t, + Y(t„t)=X+exp—(o t)y (X)

with y (X)= [yo (X)+y
&
(X)]. The external circuit condi-

tion reads with E(t t)o= x(to,t)—
( To+ ~T

dto( —Y)( —1+Y')
t

Dp p', is familiar as the Pierce dispersion relation

0 2

Dp plebe
=cr + 1 +2o

CX

2—exp( —o ) 2o cosa+ 0
1 cx sincx

A

(64)

Note that Eq. (63) is valid for counterstreaming as well as
for co-streaming species, only the corresponding y, (X)
has to be used. The evaluation of the second part of the
dispersion relation for counterstreaming species can be
found in Appendix C.

V. NUMERICAL EVALUATION OF THE
DISPERSION RELATION AND DISCUSSION

To learn about the ionic contributions to the diode dy-
namics for arbitrary velocities we need as a reference the
familiar solutions [11,13,18—20] of the classical Pierce
diode dispersion relation: Fig. 2. Figure 2(a) shows the
real part of cr, the growth (respectively damping) rate, as
a function of a, and Fig. 2(b) the corresponding imagi-
nary part. Aperiodic solutions are represented by dashed
lines, oscillatory ones by solid lines. The latter always ap-
pear as conjugate pairs. For a) m. the diode exhibits in-
stability except for small windows just below the odd
values of a/n. and for the isolated points a/m. =2,4, . . . .
Points of az =0 indicate the transition from the stable
uniform equilibrium to another stable solution. At
a/~= 1,3, 5, . . . we observe transcritical bifurcations
from the uniform to a nonuniform equilibrium. The criti-
cal points a/m. =2,4, . . . , where a marginally stable
equilibrium solution exists, mark the onset of an oscilla-
tory instability. A subcritical Hopf bifurcation is found
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at the lower border of the stable windows, e.g. , at
a/m. =2.90 [11].

The case of initially resting ions v, v=0 (A =1) for a
hydrogen plasma is depicted in Fig. 3. Again, Fig. 3(a)
shows the real part and Fig. 3(b) the imaginary part of
the complex growth rate as a function of a, whereas the
different branches of the dispersion relation are plotted in
Fig. 3(c), representing the complex-o plane. One recog-
nizes four unstable oscillatory modes (dashed-dotted
lines), the Pierce-Buneman modes. They lead to a com-
plete destabilization of the uniform equilibrium in the
diode for all values of a since o.

R is positive everywhere.

These oscillatory conjugate pairs show for higher a's a bi-
furcation into two aperiodic growing modes, the first ap-
pearing for e slightly larger than m. in the case of a hydro-
gen plasma [19,20]. The Pierce-Buneman modes form a
butterfly wing pattern in the complex plane, Fig. 3(c).

The case of counterstreaming ions, v;v~0 (A ~ 1) is
shown for a hydrogen plasma in Fig. 4, where the growth
rate o.z is plotted as a function of the Pierce parameter
for different values of A = 1 —v;o/v, o~ 1. Dashed-dotted
lines represent oscillatory modes, solid lines aperiodic
ones. Only the most unstable branches are depicted. For
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FICi. 2. Pierce case (immobile ion background, p =0):
growth rate o.~ (a) and frequency al (b) of the solutions of the
Pierce dispersion relation in the range o z H [ —5, 5] and
o./G [—5, 5]. Dashed lines denote aperiodic, solid lines oscilla-
tory solutions. (c) shows o. in the complex plane.

FIR. 3. Initially resting ions (U;0=0, A =1, hydrogen plas-
ma): growth rate 0 z (a) and frequency o.i (b) of the solutions of
the dispersion relation in the range o z H [ —5, 5] and
o/H[ —5, 5]. (c) shows a in the complex plane. The oscillatory
modes (dashed-dotted lines) represent the Pierce-Buneman
modes. In this case the diode becomes unstable for all values of
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&gQ. -

~o~-

co, (a) into k, ,(co(a),a) we obtain the associated wave
numbers for forward and backward traveling waves.

