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This paper develops a formalism for studying the renormalization of dynamic properties of fluid
membranes under coarse graining produced by removal of high-wave-number degrees of freedom. It
derives hydrodynamical equations for fluid membranes and shows that appropriately chosen noise
sources can lead to a Fokker-Planck equation for the probability distribution that decays to the
thermal equilibrium at long times that includes measure factor corrections to the usual Boltzmann
weight. Membranes that are incompressible at short length scales are shown, via both static and

dynamic renormalization calculations, to be compressible at long length scales.

As a result, a

flexible membrane will always have a density mode that is distinct from its height or shape mode.
Dissipative coefficients in the membrane Rouse model are shown to renormalize whereas those in

the Zimm model are shown not to.

PACS number(s): 87.22.Bt, 03.40.Gc, 05.40.+j

I. INTRODUCTION

Amphiphilic molecules in water spontaneously segre-
gate into extended bilayer fluid membranes [1,2]. At
length scales large compared to molecular dimensions,
the details of molecular architecture and interactions be-
come unimportant, and it is appropriate to describe the
membrane as a structureless flexible surface. Static phys-
ical and statistical properties of membranes are well de-
scribed by the Helfrich-Canham Hamiltonian [3,4], which
depends only on membrane geometry via its local metric
and curvature tensors. Dynamical properties of mem-
branes at long-length scales can also be described phe-
nomenologically. In this paper, we will derive stochastic
hydrodynamical equations for fluid membranes and ex-
plore their consequences. Qur primary goal is to develop
a formalism that will allow us to calculate how dynamical
as well as static parameters renormalize under removal of
high-wave-number degrees of freedom. A preliminary re-
port of our work appears in [5].

The stochastic hydrodynamical treatment of fluid
membranes presents a number of unique problems. The
equilibrium statistical mechanics of fluid membranes is
complicated by measure factors [6,7] in partition traces.
We show that these factors require that our noise sources
have nonvanishing averages in spatially nonuniform con-
figurations. Our hydrodynamical equations describe
both shape changes and tangent plane motion. They
are invariant with respect to arbitrary time-dependent
reparametrizations. They have nondissipative couplings
between variables with opposite sign under time rever-
sal. These terms appear as Poisson brackets in flat-
space stochastic equations [8-11]. We show that they
can be derived from Poisson brackets in fluid membranes
also. This derivation, like quantization of the electro-
magnetic field [12], must be carried out for a particular
parametrization (or gauge) of the surface. Finally, the
nonlinear dependence of both Poisson brackets and dissi-
pative coeflicients on fields leads to additional contribu-
tions to the average noise.
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Static statistical properties of membranes can be cal-
culated as though the membranes were isolated: an in-
compressible solvent does not induce static inter- or in-
tramembrane interactions. Dynamic properties depend
on the solvent: motion of the membrane at nonzero fre-
quency induces motion in the solvent, which in turn ex-
erts a force on the membranes at distant points [13-15].
Thus, the dynamics of physical membranes in solution is
a three-dimensional problem depending on the dynamics
of the solvent. Our hydrodynamical equations allow for
friction forces between the solvent and the membrane in
addition to intrinsic viscous forces within the membranes.
We will consider renormalization in two simple models:
the Rouse model [16] in which the membrane experiences
a dissipative force proportional to its velocity relative to
a rigidly fixed solvent and the Zimm model [16] in which
the membrane induces shear modes in the solvent, which
are treated at zero frequency. The effects of nonlinear
interactions on the three-dimensional dynamics of mem-
brane systems have been treated elsewhere [17,18].

Thermal fluctuations crumple [19,20] a membrane so
that it is compressible after coarse graining via the re-
moval of high-wave-number degrees of freedom even if it
is incompressible at the molecular length scale. We derive
this result using both static and dynamic renormalization
procedures. Thus, a membrane will always have a hydro-
dynamic density mode distinct from the shape or height
mode. Both the height and density modes are needed
to reproduce the experimentally observed hydrodynamic
modes of lamellar lyotropic systems [21,22]

Hydrodynamical equations for fluid membranes have
been derived by other authors [23,24]. Our derivation,
however, emphasizes reparametrization invariance. It is
similar in spirit to the purely dissipative model used by
Goldstein et al. [25] to study space curves in two dimen-
sions. In fact, our Rouse model reduces to this model
in two dimensions when motion in the tangent plane
is prohibited. When expressed in the Monge gauge,
our dynamical equations for the height are identical to
the gauge invariant version of the Kardar-Parisi-Zhang
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(KPZ) [26] equation used by Golubovié¢ and Wang [27].
We assume that relative motion of the two monolayers
comprising the bilayer can be neglected and that the
membrane can be modeled as a single fluid surface. In
real membranes, sliding of monolayers across each other,
though inhibited by friction, does occur [28] and gives
rise to an experimentally observable mode with complex
crossover structure [29]. Our treatment could easily be
generalized to study the effects of renormalization on
these modes.

This paper consists of nine sections, of which this
is the first. Section II reviews differential geometry
mostly to establish notation. It also introduces dy-
namic reparametrization. Section III reviews static ener-
gies of compressible membranes and the calculation of
forces. Section IV considers static renormalization of
membranes and shows how a a membrane that is incom-
pressible at the molecular length scale become compress-
ible at long-length scales. Section V derives the complete
reparametrization invariant hydrodynamic equations for
a fluid membrane. Section VI calculates dynamical renor-
malization in the Rouse model and shows that there are
nontrivial renormalizations of the dynamic friction coef-
ficients. Section VII does the same for the Zimm model.
In this case, however, there is no renormalization of the
friction coeflicient because of its nonanalytic nature. Sec-
tion VIII derives Poisson brackets in the Monge gauge
and shows that they reproduce the nondissipative parts
of the hydrodynamical equations derived in Sec. V. Fi-
nally, Sec. IX investigates the Fokker-Planck equation for
the field probability distribution and shows that appro-
priately chosen noises will drive the system to equilibrium
at long times.

II. SURFACE GEOMETRY, SCALARS, AND
TENSORS

We are concerned with statistical and dynamical prop-
erties of fluctuating membranes. In this section, we will
review concepts in differential geometry [30,7] needed to
describe these membranes, mostly to establish notation.
We will also review some important scalars and tensors.

A. Elememtary differential geometry of a surface

At length scales long compared to molecular lengths,
membranes can be modeled as two-dimensional fluctu-
ating surfaces embedded in three-dimensional Euclidean
space, which we will often refer to as the embed-
ding space. The medium (usually a solvent) in which
the membrane moves lives in the embedding space.
Points on a two-dimensional surface embedded in three-
dimensional Euclidean space are specified by a three-
dimensional vector R(%) with components R;(i), ¢ =
1,2,3, as a function of a parameter & = (u!,u?) in a
two-dimensional manifold, which we will refer to as the
parameter manifold. Covariant tangent-plane vectors are
then defined as

€4 = aaRa

a=1,2, (2.1)
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where 8, = 8/8u®. The metric tensor is

Gab = €q * €p. (22)
Its inverse g°® satisfying

9°°ghe = 62 (2.3)

allows us to define contravariant tangent-plane vectors
e = g°e, satisfying e - e, = §¢. Any vector v in the
tangent plane can be expressed as v = v%e, = v,e%,
where v, = e, - v and v* = e® - v = g*by, are, respec-
tively, its covariant and contravariant components. A
unit normal n to the surface can be constructed from e;
and ej:
€e; X ey

= —. 2.4
" le1 x eq] (2:4)

