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Brownian motion of colloidal particles in a model porous medium
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The motion of interacting colloidal particles di8'using in a model porous medium is studied by
means of computer simulations using a Brownian dynamics algorithm. The particles are assumed to
interact through a repulsive Yukawa pair potential. The porous medium is formed by a fraction of
the colloidal particles whose positions are frozen in a given spatial configuration. Varying the molar
fraction of the mobile particles, keeping constant the total particle concentration, andior varying
the parameters of the pair potential, we vary the e8'ective porous medium in which the mobile
particles difFuse. Here we report results for the mean squared displacement of the mobile particles
for difFerent values of their molar fraction and of the Yukawa amplitude. We compare our results
with theoretical calculations from two independent approaches to the description of tracer difFusion
in colloidal mixtures, by considering the case, in both theories, in which a fraction of the particles
has vanishing free-di8'usion coeKcient. We And that both theories predict the same basic qualitative
trends for the mean squared displacement obtained from the Brownian dynamics experiments. For
completeness, we also present the static structure of the colloidal suspension permeating our model
porous medium.

PACS number(s): 82.70.Dd, 05.40.+j

I. INTRODUCTION

Porous materials represent an important and interest-
ing class of systems [1]. Their technological relevance
spans a wide range of applications [1,2], which demand
the investigation of many issues such as their structure
and morphology [1,3,4] and the equilibrium [5,6] and
transport [7—9] of systems, such as liquids, that perme-
ate their porous structure. The description of the static
but random morphology of a porous material has been
approached, from the experimental side, by means of con-
ventional scattering techniques [1],whereas from the the-
oretical point of view, new concepts and properties have
to be identified to describe the relevant features of the
random interpenetrating solid and porous domains [3,4].
This random structure is then the stage in which inter-
esting dynamic and thermodynamic processes can take
place when the porous domain is 61led by a Quid. Given
the variety of issues that may be of interest, it is not sur-
prising that no simple and universal model or approach
is available to describe them within a unified theoreti-
cal &amework. Thus, whereas some models focus, for
example, on the statistical mechanics or the transport
properties of the permeating Quid in the interior of a sin-
gle pore of a given (planar or cylindrical) geometry, or
even on arrays of connected pores of such a geometry [8],
other models incorporate at the outset the spatial ran-
domness of the system [6,9]. One model of the latter class
is that of a partially quenched Quid mixture in which the
kinetic energy of one species is totally quenched, thus
&eezing its structure to mimic the porous matrix. The
other species (i.e., the fluid formed by the mobile par-
ticles) is then allowed to equilibrate in the static field

of the matrix. To describe the average structure of the
Quid permeating this model porous matrix, approaches
such as Mayer expansions and integral equation meth-
ods have been applied and simulation results have been
reported [6].

In this paper we report a more extensive account of
the results of our work [10] on a Brownian dynamics ver-
sion of essentially this model. We focus on some specific
dynamic phenomenon, namely, the tracer diffusion of la-
beled Brownian particles, and on its dependence on the
structure of the matrix and on the interactions of the
Brownian Quid particles among themselves and with the
matrix. These dynamic properties also depend on the de-
tailed dynamic laws governing the motion of the mobile
Quid particles. In this regard, our work is based pri-
marily on a computer simulation experiment generated
by the Brownian dynamics algorithm employed to simu-
late the random motion of colloidal particles suspended
in a liquid solvent [11,12]. Thus the closest practical ex-
perimental realization of our model is that of a colloidal
suspension permeating a porous material, such as in a
chromatographic column. At this stage, however, we are
not interested in addressing the complexity involved in
the modeling of a particular experimental condition. In-
stead, we introduce a number of simpli6cations and ide-
alizations that will allow us to focus on only a few well-
defined (we believe) and general theoretical questions.

The computer simulation experiment we have per-
formed is the following. The system consists of Ni parti-
cles of species 1 and N2 particles of species 2 in a three-
dimensional cubic cell of volume V with periodic bound-
ary conditions. These particles interact through a radial
pair potential denoted by u p (r ), where the indices n and
P refer to species (1 or 2). The motion of the N = 2Vi+N2
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particles is governed by the Brownian dynamics (BD) al-
gorithm of Ermak and McCammon [ll], without hydro-
dynamics interactions. This algorithm essentially solves
the Smoluchowski equation for the N particles in the ab-
sence of external forces. This is also equivalent to the
solution of N Langevin equations with the inertial terms
neglected and coupled to each other through the interpar-
ticle forces. The free Brownian motion of particles of each
species is determined by the free-diffusion coeKcients D&
and D&. Freezing a certain configuration of the second
species will be achieved by setting D2 ——0 at a certain
point in the simulation. For simplicity, in the results re-
ported here, the N particles will be considered identical
with respect to the interaction, which will be taken to
be a Derjaguin-Landau-Verwey-Overbeek (DLVO) -type
pair potential, i.e.,