The boundary conditions enforce a coupling between
the linear modes with complex reAection coefficients
which generally implies a change in amplitude and phase
between the incident and the rejected waves at the boun-
daries. Following Kolyshkin, Kuznetsov, and Ender
[20], this procedure is demonstrated more explicitly for

0
0

p=1/1836
~sO= 2~eO

I
I I I

/.l

FICi. 4. The typical behavior of the new growing oscillatory
branches (dashed-dotted lines) is displayed in the range of
0(a ~ 4~ for distinct values of A (A = 1 —u;0/u, o) for a hydro-
gen plasma. For comparison, the case of initially resting ions,
A = 1, is depicted, too (bold line). These Pierce-Buneman
modes for counterstreaming species exhibit an enhanced
growth.

A = 1.5 the two aperiodic branches have been cut for the
sake of clarity. In each case the growth rate is monotoni-
cally increasing with a up to a bifurcation point, where
two aperiodic branches appear. Generally this bifurca-
tion point is shifted to larger values of a when A. is in-
creased. In accordance with Fig. 3 we denote this oscilla-
tory branch again the Pierce-Buneman branch. For
1.5 +A 20 the growth rate of the Pierce-Buneman
branch is an order of magnitude larger than in the case of
initially resting ions (A = l; u;0=0). This dominance also
holds in comparison with the other modes which we
neglected in Fig. 4. This is seen in Figs. 5(a), 5(b), and
5(c) which show a completed dispersion diagram for a hy-
drogen plasma and A =3 (u;o= —2u, o). As in the co-
moving case [26] the incorporation of ion dynamics leads
to new modes and to new interconnections and bifurca-
tions especially for the Pierce modes.

For all cases of A ~ l the diode appears to be unstable
in the whole e range. Counterstreaming of electrons and
ions generally leads to a stronger destabilization of the
diode with respect to the case of initially resting ions [20].

The question can be posed as to which mechanism
stands behind this enhanced growth rate. An answer
may be given by a Fourier mode analysis and by the feed-
back and coupling of these modes due to the presence of
the two boundaries. This is elucidated by using an alter-
native derivation of the dispersion relation for normal
modes as shown by Pierce [2) (p=0) and by Kolyshkin,
Kuznetsov, and Ender [20], (p&0, u;o=0). A more gen-
eral discussion can be found by Rognlien and Self [29].

This method makes use of a Fourier decomposition of
the dependent Eulerian quantities and the linear disper-
sion relation of an unbounded plasma D (co, k, a)=0.
The latter is resolved by k, .(co, a) where the index s'
represents difFerent branches. A superposition of these
waves with complex coefficients allows one to satisfy the
boundary conditions giving rise to the bounded plasma
dispersion relation D (co,a) =0 which has solutions
co, (a), s again denoting different branches. Substituting
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FIG. 5. Hydrogen plasma, u;0= —2u, o, A =3: growth rate
o & (a) and frequency o.l (b) of the solutions of the dispersion re-
lation for counterstreaming species. (c) shows cr in the complex
plane. Note the enhanced growth rate of the Pierce-Buneman
branch (bold dashed-dotted line) compared with that of initially
resting ions (u;O=O, Fig. 3). The bifurcation in two aperiodic
growing modes takes place at a/m=3. 1. The remaining bold
lines denote the former Pierce branches (aperiodic, dashed lines,
and oscillatory, solid lines). The thin lines are the new modes
due to ion dynamics; dashed lines denote aperiodic branches.
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initially resting ions (u;O=0). We start with the disper-
sion relation for an unbounded plasma

2
Ct)pe1—

(co —ku, o)

CO; =0,
CO

(65)

CXD "(co,k, a)=l-
(eo —k)

which is solved by

=0CX P
0)

(66)

where ~z, =p' co&, is the ion plasma frequency. Normal-
izing frequency and wave number by v,o/I. and 1/I. , re-
spectively, we get

cate coupling of the separate Fourier components of the
unbounded theory, resulting in nonsymmetric, distorted
spatial profiles of the eigenmodes (see also [1]). In con-
trast to periodic systems, no monochromatic real k value
can be assigned and each bounded plasma system has to
be followed individually [29].