The area of a surface element with sides du! and du? is
dS =n- (eidu' x exdu?) = ,/gd’u, where
g = det ggp (2.5)

is the determinant of the metric tensor. The curvature
tensor is then

Kab =n- 3aabR. (2.6)
The mean curvature is
1 1 1 1 1
- H=-K’=—-|—+—), 2.7
2 2 ¢ 2 (Rl + R2> 2.7)
and the Gaussian curvature is
11
=det K& = — — 2.8
S € b }21 R2, ( )

where R; and R, are the principal radii of curvature at
the point of the surface in question.
There are an infinite number of ways of parametrizing
a surface, i.e., there an infinity of choices for the param-
eter 4. A change of variables from % to @' is called a
reparametrization. For reasons that will become appar-
ent later, a choice of parametrization is closely analogous
to fixing gauge in a gauge theory. We will, therefore, of-
ten refer to a particular parametrization as a gauge choice
and a reparametrization transformation as a gauge trans-
formation. We will be concerned with how functions on a
surface transform under time-dependent reparametriza-
tions. To describe these transformations, let us assume
that there is some time-independent parametrization of
%, and an associated time-independent grid defined by
lines of constant u! and «? in the parameter manifold
as shown in Fig. 1(a). Time-dependent parametriza-
tions can then be defined in terms of an invertible map
4 — @' (t) defined via
@' (t) = ®(a,t) = @' (i, t), (2.9)
where & has components ®! and ®2. Under this trans-
formation, the fixed grid in Fig. 1(a) translates and dis-
torts in time as depicted in Figs. 1(b) and 1(c). We can
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(a)

FIG. 1. (a) shows a grid on a surface formed by lines of
constant constant u' and u*. (b) and (c) show the grid at
two successive later times. The lines of constant u' and u®
can both move and distort with time. The dot in all three
figures shows a moving particle on the surface. Its velocity in
the embedding space is its velocity relative to the grid plus
the velocity of the grid relative to some fixed configuration.

of course define other time-dependent parametrizations
by applying another time-dependent map either to @ or
=/
a'.

B. The Monge Gauge

For nearly flat surfaces, the most convenient gauge
is the Monge gauge in which surface coordinates are
parametrized by their height h(x) above a flat surface
with Euclidean coordinates (x,0). In this case, 2 = x =
(z,y), and

R(x) = (x, h(x)). (2.10)
The metric tensor and its inverse in this gauge are, re-
spectively,

Gab = 5ab + 8ahabh (2.11)
and
gab = gab _ OahOh (2.12)
g
where
g=1+(Vh)2 (2.13)
Finally, the curvature tensor is
Ko = 201 (2.14)

V9
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All of our renormalization calculations will be carried out
in the Monge gauge.

C. Scalars and tensors

A quantity that remains unchanged under a gauge
transformation is a scalar. No observable quantity can
depend on how we choose to parametrize the surface,
provided we do not also transform the embedding space.
Thus, all observables are gauge scalars. The vector
R(d,t) specifies a point in Euclidean space. It is an ob-
servable and does not change under reparametrization.
Thus, each of its Cartesian components is a scalar under
reparametrization: R(@,t) — R/(@',t) = R(4,t). Co-
variant components of vectors and tensors transform via
Ou/'®/8ub ard contravariant components via du®/0u’®:

U v
prab- Au'® du't duc dud
ed T gya’ Gub’ Ju'c Ju'd

L AZE (2.15)
The quantities gup, Kapb, etc., transform as tensors ac-
cording to the above rules. The surface element dS =
d?u./g is a scalar because

V9" = det(8u®/du") /g

and d?u’ = det(9u'®/Ou®)d?u. Similarly H = TrK{ and
S = det K are both scalars.

The mass density p(#@,t) is also a scalar. Let particle
a have coordinate u,(t) in the parameter manifold. Its
position in Euclidean space is the R4 (t) = R((t),t).
The integral of the mass density over the surface is the
total mass M: [d?u,/gp(@i,t) = M. The microscopic
expression,

p(i,t) = % ;a(ﬂ— @a(t)),

(2.16)

(2.17)

for the density satisfies the above constraint. Under the
transformation @ — ®(&,t), the coordinates of particle «
transform according to iiq(t) — @), = ®(@a(t),t). The
quantity i, (t) measures the position of particle a rela-
tive to the fixed grid (see Fig. 1) whereas @/, (t) measures
the position of the particle relative to the time-dependent
grid. The transformation law for the density can be ob-
tained from Eq. (2.17), p(@,t) — p'(@',t), where

Pl('&:,, t)

\/T(TTT) D8 () — @h(2)
= \/% > 6(8(i, t) — B(ialt),t))
Vot 2 el

(i, t),

t))[det 89° (i, t) /dub]

Il

(2.18)

where we used Eq. (2.16) with ®* = u’®. This verifies
explicitly that p(@,t) is a scalar under gauge transforma-
tions.

Scalars involving derivatives with respect to u® are con-
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structed from the covariant derivative D,. For a vector
v, Dav® = 8,v° + 'S v’ where I'S, = e° - 9,ep is the
connection. The quantity D,v® = g~1/29,(g'/?v?) is a
scalar. The curvature tensor can be expressed compactly
in terms of covariant derivatives:

Daeb = Kabn. (2.19)
Thus, the mean curvature is obtained from
D,e® = Hn. (2.20)

This equation will prove useful in the analysis that fol-
lows.

III. ENERGIES AND FORCES

The free energy or Landau-Ginzburg-Wilson (LGW)
Hamiltonian H for a fluctuating surface can be con-
structed from the scalars discussed in the preceding sec-
tion. We consider first terms in 7 depending only on the
mass density. As in flat space [11], we can introduce a
Helmholtz free energy density f(p) and a chemical po-
tential 4 on a curved surface [31]. The associated LGW
Hamiltonian is

#y = [ duali(o) = el (3.1)
In general, there will also be terms depending on covari-
ant derivatives of p (e.g., D%pD,p). They will, however,
not concern us here. The equilibrium value, pg, of p in
mean-field theory is determined by minimizing #, with
respect to p: 8f/0p — p =0 at p = po. We can expand
‘H, in a power series in §p = p — po:

H, = a/dzu\/_a+ %Xal/dzu\/g(tspf, (3.2)
where xo/p2 is the compressibility and
o = 0o(po) = f(po) — 1po (3.3)

is the surface tension or energy per unit area of the sur-
face at the equilibrium density. At density p, the mem-
brane pressure is

p(p) = —[f(p) — pOf(p)/0p].

In equilibrium at chemical potential p, p = —o(po). For
p near pg, we can expand p in dp:

(3.4)

p(p) = —0 — poxy *8p. (3.5)
In the absence of external forces, whose contributions
are included in f(p), p is normally positive in equilibrium
systems. If the membrane is under external tension, then
p can be negative and o positive. In free membranes, o
is effectively zero [32].

There are energies associated with distorting a mem-
brane away from its preferred shape. The Helfrich-
Canham Hamiltonian [3,4],
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He = —%n/dzu\/ﬁ(H — Ho)? + Ky /dzu\/ﬁs, (3.6)

describes the energy of shape variations that are slow on
a scale set by the membrane width. Here « and x4 are,
respectively, the bending and Gaussian curvature rigidi-
ties with units of energy, and Ho = 2/R, is twice the
spontaneous curvature. In what follows, we will focus
on nearly flat membranes of fixed topology for which the
spontaneous curvature is zero and for which the Gaus-
sian curvature term can be ignored. The bending rigid-
ity x depends on density. In Eq. (3.6), we assumed that
Kk = k(p = po) is independent of p. When p deviates
from po, there are additional terms in # involving both
ép and curvature. The leading such term is

Hoop =X / Puy/gspH?, (3.7)

where A = 2(8k/8p)|p=p,- This term is subdominant
compared to others in our present calculations, and we
will ignore it. Our model membrane Hamiltonian is thus

H=H.+MH, (3.8)

The force density f;(%) acting on a given point on a
membrane arising from membrane stresses can be calcu-
lated by taking the functional derivative of H with re-
spect to membrane displacements at constant mass in
each volume element in the parameter manifold. This is
equivalent to a derivative at constant ,/gp [33]:

_ 1 oH
VIOR(@)| .,
= —e%0,p — [kQ + p(p)H]n,

f, ({l’) =

(3.9)
where

Q=H(K{ — i8¢ H)(Ky — 16¢H) + D?H (3.10)
arises from .. Alternative forms of f,, expressed in
terms of derivatives of H with respect to R at constant
p and with respect to p at constant R, will be useful in
what follows. The derivative of H at constant p is

%sg’}({a) = [K’Q +p(p)H]n - %%Da(pea)’

(3.11)

where we used

Da[(up — £)e®] = Da{lp — (p//9)(6#/5p)]e®}
= pHn — (1/1/9)(§4/5p) Da(pe®).
(3.12)

We can calculate 6% /6h(x)|, in the Monge gauge by tak-
ing the z component of Eq. (3.11):

0H 1 0 d.h
ST = (5Q + pH) G

h(x) ) - ET(X) o ) (3.13)
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Combining Eqgs. (3.9) and (3.13), we obtain
oH 1 6H O.h

f,(x):— [—— —|—-———-3a (p-i—)]n
éhi, V9 dp V3

8 (L?ﬂ) e
a \/§ 5P

for the force density in the Monge gauge.