where P = (k~T), T is the temperature, and k~ is
Boltzmann's constant. In Eq. (1.1), 0 is the hard-sphere
diameter of each of the N particles. The asymmetry
between the two species is thus defined by the diKer-
ence between Dz and D2, which are hence not related
to 0; they are fixed independ. ently, as we explain be-
low. Also, here we shall restrict ourselves to the high-
coupling regime, i.e., that in which the pair potential at
contact measured in units of k~T is large. In fact, we
shall restrict K to values in the range 100 & K & 500.
Under these conditions, the hard. -sphere diameter 0 will
only play the role of an arbitrary length scale, which
we take to be much smaller than the Debye screening
length ( —) and the mean interparticle distance l n
(n = N/V). Here the dimensionless screening constant z
will be taken to be fixed, at a value z = 0.15, and we will
restrict the total concentration to values of n = nq + n2
(where n = N /V) such that the total volume fraction
P = Pi+ P2 (with P = sn 0 ) remains fixed at a value

P = 4.4 x 10 . In this manner, we shall only consider
changes in the coupling parameter K and in the relative
concentration of mobile to fixed particles, represented by
the "mole fraction" of species 2, x2 ——n2/n. As stated
above, here we shall focus on essentially one fundamen-
tal property describing the Brownian motion of the mo-
bile particles, namely, their mean squared displacement
(MSD). Furthermore, we shall make no attempt to de-
termine or estimate the asymptotic long-time value of
the tracer-difFusion coeKcient; instead, we shall mainly
study the initial relaxation of the time-dependent difFu-
sion coefBcient. In this manner, we expect to understand
some features of the tracer diffusion of labeled particles
of a Brownian liquid permeating a frozen matrix (z2 g 0)
by means of its comparison with the phenomenon of self-
diffusion in model colloidal suspensions (x2 ——0) which
has been widely studied in recent years [13—16]. The gen-
eral condition interpolating between the two interesting
limiting cases (x2 ——0 and x2 ——1) will then involve si-
multaneously the interactions of the tracer particle with
the rigid matrix and with the other mobile particles.

Although no simple theory has been developed to pro-
vide a fundamental theoretical interpretation of the phe-
nomena described by our computer simulation experi-
ment, here we discuss the results of extrapolating two
theories developed in our group to describe tracer dif-
fusion in colloidal mixtures in thermodynamic equilib-
rium. These theories have been shown to provide a sat-
isfactory description of this phenomenon for the condi-
tions for which they were formulated and its application
in the present conditions is aimed only at determining
the regimes in terms of time, composition, or coupling,
at which their predictions remain reasonably accurate.
Since the application of these theories will be based. on a
simplifying assumption regarding the static structure of
the system, we also present some results for these prop-
erties. This is done in Sec. III, after describing the sim-
ulation experiment in Sec. II. In Sec. IV the results of
this experiment for the dynamic properties are presented
and discussed. In Sec. V we describe the two theories
referred to above and compare their predictions with the
simulation results. A final d.iscussion and summary of
this work is found in Sec. VI.

II. BROWNIAN DYNAMICS SIMULATION

The BD simulation starts from an arbitrary configu-
ration r;(0) (i = 1, 2, ..., N), where r;(t) is the position
of particle i at time t. In the first stage of our simu-
lation, each particle moves with the same free-diffusion
coeKcient, i.e., D& ——D2 ——D . This stage goes as long
as the system equilibrates and hence it is identical to the
BD simulation of a monodisperse model colloidal suspen-
sion without hydrodynamic interactions. Simulations of
this type and precisely for the same pair potential and a
similar range of parameters have been reported in the lit-
erature [12]. Furthermore, their results have been quite
useful not only for its comparison with theoretical pre-
dictions of some static and dynamic properties [13—16]
but also in the interpretation of specific experimental re-
sults [17]. It is for this reason that we employ the DLVO
potential above, so that we can establish some compar-
ison with conditions widely studied and reported in the
literature.