Turning now to our problem of mobile ions with finite
injection velocities, we first realize that U, o and v, o play an
independent role through the loss of Galilean invariance.
In an unbounded plasma instead only the relative velocity
U, o

—
U;o would enter.

The "unbounded" plasma dispersion relation therefore
reads

k+ =co+P(co;a,p),
where

(67)
2

COpe1—
(co —ku, o)

CO Pl

(co —ku;0)
(70)

p(co, a,p) =
~67 CX P

To meet the boundary conditions we have to superimpose
these waves. The electric potential, for example, assumes
the form

P(x, t) =exp( icot)[ 2+—exp(ik+x)+ 2 exp(ik x)+Bx]
= exp( i cot)@—(x), (68)

and similar expressions for the perturbed electron and ion
density and velocity, respectively. Note that the third
term rejects the boundedness of the plasma, being a spe-
cial solution of the capacitor problem. The boundary
conditions are that neither the total space charge nor the
convection current are perturbed at the cathode. The
former yields

k+ 3++k 3 =0

and the latter

k, ~.+k ~ =i"+&)a B,
where 8 has been normalized by I.

Both equations allow one to express A+ and
linearly in terms of B so that N(x) can be written as
@(x)=F(x,co;a, IJ, )B where the function F is given by Eq.
(15) in [20). The short circuit condition C&(1)=0 finally
yields

F(l,co;a,p) =D(co;a, p) =0,— (69)

the desired dispersion relation for initially resting ions. It
coincides with that of [26] if co is replaced by io The.
normal modes are then given by the complex roots
co, (a,p) of (69). The "wave numbers" follow from (67)
and become k+ =co, +P(co„'a,p). Generally k+ and k
turn out to be complex, being functions of a and p, i.e.,
neither co, nor k+ are real quantities. Only in exception-
al cases does the dimensional wave number k+ become
real and can be identified with k+ =+nvr/L (e.g., for
p=0, a=n~ we have k+=+nm. , n =1,2, . . . ), as it is
often used in attempts to interpret experimental results.
The existence of two boundaries hence implies an intri-

or in our normalization

D "(co,k;a,A ) =1- (X

(co —k) (co —kA ')

(71)

x (to, t) =X+exp(o. t)y (X), (72)

where X = t —to, we arrive after a separation of the capa-
city mode at a fourth order differential equation for y (X)
(second order for initially resting ions [26] or for the Pi-
erce case [26]). The four independent fundamental solu-
tions correspond to the four Fourier modes, as also indi-
cated by (39). The smallness of p and the associated
linearization keeps the problem solvable, as shown in the
previous sections.

The main difFiculty was that for ions injected from the

where A. =1—3 '. This fourth order equation has now
four roots k... s'=1, . . . , 4, and accordingly the ansatz
(68) has to be extended by two more complex coefficients.
A unique solution is provided by two more boundary
conditions, namely, no perturbed ion density and velocity
at the ion injecting electrode. In principle, a replacement
of the four coefticients A &, . . . , A4 in terms of 8 and of
ki(co), . . . , k4(co) could be imagined. However, already
the roots k, (co) fill several pages, which renders the
analysis impossible. The physical picture of forward and
backward traveling waves with its intricate coupling
drawn from the former example, however, can still be
kept.

Our results then indicate that the counterstreaming of
ions enhances this coupling providing a greater electro-
static feedback to the electron beam than do co-
streaming ions. Intuitively counterstreaming ions are less
able to neutralize electron density perturbations than co-
moving ones. A detailed answer, of course, cannot be ex-
pected especially if one realizes that the normal mode fre-
quencies (growth rates) are dependent in a complicated
manner for a given Pierce parameter cz on the mass ratio,
the injection velocities, and the external-circuit condi-
tions.