(3.14)

IV. STATIC RENORMALIZATION

Before proceeding to the derivation and study of mem-
brane hydrodynamics, we will in this section consider
renormalization of membranes in static equilibrium un-
der removal of high-wave-number degrees of freedom.
The renormalization of x and o have been extensively
studied [34-36,6]. Here we will be interested princi-
pally in how the compressibility x renormalizes. We will
also review the measure for integrating over different in-
equivalent shapes in partition sums. Naive measures do
not preserve rotational invariance and Ward identities.
Though it possible to obtain the correct one-loop renor-
malization of k and o in static calculations without seri-
ous attention to measure [36], it is not possible to obtain
correctly the renormalization of o in the dynamical cal-
culations we present here.

A fluctuating membrane has shape fluctuations with
wavelengths up to a cutoff A ~ 27 /a where a is a molecu-
lar length. After removal of degrees of freedom with wave
number A/b < ¢ < A the resulting coarse-grained mem-
brane will have shape fluctuations with maximum wave
number A/b as depicted schematically in Fig. 2. Under
this transformation, the determinant of the metric ten-
sor changes from g to g’ < g, and the effective area of a
patch of membrane associated with an area element d2u
in the parameter manifold decreases: dzu\/; < dzu\/ﬁ.
On the other hand, the mass associated with an area el-
ement in the parameter manifold cannot change under
coarse graining. Thus, the local mass density p(i) trans-
forms under coarse graining to a larger mass density p’
satisfying

V' = ap.

The additional mass density arises because of membrane
crumpling, which is not visible at the new length scale.
Figure 2 suggests strongly that the compressibility of the
coarse-grained membrane is larger than that of the orig-
inal membrane: the density of the coarse-grained mem-
brane can easily be increased by increasing the local
crumpling. Thus, a membrane that is incompressible at
the molecular scale becomes compressible at the coarse-
grain scale a’ = 2w /A’. This important fact, which we
will derive below, implies that a membrane can never be
considered as incompressible at long-length scales. As a
consequence, there will always be hydrodynamic density
modes.

(4.1)
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FIG. 2. Schematic representation of a fluctuating surface.
The full line represents the surface in which fluctuations with
wave number up to A are allowed. The dotted line repre-
sents the coarse-grained surface with maximum wave number
of fluctuations less than A/b. Each element of area of the
coarse-grained surface has greater mass than the original sur-
face because of surface crumpling. The degree of crumpling
can change locally causing the effective coarse-grained density
to change and rendering the membrane compressible.

A. Partition function and measure

The partition function for membranes can be written
as

z= /D[p]e—”/T, (4.2)
shapes
where
H="H.+H,. (4.3)

The sum over shapes is a sum over all physically distinct
realizations of the surface. Naively, this is an integral
over all positions R(#@) of local points on the surface.
However, translations of R parallel to the surface do not
change the membrane shape. As a result, shape changes
are parametrized by one variable rather than the appar-
ent three in R(&). Different choices of this variable cor-
respond to different gauges. In this paper, we will be
concerned only with what are called normal gauges in
which different surfaces are specified by the normal dis-
tance of their points from some reference surface Ro(a):
R(@) = Ro(@) + v(@)no(@) where ng is the unit normal
to the surface Ry. In the Monge gauge, which we will
use most extensively, the reference surface is the flat zy
plane: & = x = (z,y), Ro(2) = (z,9,0), ng = e,, and
R(x) is given by Eq. (2.10).

The sum over shapes will involve an integral over v(i)
or over h(x) in the Monge Gauge. As in all gauge the-
ories [37], there is a Fadeev-Popov (FP) determinant
Arp = exp(—Hrp/T) associated with gauge fixing,
and we would naively expect } . .. = J Dlv(a)]AFrp.
The FP determinant, evaluated in Ref. [6], is App =
[1; n(@) - no(@), where n(@) is the unit normal to the
actual surface. The product is over cells in the param-
eter space whose number tends to infinity and volume
tends to zero in the continuum limit. Associated with
each of these cells, which can be constructed from lines
of constant 4! and u? as shown in Fig. 1, is a surface
element each with the same physical area in the embed-
ding space. In the Monge gauge [6,38], this reduces to
App = [I,97Y?(x). The FP determinant can be re-
expressed as App = e~ HFP/T where Hpp = % S xlng,
the factor of /g in the integral arising from the constraint
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of identical physical area for each cell. If we were deal-
ing with a standard gauge-field theory, D[v]Arp would
be the complete and correct measure for integrating over
physically different states. In membranes, however, there
is an additional complication. As just discussed, the grid
in parameter space should be constructed so that the
area of the surface associated with each of its cells is
identical. In normal gauges, the parameter manifold is
chosen to be a fixed reference surface. The physical sur-
face has greater area than the reference surface unless the
two surfaces coincide exactly. We are thus faced with a
problem. We either have to allow the grid in the param-
eter manifold to change as the membrane fluctuates in
order to maintain constant membrane area per cell, or
we have to find some way of dealing with extra mem-
brane area if the grid of the parameter manifold is fixed.
For practical calculations, it is very desirable to keep the
grid in the parameter manifold fixed in order, for ex-
ample, to have simply defined Fourier transforms. To
correct for the missing area, it is necessary to introduce
an additional factor, e=*£/T in the measure. This fac-
tor, analogous to the Liouville correction in string theory
[39,40], was calculated in Ref. [6]. The sum over shapes
isnow Y ;.0 . = [ Dlv(@)]e”Hr+Hrr)/T where the grid
of points in the parameter space remains fixed. The com-
bined Liouville and FP factors can be expressed in terms
of an effective measure Hamiltonian, which in the Monge
gauge to lowest order in curvature is

Hyr = Hrp +H
T
— (/ _/ ) Eln[n(qaqbg“b)z + 09aqr9°?]
BZ' BZ

x(A2/A?T) — LT / In1/\/g (4.4)
BZ
= %;uw/dzrl:(Vh)2 +O((Vh)*),

where g,p is the metric tensor of the reference surface,
Iz = fOA d?g/(2m)? is the integral over the symmetric
Brillouin zone of the reference surface, f Bz 18 the integral
over the distorted Brillouin zone of the tilted surface with
nonzero Vh, and

A g2 2
d*q A
e = AT [ 0" ) 7
3kq* + 2aq2] (4.5)
kgt +og? 1’ '

The full partition function in the Monge gauge is thus

Z= / DIh] / Dlple=Hm+H)/T

The measures D[h] and D[p| are now the naive unitless
measures defined on the flat reference surface: D[h] =
1, dh[x]/A and D[p] = [],. dp(x)/p, where X is the ther-
mal wavelength [41] and p = m/AZ.