The second. stage of our computer experiment starts,
once the system has equilibrated, at the moment that
we set D2 ——0 and leave Dz ——D . That is, we freeze
the position of the N2 particles of species 2 and let the
other Ni particles continue their Brownian motion, still
interacting among themselves and with the field of the
N2 immobile particles, which now constitute the porous
matrix. This second stage continues until the Brownian
fluid (i.e., the Ni mobile particles) equilibrates in the
static field of the matrix. In the case in which the ratio
of mobile to fixed particles was not too small, this turned
out to be a relatively short time. When this ratio was
close to zero, this stage required a longer time due to
the need of the tracer particles to search for its closest
region of minimum energy in the simulation cell. In any
case, averages were performed once an equilibrium was
reached.
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In this work we restrict ourselves to the description of
tracer-difFusion properties of the fluid particles. The ba-
sic property we discuss here is the mean squared displace-
ment W(t) = ([Ar(t)] )/6 or, equivalently, the time-
dependent self-diffusion coefficient D(t), defined as

(2.1)

To simplify the discussion of our results, we have cho-
sen only a few illustrative cases. As described above,
the parameters defining the system and its state are z,
K, n, and x2 and we shall keep the values of z and n
fixed. Under these conditions, varying K turns out to
be equivalent to varying the intensity of the interparticle
repulsion and hence the efFective diameter of the inter-
action between the particles. This means that increasing
K will produce similar effects to increasing the total con-
centration. Thus, in what follows we present results for
different values of the coupling parameter E and the mole
fraction x2.

For fixed K, we must distinguish three regimes in terms
of the value of x2. (i) x2 --0, corresponding to the virtual
absence of fixed particles; (ii) x2 = 0.5, in which roughly
half of the particles move and the other half constitute
the matrix; and (iii) x2 --1, in which case all the particles
belong to the matrix, through which a negligible trace of
mobile particles difFuse independently of each other. The
first regime corresponds to ordinary self-diffusion, widely
studied in the literature [16]. The second regime cor-
responds to the typical conditions on which we wish to
focus, namely, that in which a fluid of interacting Brow-
nian particles at nonzero concentration permeates a rigid
matrix of fixed particles. The third regime corresponds
to a particular interesting limiting condition of the pre-
vious case.

III. STATIC STRUCTURE

Although the main questions we want to address in this
work refer to the tracer-diffusion properties, it is conve-
nient at this point to mention some observations regard-
ing the static structure of our model system under the
specific, idealized conditions of our computer experiment.
As explained above, before the position of the particles
of species 2 are &ozen, our system is just a monodis-
perse Brownian fluid in thermodynamic equilibrium. As
such, it is an ergodic system and its thermodynamic and
structural properties are well defined averages that can
be calculated in the conventional manner [18]. For ex-
ample, the radial distribution function (RDF) g(r) corre-
sponding to such conditions is presented in Fig. 1 (open
circles) for three difFerent values of the Yukawa ampli-
tude, namely, K = 100, 300, and 500. If in this monodis-
perse liquid we imagine Ni particles as pertaining to one
"species" and N2 particles to a second species, as in a
true mixture, we can talk of various radial distribution
functions [19] g p(r) (n, P = 1, 2). In this case, however,
it is obvious that gii(r) = gi2(r) = g22(r) = g(r) since
there is no real difFerence between the two species. In

our experiment, however, after we &eeze the position of
the particles of species 2, the other species is allowed to
equilibrate in the presence of the fixed particles, which
remain in a frozen spatial configuration. %'e can now
calculate the RDF of the inobile particles gii(r) and the
RDF gi2(r) of the fixed particles around a mobile par-
ticle. The question arises whether these two RDF's are
related to each other and to the RDF g(r) of the monodis-
perse liquid before freezing one species. Of course, for
x2 ——0, since no particles were stopped, the answer is
that gii(r) = g(r). For x2 g 0, Fig. 1 answers this
question &om the point of view of our simulation re-
sults. There we compare gii(r) and gi2(r) with g(r) for
x2 ——0.5 and x2 ——1 and the answer can be said to be
gii(r) gi2(r) g(r). I,et us inention, however, that
the results for gii(r) and gi2(r) correspond to an aver-
age over different configurations of the matrix of fixed
particles (around 10 or 20 for x2 0.5 and around 200
for x2 = 1). This observation will be useful when we at-
tempt a theoretical analysis of the dynamic results that
follow.