Our procedure based on the Lagrangian description of
the electron Quid can equa11y we11 be interpreted in terms
of superposed waves. Making the ansatz
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anode a mixed boundary value problem appeared [see
(23) and (24) for the equilibrium case and (45) (50) for
the perturbation analysis] which could be solved up to
0(p ).

In this paper an undriven diode was assumed and self-
oscillations have been investigated. Growing solutions
affect the whole diode region. This is reminiscent of an
absolute instability [30—33]. On the other hand, elements
of a convective instability are expected to occur for
diodes which are driven periodically in time. This case as
well as the nonlinear saturated state in case of instabili-
ties are, however, beyond the intention of this paper.

Experimentally [4], in thermionic discharges at low
pressures, the destabilization of the uniform potential re-
gion in the anode glow mode is found to coincide with a
reversal of the ion velocities. In the light of the present
results it is likely that this switch from co-moving to
counterstreaming is responsible for the excitation of finite
amplitude structures in the diode [34].

For real gas discharge systems, Kuhn [1] showed that
the electrode sheath structure can under certain cir-
cumstances be incorporated as an external capacity in a
Pierce model for a more realistic modeling of gas
discharges. Now it is possible to incorporate ion dynam-
ics with arbitrary ion velocities, too, in the search for a
trigger mechanism for the destabilization of the uniform
equilibrium in real gas discharge systems.

VI. SUMMARY AND CONCLUSIONS

The Lagrangian integral formulation presented in Sec.
II gives a complete description of the stability of a
Pierce-like diode with arbitrary velocities in as well as op-
posite to the direction of electron propagation. The simi-
larities and differences of the two different cases of ion in-
jection have been investigated with respect to equilibrium
solutions and with respect to the stability behavior of the
uniform equilibrium.

Equilibria for counterstreaming ions could be present-
ed for small P=m, u, 0/m, .u;u. Extrapolation of our re-
sults to finite p is expected to yield substantial differences
in the equilibrium solutions for the two injection condi-
tions.

The linear stability analysis shows that the uniform
equilibrium is unstable in the complete a range, where a
is the Pierce parameter, if the species are counterstream-
ing, in contrast to co-moving beams, where stability is
found up to a=n. , where a=a+I+P. In the case of

l

counterstreaming electrons and ions the dominant mode
is oscillatory for not too large values of a and for aH
values of ~u;0~. They reduce to Pierce-Buneman modes
known from the situation of initially resting ions. The
diode with counterstreaming ions is found to be more un-
stable than for co-moving ions, the growth rate being an
order of magnitude larger for 1.5 (A (20, where
A. =1—u;0/u, 0, compared to the case u,.0=0 (A =1, ini-
tially resting ions), with a maximum growth for
v.0 2v, 0 in the case of a hydrogen plasma.

The integral formulation is found to be superior with
respect to a Fourier mode analysis which anyway has to
be modified substantially to meet the physics in a double
bounded plasma. Caution is necessary when infinite plas-
ma results are transferred to bounded plasmas.

Since in all plasma experiments boundaries are present,
our model accounting for arbitrary motions between elec-
trons and ions represents a valuable extension of the
former models which are restricted to immobile or initial-
ly resting ions.

As long as kinetic effects are negligible or play a minor
role and as long as there is a drift between species in a
bounded plasma, the above investigations illuminate ion
dynamical effects on the stability behavior on the elec-
tronic time scale. Usually the complex area of diode dy-
namics is governed by the dynamics of both species, in-
troducing an intermittent type of dynamics where alter-
natively the electronic and the ionic time scales prevail.
As long as kinetic effects are negligible or play a minor
role, the hydrodynamic model can be a useful approach,
e.g. , in the theoretical modeling of low pressure gas
discharges. In addition, it seems to be useful to extend
the generalized Pierce diode model by kinetic effects,
nonlinearities in ED and in the ion motion, particle
rejections, and the appearance of virtual electrodes.
With regard to inertial confinement fusion schemes [35],
plasmoids [36], and thermionic converters [37] it seems
desirable, too, to incorporate non-neutrality and a relativ-
istic description.
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APPENDIX A: CONSTANTS a, b, C» C» and CD