(4.6)

B. Momentum shell coarse graining

We can now carry out the momentum shell coarse-
graining procedure. We divide h into slow and fast com-
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ponents h = h< + h” where h<(q) = 0if A/b< g < A
and h”(q) =0if 0 < ¢ < A/b. In addition, we introduce
[following Eq. (4.1)] a coarse-grained density p’ satisfying
Vg o' = \/gp, where ¢’ =1+ (Vh<)? and g = 1+ (Vh)2.
The partition function is then

z = [ DR 1DlADlY)

x [ 6" — (9/9')*/?p)e™ Fet3a)/T
x

- / D[h<]D[¢'|D[h>]Dp] D[f]
x exp[—(H + Hum)/T

=i [ 000 - pla/a') ). (4.7)

Integrating over h” with b = 14+€ and € < 1, and keeping
only harmonic terms in A<, we find

z= [ DDlpDIsIDIle T, (a8)
where
Hmia = /dzw{a’[l + L(VA)?] + 1k/(V2h<)?}
+/ﬂlz—’v{%(/oi"iTz/Az)Aza2
—iT(1 + A1)88p +5TO[p — (14 A1) pol}

+ixgt (14 Ay) /d%c(ép)2 +--, (4.9)
where
e TA?
€ TA*
Az = 4 (kA2 + 0)2’ (4:11)
k' =r(1-3A,), (4.12)
22
o=0 [1 + %TA2 In(kA? + 0')—17:' . (4.13)

Equations (4.12) and (4.13) could also be expressed as
differential flow equations. Finally, we integrate over 6
and dp to obtain

Z = / DIK|D[p'le #'/T , (4.14)

where
# = [duy/glo’ + 3B+ 30¢) M6, (415)
where H' ~ (V2h<)2, ¢’ =1+ (Vh<)2, and
(X))t =xo 1+ AL+ (p5/AN)A2xg ] (4.16)
or
X' = xo(1+ A1) + (p5/A?)As.

The last equation tells us that the compressibility in-
creases upon coarse graining as suggested by our discus-
sion at the beginning of this section. Even if the mem-

(4.17)
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brane is incompressible at the microscopic length scale,
i.e., even if xo = 0, it is compressible at longer length
scales (i.e., x' # 0).

The new surface tension ¢’ in Eq. (4.13) is the coeffi-
cient of the coarse-grained area in H’. It is thus the coef-
ficient of 2(VA<)? when (g')!/? is expanded in (VA <)2.
The equality of both coefficients is guaranteed to the or-
der we are calculating by the Liouville-Fadeev-Popov fac-
tor of Eq. (4.4). Thus, the coarse-grained height-height
correlation function is

(hS (@RS (~q)) = ——

U’q2 + K;’q4 (4'18)

as required by rotational invariance.

V. HYDRODYNAMICS

The long-wavelength, low-frequency dynamics of any
system is controlled by hydrodynamical equations relat-
ing conserved and broken-symmetry variables. In iso-
lated two-dimensional (2D) fluid membranes, there are
four intrinsic conserved quantities: energy, mass, and
two tangent-plane components of momentum. If the
membrane is free to move in a three-dimensional em-
bedding space, the component of momentum normal to
the surface is also conserved, leading to a total of five
conserved quantities. In addition, uniform rigid trans-
lations of the membrane in its embedding space leave
its energy unchanged, and the membrane position vari-
able R(4) is a hydrodynamic variable. As in static prob-
lems, reparametrization invariance reduces the number
of physically independent components of R from 3 to 1.
Thus, an isolated membrane has 6 hydrodynamic vari-
ables and 6 associated hydrodynamic modes: one heat,
one tangent-plane transverse momentum, two propagat-
ing longitudinal tangent-plane sound modes, and two
propagating capillary or height modes. When a mem-
brane interacts with its environment, its momentum is
no longer conserved. There are then only three hydrody-
namic modes: energy, mass (provided the membrane does
not exchange mass with its environment), and height.

In this section, we will derive the complete covariant
hydrodynamic equations both for an isolated membrane
and for one that interacts with its environment. To keep
our discussion as simple as possible, we will consider only
isothermal processes so that we do not have to consider
energy conservation. Though membrane hydrodynamical
equations have been derived elsewhere [23,24], we present
here a derivation that emphasizes reparametrization in-
variance and clearly identifies physical quantities, which
do not change under reparametrization.

We begin with the mass conservation law, which will
give us the tangent-plane momentum density. Using Eq.
(2.17), we obtain

8:[v/9(@, t)p(i, t)] = m8; Y (@ — @a(t))
=-—md, Y ‘%‘za(a — i)

= —0a[v/95*(1,1)], (5.1)
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where 0, is a derivative at constant %, and

7*(@,t) = mz dug (i - "") (5.2)

is the momentum density. Equation (5.1) can be rewrit-
ten in covariant form as

DtP + Da.ja = 01

where Dy = g~1/28,¢9'/2 and D, is the covariant deriva-
tive. Though j* transforms as a vector under time-
independent gauge transformations, its transformation
properties under time-dependent gauge transformations
are more complicated:

(5.3)

dul® §(@' — al)
dt \/g(@,t)
Z u'® dub, 6u"‘
- Gub dt ot
la la

8’“« b Ou
= 5u 53 (@,t) + p(a,t)—— 5

jla(ﬁ',t) —_

) 8(ii — iia)
i) V/9(@t)

(5.4)

The second term in this equation is familiar from Galilean
transformations in flat space where the momentum den-
sity j(r,t) transforms according to j'(r',t) = j(r,t) + pv
under r — r’ =r + vt.

The momentum density j* depends on parametrization
and, therefore, cannot be a physical observable. To deter-
mine the gauge invariant momentum density, we consider
the three-dimensional mass density p3(r,t) at point r in
the embedding space:

po(e0) = [ Purip@nsc-R@y),  (63)
which is a conserved quantity. The 3D momentum den-
sity J3(r,t) = pavs, where v3 is the velocity, is the cur-
rent associated with p3. To determine J3, we calculate

Oeps3(r,t) = /dzuat(\/ﬁp)é(r — R(a,t))
- / Pu/gpdR - Vi(r — R)

- / d*u[8a(1/97%) + +/gpO:R - V]5(r — R),
(5.6)

Il

where V operates on the Euclidean space position r.
Then integrating by parts and using

8,5(r —R) = —e, - Vé(r — R) (5.7)
we obtain
Bupa(r,t) = —V - / Pu/g(i%q + p3R)S(r — R)
=~V - Js3(r), (5.8)
where
Ts(r) = / &2a,/53(@)5(r — R(@)) (5.9)
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with
J(u) = j%eq + pO:R. (5.10)

In the above, 0;R(%,t) = O;R(@,t)/dt|4 as before. Under
a time-dependent gauge transformation, 8;R(@/,t)|z =
R|z + (8u'*/0t), R, and we can see with the aid of
Eq. (5.4) that J(4,t) is gauge invariant. Thus, J(&,t) is
the physical momentum density of the 2D membrane in
the 3D embedding space. Note that the component of J
normal to the membrane, J, = pn-9;R, does not depend
on j%. The component of J parallel to the membrane,
J* =e%-J = 5%+ pe®- 9 R, has contributions from both
j%, the momentum relative to the grid 4, and e* - &R,
the rate of change of the grid marks in Euclidean space.
From J(4,t), we can define a local membrane velocity
v(a@) via

J(@,t) = p(@,t)v(,t). (5.11)
The normal velocity is simply
v, =n- R, (5.12)

and the tangential velocity is v* = (j%/p) + e - O;R.
Both v(@,t) and v3(R(,t),t) are the local membrane
velocity and must, therefore, equal each other:

v(i,t) = va(R(it),1). (5.13)

Having determined the momentum density, we need to
calculate its equation of motion. This is most easily done
by looking first at the equation for J3. The material time
derivative dJ3(r,t)/dt is equal to the total force density,

Fr(r,t) = / PG (i, )5(r — R(G, 1)),  (5.14)
on the membrane at point r, where

fr =f, + fais + fext (515)

is the total force per unit area on the membrane at the
parameter point %. The latter consists of an external
part fot, a dissipative part f4;s, and a reactive internal
part —g~ /2§ /SR [Eq. (3.9)]. The equation of motion
for J is thus

d—;i]t—a = 8¢J3 + V,(’Ul.]g) = /dzu\/ng(S(l' - R) (516)

The left-hand side of this equation can be rewritten as
an integral over the surface using Eq. (5.9):

0:J3 + Vi(viJ3)

= O / d*u,/gdé(r —R) + V; / d*>u./g(J:3/p)
xé(r —R)

- /dzu[at(ﬁJ) ~ JeI(@R ~3/p) - V]5(x — R)
= [ #udi/aD) + Vali*T/p)ea - V16 ~ R)
= [ uddvaT) + 0u(yai*3 /Pl ~ R),  (5.17)
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where we used Eq. (5.13) relating v3(R(@),t) to
v(@,t) = J/p and Eq. (5.7). Now, using Egs. (5.17)
and (5.14), we have

1 0
\/EéRﬁp

where §# /6R is given by Eq. (3.9).