The constants a, b, C„Cz, and C0 are given by

Cl 2Cz(cr cr)—
(cr —o ) +a [(cr cr) +a~]—~

A, C~[(o —o. ) —a ] c, (o —o )

2a a[(cr —o) +a ] a[(o —cr) +a ]

C)i CX

C& =a pe0 —sin(a)exp(cr —o )(o~+a )[(o cr) +a ]—
2

Cip&+ cos(a)exp(o —o )—
(o. +a )[(cr —o) +a ]

0 2

exp(o )
o +a



4278 HEIDRUN KOLINSKY AND HANS SCHAMEL 52

c&& =a (cr+1)+a (oo —2oo+cr —cr )+o +o cr —3o o —2cro +o o +3cr o —o o,
c,2=a (2oo+2o —2o —cr )+2cro+2'o 5cr—o 2—cr cr+4cr o —cr

C2 =a~Pro (a —1+crcr )sin(a )exp(cr c—r )
(o +a )[(o.—o ) +a ]

a 0 0+ ( 2c—r+ o. )cos(a)exp(o cr —)+ 2 2 exp(o )
(cr +a )[(o —o ) +a ] 0 +a

Aia C2 Ci o. A2

(o +a) o (o. +a) cr(o +a) (o +a)
The values of A

&
and A 2 can be found in (57) and (58).

APPENDIX 8' y & (X)

The solution y, (X) results from the integration of (56)

o Ai
y, (X)= (a2+ o2)2

o.b

a +0
(cr —a )A2 aa+ sin(aX)exp( —o X)
2a( a + cr ) a +o.

0. A2 (o —a )A,+
( 2+ 2)2 2+ 2 2 ( 2+ 2)2

ab
cos(aX)exp( —o.X)

a +0'
J

A2 0.Ai+ — + X cos(aX)exp( crX)—
2(a +o ) 2a(a +o )

+
2(a +o )

032 C2
X sin(aX)exp( crX) — — X exp( —o X)

2a(a +o. ) o[(cr —o) +a ]

2C2

[(o —o) +a )
2+

o [(o cr) +a2]—
2o.C2

o [(o —cr) +a ]

Ci
exp( —o X)+Co

o[(o —cr) +a2]

with the constants given in (57) and (58) and in Appendix A.

APPENDIX C: COMPLETION OF THE DISPERSION RELATION

0
dao + 1 +2o —exp( cr ) 2o—cos(a)+2

0 2 —1 a sin(a)
a

+p[g»d»sin(a)exp(o —o )+g&2d|2cos(a)exp(cr cr)+g—2d2exp(cr )+g3d3

+g4, d4, (sina) exp(o —2o )+g42d42sin(a)cos(a)exp(o 2cr )—
+g43d43 ( cosa ) exp( o —2o ) +g» d» sin(a )exp( cr ) +g5—2d~2cos(a )exp( —o ) ]+d„, L cr +R o.+—=02 —

2 1

with the fo11owing constants:

do= —o (cr +a )[(cr —o ) +a ]

di& =acro [(cr cr) +a —],
di2 =a o o [(cr —o )2+a2],

d2=o'[(o —o ) +a2]3,

d3=cr[(o —o ) +a ],
d a 0

42 ao
d =a4o. ',43

d5I 2
ao

a 0'

(C2)d„,= —(1/a )cr (o +a ) [(o' cr) +a]-
g)i =bii, a +bi]ba +bii, a +biid,6 4 2

b», =( —cr +cr —1)o —2o.
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b»b=( —o +o —1)o +(cr —o+4)cr o