The dissipative force density fg;s = fyis + fin has a con-
tribution fy;s from intramembrane viscous forces, and a
contribution f,,, from interactions with the surrounding
medium. It can be decomposed into a normal and a
tangent plane part: fais = fais,n1d + f§;s€a- The tangent-
plane part of f;; can be expressed in terms of a tangent-
plane viscosity tensor and covariant derivatives of the
membrane velocity:

DtJ + Du(]aJ/p) = — + fdis -+ fext, (518)

bed
3i5 = 77a < DchUd,

(5.19)

where

nabcd — T’B(gacgbd + gadgbc _ gabgcd) + ngabgcd (520)
with 7, and (,, respectively, the surface shear and bulk
viscosities. The normal component of the viscous force
is

Svis;n = Do D%vy,. (5.21)
The force f,, arises from interactions with the embed-
ding fluid. It can be modeled phenomenologically as
a friction force proportional to the difference between
the membrane velocity v and the medium velocity V =
Vo.n + V%e, at the membrane:
fin = —Vn(vn — Vo )n — % (v® — V9)e, (5.22)
with different friction coefficients v, and ~; for flow re-
spectively perpendicular to and parallel to the mem-
brane. There can only be flow perpendicular to the mem-
brane if there are pores in the membrane allowing the
embedding fluid to pass through it. If the membrane has
no pores, v, = V,, a condition that can be imposed by
setting 7, = oco. No slip boundary conditions v® = V¢
parallel to the membrane can be imposed by ~; = oo.

VI. THE ROUSE MODEL
A. Model and harmonic modes

The hydrodynamical equations derived in the preced-
ing section, though perfectly general, are quite complex.
In this section, we will consider a simplified model, the
membrane version of the Rouse model [16], in which the
inertial and nonlinear terms on the left-hand side of Eq.
(5.18) are neglected and in which the background fluid is
rigidly fixed so that

fn = —YnUnn — yiv%e,. (6.1)

The intramembrane viscous force f,;; is subdominant
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compared to f;,,, and we can ignore it in f;5 =~ f,,. We will
be interested in how short-wavelength fluctuations mod-
ify long-wavelength properties so we will add a random
thermal noise source {(&,t) = (,n+({*e, whose statistics
we will discuss shortly. The dynamical equations in the
Rouse model are then

L3

'ynatR-nz I 'n+Cn, (62)

1 0H

v (i*/p+ R -€%) = —— — e* +(%  (6.3)

The mass current j* can be removed from Eq. (6.3) by
applying the covariant derivative D, to both sides and
using the mass conservation equation, Eq. (5.3):

D:ip — D,(p:R - %)

+% 'Da(pfs - €%) + v, "Da(p(?) =0, (6.4)

where f; is the membrane force Eq. (3.14). In the Monge
gauge, Eqs. (6.2) and (6.4), respectively, yield equations
for ;h and O p:

e B L () e
e o ) o (G
L 9u(p/5C)- (6.6)

"mf

Our principal interest in this section is how removal of
high-wave-number degrees of freedom in h(q) renormal-
izes static and dynamic coefficients to lowest order in
T/k. We can, therefore, linearize these equations in p by
setting p = po + dp. To first order in dp, Egs. (6.5) and
(6.6) can be written as F, = 0 and F,, = 0 where

Fp = 8sh + \/3(rQ — o H) /n + /9(poX5 ' /12) Hp
_Ch = 07 (67)

F, = Dip — (pixo ' /7:)D?8p
~poDa(8:R - €”) + (po/7t)Dal® = 0

where (;, = \/gCn/¥n. We will use Egs. (6.7) and (6.8) in
our renormalization calculations.
The noiseless linearized Rouse model equations are

(6.8)

2.,—1
8 — %‘O—VZ(sp =0, (6.9)
t

Oh + ::—(KV‘* —oV?h =0. (6.10)

Note that p and h are completely decoupled. There
are, therefore, independent height (capillary) and den-
sity modes with dispersion

wp = —i(p* x5 /1) 4

wp = —i(0q® + kg*)/Vn. (6.11)

4259

The density mode is identical to that of a fluid membrane
on a rigid substrate [42].

B. Noise

Noise fluctuations should be chosen so that the mem-
brane will be driven towards thermodynamic equilib-
rium at long times. Normally a white noise spec-
trum with zero mean (provided dissipative coefficients
are frequency independent) will accomplish this pur-
pose. Our system, as we have seen, has complexities
not encountered in most models. The equilibrium par-
tition function is not Z = [ D[h]D[p]exp[—H/T] but

= [ D[h]D[p]exp[—(H + Hn)/T], where Hps is the
Liouville-Fadeev-Popov Hamiltonian of Eq. (4.4). Thus,
whereas dynamical forces in our dynamical equations are
determined by the physical Hamiltonian X, equilibrium
statistical weights are determined by the effective Hamil-
tonian H + Hjpr. If we insisted that the average noise
(¢) be zero for every configuration of H, then Eq. (63)
would decay to a distribution with weight e=?/7. In Sec.
IX, we will show that in order to ensure that the correct
equilibrium distribution e~ (*#+#n)/T g reached at long
times, it is necessary to choose

(Cn) = —\/E——;SZ{(,”:), (6.12)
(Ct) =0,t=uz,y, and
(5¢:(x, 08¢, #)) = 2T, "= X5t — 1), (6.13)

V9

where v;; = Yonin;j +yieleq;j. The existence of a nonvan-
ishing average noise can be given further justification. In
stochastic models such as we are considering, noise arises
from degrees of freedom with wave number greater than
the cutoff A. Normally, these modes are symmetrically
distributed (e.g., in a spherical shell with A < ¢ < cA
with ¢ > 1) and contribute no average force. In our sys-
tem, however, the number of high-wave-number degrees
of freedom depends on membrane configuration [as can
be seen from # s in Eq. (4.4)] and becomes asymmetric
if Vh is not spatially uniform, and we should in fact ex-
pect there to be forces proportional to V2h arising from
degrees of freedom with wave number greater than our
cutoff.

C. Dynamic renormalization

We can now use standard procedures to study how
dynamical quantities renormalize under removal of high-
wave-number degrees of freedom. We follow the field-
theoretic version of the Martin-Siggia-Rose formalism
[43,44] and introduce a generating function enforcing
V3F, =0 and Fp = 0:

= < [ pLaFpis Hé(ﬁFp>&(Fh)>, (6.14)
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where the average is over fluctuations of the noise. Intro-
ducing integral representations for the two é functions
and transforming from integrals over ,/gF, and Fj we
obtain

J

L= ﬁ\/g[DtP -

(P2xo ' /7t)D*6p — poDa(BR - €%)] —
+h(Bch + \/3(KQ — o H + poxg “Hbp + 6Har /6h) /4]
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G= /D[ﬁ]D[ﬁ]D[&p]D[h] exp (—/dt/dzxﬂ) ,

(6.15)
where

V3(p3T /7:)DapD®p

~T/gh?/n —InJ. (6.16)

Here J is the Jacobian of the transformation from ,/gF, and F to ép and h. It does not contribute to the one-loop
calculations we present here. The action £ can be divided into a harmonic part:

Lo = X0pO:dp —

and a nonlinear part

(02 /4)pV28p — T(p3/ 1) (V5)? — pode + hdyh + h(kV* — aV2)h /v, — TH? [

(6.17)

Ly = —(po + x00p)8:p(VR)? /2 — (03 /1) 0apBsh (D0 pBab — 8abpdsh/2)

+poV p - Vhdsh + T(p5/7¢)apOsh(8pp0ah —
+(/ V) AV 2hO, 0510, Oph —

Recall that pas [Eq. (4.4)] is expressed as an integral
over q of the form fOA, which can be broken up into an

A/b + ff/b. It can thus
be treated in much the same way as measure factors are
treated in the nonlinear o model [45]. We can now use
standard diagrammatic perturbation theory to calculate
corrections to the various vertices appearing in Lo re-
sulting from the removal of high-wave-number degrees
of freedom in h. The one-loop diagrams contributing to
these vertices are shown in Fig. 3. Dotted lines represent
the response function

integral over large and small g: f

1

and unbroken lines represent the correlation function

2 T
Yn w? + g2(k)’

O OO
SIRCINONON®

FIG. 3. Diagrams contrlbutmg at one-loop order to static
and dynamic vertices of the Rouse model. The unbroken line
represents the correlations function G, and the dotted line
the response function Gj,;,. Each straight cross line represents
a spatial gradient, and each curved cross line represents a time
derivative. The diagrams contribute to the following vertices:
(a) pdup or x, (b) V- Vj or p3/ve, (c) AV?h or o/vn, (d)
RV%h or k/7n, (€) hh or 1/v,, and (f) 8:p or po.

Gun = (6.20)

8apOsh/2)
BahBph(820,V2h — 8,5 V2R/2) + (K/27)0ah[V28,h(VR)? 4+ 8,h(V2R)?
—(0/27)(VR)?(8ahBah + RV2R) + (po/4n)h6pV?h — T(Vh)*h? /27,

— urthV2h/~,. (6.18)

[
where

g(k) = (kk* + ok?) /7.

Corrections to x are obtained from the p-9;6p vertex
shown in Fig. 3(a):

1 dw [~
= — —_— k2
Ax 2X0/ o / th(k,w)

2 >
Py [ dw 4
= [ — k*GrrG;
+’)’n/27f/ Gy
= A1xo + (p3/A%) Az,

where A;, A, are defined in Egs. (4.10) and (4.11), and
o = ‘]X\/b d?k/(2m)2. Corrections to pZ/v; can be ob-
tained either from the V25-6p or the V -V vertex [Fig.

3(b)]:

(6.21)

(6.22)

A(py /) = 2% / % >w2k2thth = (P/Yn) A1
o 2T J 2w o
(6.23)

Corrections to k/vn, 0/vn, and 7, ! are obtained, respec-
tively from the h-V*h [Fig. 3(d)], the h-V2h [Fig. 3(c)],
and h-h [Fig. 3(e)] vertices:
dw [~ 5
A(r/n) = =(k/7n) [ 5 [ k'Ghn=—26/Tals,
(6.24)

Ao/1m) = ~(e/10) [ 55 [ @K /26

d >
—(U/’)’n)/z—:/ k*Ghn + pm

= €(T'A?/4m)log(kA® + 0)\?/T, (6.25)
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st = () [ 52 [ 02/DGm = As/m.
(6.26)

Finally, the equilibrium in-plane density po changes un-
der coarse graining. Its shift can be obtained from the
vertex linear in 9,p [Fig. 3(f)]:

dw [~ ,
Apo = /ﬂ/ (k2/2)Ghn = poAAy. (6.27)

The resulting coarse-grained generating function is

G = / DIp|D[A<]|D[sp|D[h<] exp (_ / dt / d2x£<)
(6.28)
with

L= =0p(po + X'8p)= (0" /1)pV?6p — T ("% /7;)(V5)*
+hOh< + h(K'V? — o' V2)RS /L, — Th2 /ol + ---,

(6.29)
where
K = k(1 —344), (6.30)
o =0 l:l + ZE—";TAz In(kA% + 0’)%,2:] ) (6.31)
2

X' = Xo (1 + AL+ %Azxgl) , (6.32)
Yo = Yu(l — Ay), (6.33)
Ve =" [1 + 4, <2 - ;’—:)] , (6.34)
P = po(1+ Ay). (6.35)

The equations for «', o/, and x’ agree with those calcu-
lated statically in Eqgs. (4.12), (4.13), and (4.16). The
equation for pf is a consequence of mass conservation.

VII. THE ZIMM MODEL

Membrane motion will in general excite modes in the
solvent in which it is embedded. The Rousse model treats
the solvent as rigid and ignores these modes. In this
section, we will consider the membrane generalization of
the Zimm model familiar from polymer dynamics [16]. In
this model, modes excited in the incompressible solvent
lead to an effective long-range hydrodynamic interaction
between points on the membrane. To keep our discussion
simple, we will ignore density and consider only height
fluctuations, though, as we have seen, the membrane is
compressible at long wavelength.

We are interested in the long-wavelength, low-
frequency dynamics of the membrane. We can therefore
ignore inertial and nonlinear terms in Eq. (5.18). We
can also ignore fg;s relative to f,,. We can thus obtain
the force equation

—[vi(R) = Vi(R)] = —v;;' fuj (7.1)
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from Eqgs. (5.18) and (5.22), where f, is given by Egs.
(3.9) or (3.14). The membrane exerts a force on the
embedding fluid, and the equation for the fluid velocity
is

8,V (r) — ’%VZV(r)

1 1

— -2 Op+ o [ Pyt - RILR®@), (7:2)

where p; is the solvent mass density, and V is a gradient

in 3D Euclidean space. The solvent is incompressible so

that Eq. (7.2) must be supplemented with
V-V =0. (7.3)

Using Eq. (7.2), we can solve for V in terms of f,. In

Fourier space,

Vi(a,w) = Gij(a,v) / dPu /G TR £, (R(T)), (7.4)

where

1

Gij(q,w) = (85 — @iﬁj)m, (7.5)
where § = q/q. In the low-frequency limit, we can set

w = 0 in this equation so that

ViR) = [ d*u/+/g(w)0y;(8(a, @) fo; (R(T)), (7.6)

where S(@,%4') = R(@) — R(@') and

1 S:S;
i = — 61 ind X
Ol.’l (S) Swnlsl ( J + 5’2 )

is the Oseen tensor [16].

Equation (7.4) expresses V as a function of f,, which
in turn depends only on membrane parameters. We can
thus use Eq. (7.1) to obtain an equation for the mem-
brane velocity in terms of membrane coordinates alone.
In particular, the velocity normal to the membrane is

(7.7)

&R-n=V-n
= /dzu'\/g(u’)ni(ﬁ)oij(S)faj(R('al))

+nyi;t e (7.8)
The second term on the right-hand side of this equation
is unimportant compared to the first and can be ignored.
Furthermore,

f, = —Qﬁn

“ (7.9)

in the Monge gauge when the density is constant. Thus,
the equation of motion for the height in the Monge gauge
is

Oih(x) = — /dzw'l‘(x, x’)—i—* + Ch,

H
5 (7.10)



4262

where

I(x,x') = v/g(x)ni(x)0; (8) v/ g (x')n; (x')

= 0gp0,h0h — 0g,0,h — 0,,0Lh + O,,. (7.11)
As in the Rouse model, the noise must be chosen so that
the equilibrium probability distribution e~ (H+#um)/T jg
approached at long times. To this end, we set (5, = ((n)+

6¢n with
o [

o (x,
Ch) _ /dz 'I_"(x, r( x

TSh(x')
(7.12)

and

(8¢h(x,t)8Ch (X', t)) = 2TT (x,x")8(t — t'). (7.13)
The second term in Eq. (7.12) arises because I'(x,x’)
depends on h(x). We will discuss this point more thor-
oughly in Sec. IX. Equations (7.10)—(7.13) now define a
complete stochastic dynamical theory, whose harmonic
and nonlinear properties we can study.