+( —10+4a —cr )oo +2( —o+2)o

b„,=(cr —cr+1)o +2( —cr+2)cr o

+(2o +10—14cr)o cr

+( —o' +13cr —12)o a' +3(1—o')crcr

b))d=(cr '+cr+1)cr'+( —3o '+3cr 4)o—'rr

+(4+3o. ' —2o )o'o '

b4(d =o' (cr cr (Ter cr )(o' o )

g42=b42, a +b42ba +b42, a +b42d6 4 2

b42, =1+O,
b4zb =3( —3cr —3)cr +3(2o+'6}cro' —6cr

b~z, = —5(1+o }cr +20( —1+o )cr cr

(C7)

+12( 2—cr+3)cr o +2(5o —7)oo +(1 cr)—cr

b4~d =cr (3o ' S—ocr ' —3o +Scr'cr

+( —cr —1)o a +( —1+o )cr'o4;.

g (2
=b)2,a +b,2ba +b, 2

4 2

b)p, =Z(cr —cr+1)o +( —o+5)oo. —2(1+cr)cr z,

b )pb =4(cr —o + 1)cr4+2( 3o—~+ 5o 4)—cryo.
+2( —9cr+2o +9)o cr

+ ( —o + 11cr—12)o o +2(1 cr )o-
h&z, =2(a. cr+—1)cr +( —5o +5cr —8)o o

+4(o. +1)cr cr

+( cr —5o+4—)a o +2( —1+cr)o cr

g2=b2, a +b2b,2

bz, =( —o. +2cr —2)(1—o )cr,

b~b = ( cr +2cr —2)o-.

g3 b3 a +b3$a b3,a +b3d

b~, =(cr+2)cr 2o cr—+2o

bsb=6(cr —2o )cr +2( cr+6o )cr cr—
+2(2cr 9)o cr—+(12—cr )o cr —2o

bs, =( —cr+2)o a '+2(2cr —1)cr'cr

+3( —o 4)cr cr +—6(4cr —3oo+o )o

b~ dZa (cr —o)

g4) =b4),a +b4)ba +b4),a +b4)d,6 4 2

b~„=3(1+o)o —(o +2)cr,

b4,b=( —cr —1)cr +2( —o+7)cr o.

+4( —3+o.)o.cr +( —o +2)o.

b4„=—o(o —o )(cr 6a. cr ——cr '+So o +7oo.
—3o cr —5o o. —3o ),

(C3)

(C5)

(C6

+4cro+Scr )(o —o )

g43 b43 a +b43ba +$43,
4 2

b4s, =( —2 —2o )cr+(o+2)cr,

b4sb =4(1+o )cr —2(cr+8)o o.

+2( —cr+6)o.o +(o —2)o

b4q, =cr (o—cr )(2cr —. 2o —9cr o + 8o o + 13cr cr

—4o o.—6cr o —6o );
gsi =&sj a +&saba +bs&,a +bs&da +b», ,

8 6 4 2

b„,=(2cr —1 —4o. )cr +2cr

b»b= —4(o+3)cr cr+6cr +4o —2(3cr+10)oo

+2(3o +8)cr o +2o

b5&, =(Zcr —1)cr +4(3 2cr )o—cr

+12(o' 2)cr o——2(5' cr+6)cr o'

+2(19+2cr)o cr —12o cr,

b5, d =2o (3o +ocr —Scr o 3o cr +2o cr-
+Zcrso z+Zcrso —2cr4)(o' —o )

b~„= cr (cr ——4oo+Zcr )(cr cr)—
g52 =&52aa +~ 52b a +b 52ca + b52da +b 52e

8 6 4 2

b52, = —O.

b5zb = 4o+4—cr cr'+4( —o' +cr )cr 4cr-
bsz, = —20(l+o. )o. o +2(5cr+12)o o —12o

+2(9o+16)o o +4cr —8(o+3)ocr +cr

b5zd=4o(o —cr)(o —4cro' —o o +2cr o' —o o'

—o o +12o o —9o o+3cr ),
b5z, = cr (oo +4o —Socr+—4o )(o —cr)

(CS)

(C9)

(C10)
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