To line order in h, Eq. (7.10) reduces to

Oh = — / Pz (V" oV?)h(x') (7.14)
8mn|x — x/|

when ¢, = 0. This leads to the familiar [14] dispersion
law
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i 4 2
w(q) = —— (kg™ + 0q°), 7.15
(@ = e ) (7.15)
which produces w(q) ~ —ig® when o = 0.

To study static and dynamic renormalization,
we Aagain construct a generating function Z =
J DhDhexp(— [ dtL), where

= / d*zhd;h
. S(H +HMum)
2
+/d2Zd z'h(x)l"(x, x’) [W
—Th(x') |, (7.16)

where we have ignored the 6I'(x,x’)/dh(x) contribution
to the noise because it does not affect our one-loop calcu-
lations. The action £ can be decomposed into harmonic
and nonlinear parts, £ = Lpar + Ly1, With

Lhar = /dzx{izath
+h/d2 !

|[(nV‘lh —oV'2h —Th]}

‘Cnl = /dzz / dlem {I‘q'jll[vzhaaabhaaabh - 8ahabh(8a6bvzh - 6abv4h/2)]

+(k/2)8,h[V'20L ' (Vh)? + 8Lk (V2h)?] —
+h' (kV*h 4+ oV2h — Th) (a,,ha;h' 4

(z—a')aBLh (A~ I')

_ (z—2")abah(h — k')

= 2

Following the same procedures as for the Rouse model,
we find that the static coefficients « and o are renormal-
ized exactly as in the Rouse model or in static calcula-
tions. The dynamical dissipative coefficient =, how-
ever, is not renormalized because I'(q) is nonanalytic in
q and there can be no diagrammatic corrections to it.

VIII. POISSON BRACKETS

In Sec. IV, we derived the hydrodynamical equations
for fluid membranes using standard approaches based on
conservation laws and Newton’s laws. In this section, we
will recast these equations in terms of Poisson brackets.
This will allow us to show that the dynamical probabil-
ity distribution will decay to equilibrium at long times in
the presence of appropriately chosen noise sources. As we
have already seen, the physical properties of fluid mem-
branes are gauge invariant implying that the membrane

=P

(7.17)
and
(0/2)(Vh)2(8.h' 8yh + A'V2h)
z — 2 )a(z — =)0, RO R
lx —x'|?
(h —R')?
T =) | (7.18)

[
Lagrangian must also be. As a result, we can expect
to encounter the same difficulties in specifying canonical
momenta and Poisson brackets that one encounters in
quantizing the electromagnetic field [12]. Though our fi-
nal equations are gauge invariant, we will need to specify
a gauge to derive our Poisson bracket relations. Here we
will use the Monge gauge.

Implementing the constraint that particles remain
within the membrane as they move and as the shape
of the membrane changes presents additional difficulties.
It is of course interactions among membrane particles
and between membrane particles and their solvent that
causes the membrane to form. One could in principle
describe membrane dynamics in terms of the Lagrangian
of all membrane and solvent particles. In this approach,
however, the existence of the membrane is totally ob-
scured. We, therefore, need to find a formulation of
the Lagrangian and a choice of independent variables in
which the constraint that membrane particles always re-



52 HYDRODYNAMICS AND DYNAMIC FLUCTUATIONS OF FLUID . . .

main in the membrane is satisfied. Our approach will be
to choose the particle coordinates %, in the parameter
manifold as canonical coordinates and the single inde-
pendent components of the position vector field R(%,t)
as a canonical field. Thus, in the Monge gauge, we will
construct a Lagrangian in terms of x4, Xq, h(x,t), and
O:h(x,t).

The construction of the Lagrangian begins with the
kinetic energy. The position of particle @ in Euclidean
space is Ry(t) = R(ia,t), and its velocity is Ry =
U2eq,qa + O:Ro where €4, = 9,R(4Uq,t) is the covari-
ant tangent-plane vector at the position of particle a.
The velocity R, is gauge invariant. The particles inter-
act via a potential V[{R,}] that depends only on their
Euclidean space coordinates. The Lagrangian is thus

L=3m [gaab(il + €% - 9 Ra)(ud + €b - &, R,)

(R - %Ra)?) - V{Ra}], (8.1)
where go a6 = €a,a * €a,p- Since L is constructed from
gauge invariant quantities, it is gauge invariant as re-
quired.

We now specialize to the Monge gauge for which R, =
(Xa, h(Xq,t)). As discussed above, we regard x, and the
field h(x,t) as our canonical coordinates and express £
as

L=3m) [%% + (Otha + Vhe - %a)?] - V. (8:2)

The momentum conjugate to x, and h(x,t) are then

oL

Pa = 6_{; (8.3)
= MXqo + M[Oth(Xa) + Vah(Xa) - Xa]|Vah(xa)
(8.4)
and
. _ 1 6L
Jn(x) = NICIC)) (8.5)

m
= 2 ST (Bihe + Vh - %2)8(x — X4),
7 %:( A )5 ( )
where we used 00;h(x4,t)/00:h(x,t) = §(x — Xo). The
fundamental Poisson bracket relations are

(8.6)
(8.7)

{pa,avmﬁ,b} = Jaﬁsaby

{in(x), h(x')} = 8(x — x)/ /3.
The microscopic Hamiltonian associated with £ is
M= Lt Ypaxat [Poyain(x)0h(x)

=1m Y %2 + (Vha %o + &ha)?| + V. (8.8)

This Hamiltonian is not expressed, as it should in prin-
ciple be, as a function of the canonical momentum p,
and jp(x). This is because we cannot directly solve for
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Othe in terms of jn(x). We are, however, interested
in a coarse grained Hamiltonian, which is a function of
coarse-grained momentum densities, rather than a parti-
cle Hamiltonian expressed as a function of particle mo-
menta. The Hamiltonian in Eq. (8.8) can be coarse-
grained in the standard way. We introduce the momen-
tum density

j(x,t) = % ;kaé(x — Xa) = P(x) — VA(x, t)jn(x, 1),

(8.9)

where

P(x) = _\}5 2,,: Pad(X — Xa). (8.10)

P(x) and jn(x) are the canonical momentum densities,
whereas j(x,t) is the component of the physical momen-
tum density [Eq. (5.10)] in the zy plane. To keep our
notation compact, we will treat j = (j, jy,0) as a vector
in three-dimensional Euclidean space with components
only in the zy plane. Also j, = j! and j, = j2 are
the two components of the momentum density j* in the
Monge gauge. The canonical momentum j;, satisfies
Jr(x) = p(x)0:h(x) + VR -j, (8.11)
as can be seen directly from Eq. (8.5). Thus, j, is the
component of the physical momentum density along ngo =
e, as can be seen by taking the 2z component of Eq. (5.10).
Thus the physical momentum density is
J(x) = j(x) + jn(x)e,. (8.12)
The coarse-grained kinetic energy part of the Hamilto-
nian is
1

P = %/dzm‘/gp(X)
_ %/d%ﬁﬁ.} 3.

G-i+33)
(8.13)

Though this expression was derived in the Monge gauge,
it is independent of gauge since J is. Finally, the coarse-
grained potential energy is % [Eq. (4.3)], and the total
coarse-grained Hamiltonian is

Hr =Hrg +H. (8.14)
The equilibrium partition function is
Zr = [ DEDLDIADHPe, (8.15)
where
Peq = e~ (Hr+Ha)/T (8.16)

is the equilibrium probability distribution including mea-
sure factors.

Poisson-bracket relations among the fields j, jn, h, and
p can be calculated with the aid of Egs. (8.5), (8.6), (8.7),
and (8.9). The results are
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d(x —
Ve(x)

o(x —

{i(x), p(x)} = p(x)V (
{da(x),36(x")} = jb(%)0a (

+3n(x)(Oph — O4h) 80 (

d(x —x')

Vox) '’

{i(x), h(x")} = =Vh

o(x

WEICHENG CAI AND T. C. LUBENSKY 52

x') WV'h o 8(x—x')
)-G—Vh(x)p(x)g(xl) v ( VD) ) , (8.17)
§(x—x) 5 hﬂ. v (M)
V() ) SRArTEy V()
m)) —(a > bx ¢ x), (8.18)
(8.19)

3(x). i (X)) = i(x & . (x XI) x (S(—x__ﬂ
(), n(x)} = 3(x) 75 ( Vax) >+”‘( )V( 9(x) )
+Jh(x')Vh ( x—x ) (820
V9(x)
§(x —x))

{jh(x),h(x')} = \/m ’

(8.21)

{jh(x)vp(xl)} P( )g(x/) v (

{gn(x),n(x")} = Jh(x)g(x)

It is a straightforward exercise to show that the Poisson-
bracket equations

Buh(x) = —{h(x), M}, (8.24)
Bupx) = —{p(x), H), (8.25)
Bi(x) = —{i(x), H}, (8.26)

Otjn(x) = —{jn(x), 1}, (8.27)

reproduce the nondissipative parts of the hydrodynam-
ical equations in the Monge gauge. For example, Eq.
(8.24) is

dH
— | 424 .oy O
Oh = /d ' {h(x), jn(x )}5jh(x’)
oM
_ 2./ ca (/!
[ hix0.5° ) et
= —p 1j%0ah + p~ jn, (8.28)
in agreement with Eq. (8.11), and Eq. (8.25) is
' 1 . Ba (n — 3"
Bup = ——— 0. (gj?) — p2o (=%
o= = =0 (V5" — o (2

which, with the aid of Eq. (8.28), reduces to the mass
conservation law of Eq. (5.3).

) . (8.29)

IX. THE FOKKER-PLANCK EQUATION

As we have indicated many times, noises in stochastic
equations must be chosen to guarantee that the probabil-
ity distribution for observables must decay to the equilib-

Vh d(x —x')
-V
( Vg(x)

5(x —x')
V9(x) ) (8.22)

) —(x & x').

(8.23)

rium distribution Peq at long times. Membrane dynam-
ics presents two problems not generally encountered in
flat-space stochastic models. The first, discussed in Sec.
1V, is that there are measure corrections in the partition
function trace leading to Peq ~ e~ (*+H#)/T rather than
Peq ~ e~M/T_ The second is that the effective dissipa-
tive coefficients as well as Poisson brackets are nonlinear
functions of fields in any given gauge. In this section, we
will generalize standard derivations of the Fokker-Planck
equation to include these complications for arbitrary field
¢o(x). We will then show in particular that the Rouse
model studied in Sec. VI does decay to equilibrium.

Let the general equations of motion for arbitrary field

¢a(x) [which could be h(x), j(x), etc.] be
, OH
8t¢cx(x7t) = - /dzz Qaﬁ(x X ) d) (X')

5 ety ot
(9.1)

where both the Poisson bracket Qap(x,x’) =
{pa(x), ps(x')} and the dissipative coeflicient I'qg(x, x’
can depend on the field ¢,(x). In addition, Iyg(x,x")
can either be a local operator [i.e., proportional to
d(x—x')], or it can be a nonlocal operator, involving gra-
dients as in the Zimm model. Note that it is the physical
Hamiltonian #, uncorrected by measure terms that ap-
pears in Eq. (9.1). We assume that the noise can have
a nonvanishing expectation value ((o(x,t)) with fluctua-
tions 6(a(x,t) = (u(x,t) — (a(x,t)) characterized by a
Gaussian distribution with variance
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(6¢a(x,t)0lg(x,t')) =

Both (¢a(x,t)) and Agg(x,x’) will be chosen so that equi-
librium is reached at long times. As discussed in Sec. VI,
the rationale for a nonvanishing value of ({(x,t)) is that
high-wave-number degrees of freedom may in fact exert a
nonvanishing force in spatially inhomogeneous, nonequi-
librium situations.

We now follow standard procedures to calculate the
time derivative of the probability,

Aap(x,x)5(t—t').  (9.2)

, 6
am:Z/d e

)

22/ dod’s '6¢a(x) 585 ()

If we choose

[Aas (%, x')P].
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P({$a(x)},t) = <HH6(¢a(x) — pa(x, t))> :

{42 (x)}:to

(9.3)

that ¢, (x,t) has a value ¢o(x) at time ¢ given that it
had a value of ¢2(x) at time ¢ = ¢o. The average in this
equation is over the noise subject to the initial condition
a(x,t0) = ¢2(x). The result is

( [ #4'(Qua(x,x") + Tan(x, x')]@%’-(“x—,f ~ (Calx, t)>7>)

(9.4)

x,t)) = — dy! x,x’ x,x’ OHuM 2w'L x,x’ x,x
(Galx,)) Zﬂj/d [P (%, ) + Qup )]Mﬂ(x,)w;/d 57250y Teo (6 X) + Qus(x,%)] (0.)

and

Anp(x,x") = 2TTo5(x,x’), (9.6)

then ;P = 0 when P ~ e~ (#+#m)/T and P decays to
this form for any initial state. The term proportional to
0Qap(x,x')/0¢5(x’') is familiar from flat-space stochastic
models with nontrivial Poisson brackets [9-11]. It is nor-
mally included in the original stochastic equations with
the requirement that ((.(x, t)) 0. The term propor-
tional to 6Tag(x,x’)/d¢g(x’') is similar to that encoun-
tered in systems with a spatially varying diffusion con-
stant [16]. Here we argue that it really should be taken
to arise from the noise.

The complete hydrodynamical equations for a fluctuat-
ing membrane can clearly be cast in the form of Eq. (9.1).
The form of I'n(x, x’) will depend, of course, on the par-
ticular dissipative model we chose. The Rouse model can
also be cast in the form of Eq. (9.1). Equation (6.5) for
h is already in the form of Eq. (9.1). Equation (6.6) for
p can be recast in this form by substituting Eq. (6.5) for
O¢h. The result is

Beh = —/d%’m(x,X’)&—,?‘—,)
/d2 2Ty (3, X') 5 ( 5+t (9)
dp=— /dzz'Fpp(x, X')g;(x—,)
- / d2z'T  (x, "')Zsﬁ% + ¢o(x,1), (9-8)
where
Tin(x,x') = Y25(x - x),
(9.9)

n

Thp(%,x') = Tpn(x, %) = %a,, (p%"_g'—‘) §(x — x'),
(9.10)

L) = 22 [ La, (022)] 56x - x)
\/5[% ( «/5)]

1 1
———08, 2978, —&(x — x').
Y Var’g v 75 ( )

(9.11)

Note that Thpn(x,x’) and I'p,(x,x’) are local but x-
dependent quantities whereas I',,(x, x’) is nonlocal. The
noise (p, is equal to \/g{n/¥n, and

Gox,t) = [ T on(x, X )Ca 1) - %\%aa(\/apca).

(9.12)

One can show that 6I's/0p = 6T'hn/6h = 0 but that both
the h and p derivatives of I'y, and I',, are nonzero. For-
tunately, the contributions that these derivatives make to
(¢n) and (C,) do not affect the renormalization equations
to lowest order in T, and they were ignored in Sec. VI.
The measure Hamiltonian depends on h and not on p.
Thus, we have ((n) = —/géH s /h to lowest order in T
in agreement with Eq. (6.12) . In addition, the variance
(6¢a6(p) satisfies Eq. (9.6) with o and B running over h
and p and I'ng given by Egs. (9.9)—(9.11).

X. SUMMARY

In this paper, we have developed a formalism for
treating hydrodynamics and dynamic fluctuations of de-
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formable membranes. We derived gauge invariant hydro-
dynamical equations describing both tangent-plane mo-
tion and shape changes. We showed that noise sources
can be chosen so that the probability distribution for hy-
drodynamic variables decays at long times to the equilib-
rium distribution with the required measure factor cor-
rections to the usual Boltzmann factor. We were thus
able to treat dynamical mode-mode coupling and renor-
malization using the same techniques that were devel-
oped for flat space. We calculated the renormalization
of both static and dynamic coefficients under removal of

WEICHENG CAI AND T. C. LUBENSKY 52

high-wave number shape fluctuations in the Rouse and
Zimm models.
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