IV. TRACER-DIFFUSION AVERAGES
AND SIMULATION RESULTS

Just as we had to perform the averages leading to
gii(r) or gi2(r), when there is a finite concentration
of obstacles (x2 g 0), a similar procedure can be fol-
lowed to evaluate the mean squared displacement of the
mobile particles, which otherwise would depend on the
spatial configuration of the frozen matrix. This is illus-
trated in Fig. 2, where we plot D(t) for x2 ——0.5 and
K = 100 and 500. For each case, we show about ten
different curves, clustered around a well-defined average
value (solid lines). Each curve is the result of averag-
ing the squared displacement [r (t + rp) —r (rp)]2 over
many possible initial times wo along the trajectory of a
given mobile particle ("time" average) and over the tra-
jectories of each of the mobile particles o. = 1, 2, ..., Ki
("ensemble" average), but for a given configuration of the
fixed particles constituting the porous matrix. Repeat-
ing this experiment involves a different configuration of
the matrix. Due to the finite size of the system, the re-
sulting averages differ and each of the ten curves around
the solid lines corresponds to a different matrix configu-
ration. The dispersion, however, is not large, as observed
in Fig. 2. An average that does not depend on the con-
figuration of the matrix could be obtained by increasing
the size of the simulation cell, but this is computation-
ally more inconvenient than obtaining a set of curves,
such as those in Fig. 2, and then averaging over them.
The result is the solid lines in Fig. 2 and this is what we
shall present from now on as the final average. We found
that this is a very well-defined and representative aver-
age. Thus, if instead of averaging over the ten difFerent
curves we took a smaller number, let us say five, cho-
sen randomly from the available ten curves, the resulting
average does not differ appreciably &om the solid line,
i.e. , already five curves (i.e. , five difFerent configurations
of the matrix) are enough to define an average that no
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longer depends on the con6guration of the Gnite sample
of the matrix in the simulation volume. The solid lines
in Fig. 2 and all the subsequent results for D(t) or W(t)
were obtained, however, by averaging over at least ten
curves. Notice, &om Fig. 2, that the dispersion of the
ten curves for D(t) around the final average is somewhat
smaller for K = 500 than for K = 100. This comes &om
the fact that when the particles repel each other more
strongly, the &ozen con6guration of fixed particles tends
to show a more "homogeneous" distribution of "pore"
sizes and structures, whereas at smaller K, the weaker
correlation between particles before the matrix is frozen
leads to a broader distribution of pores, which may not

be suKciently weH represented by the finite simulation
cell.

The results in Fig. 2 show the decay of D(t) from its
initial value D(0) = D towards its asymptotic value,
which we denote by D . The truly asymptotic long-time
regime, however, is out of the reach of our computer sim-
ulation runs. At such long times, a given tracer parti-
cle shoud have di6'used over many times the mean dis-
tance between particles l n 3. Thus long-times mean
t )) rl, with wl l2/Do. In units of the scaling time
to = o /D, this "interaction" time is 71/to (I/o. )
For the systems in Fig. 2, for which t 10o (see Fig. 1),
71/to 10 . Thus the longest times plotted in Fig. 2
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FIG. l. Brownian dynaxnics results for the radial distribution functions g(r) for a monodisperse Brownian iluid (x2 = G,
exnpty circles), for gxx(r) and gx2(r) for the case in which half of the particles constitute the porous matrix (z2 = G.5, full circles
and dot-dashed curves, respectively), and gxz(r) for the case in which all the particles, except the tracer particle (species 1),
constitute the matrix (zz = 1, dashed line). These results correspond to z = G. 15, P = 4.4 x 1G, and K = 1GG (a), 3GG (b),
and 5GG (c). In these three cases, the various g p(r) are numerically almost indistinguishable.
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come important and it is only then that these departures
&om free difFusion amplify the difFerences between difFer-
ent systems and conditions. The extent of this early de-
parture &om &ee difFusion clearly depends on how soft or
rigid the cage is, i.e. , on x2 [Fig. 3(a)], and on the strength
of the repulsion, i.e. , on K [Fig. 3(b)]. The dependence
on x2 and K of the early departure of W(t) &om &ee
difFusion is better explained by normalizing W(t) by its
&ee-difFusion value DPt, i.e. , by plotting D(t)/D . To
illustrate this, in Fig. 4 we present our results in terms
of D(t) for the three regimes of composition (2:2 ——0, 0.5,
and 1) and the three values of K (K = 100, 300, and

K=500

0.0

20 40 60 80 100

FIG. 2. BD results for the time-dependent di8'usion coef-
ficient D(t) scaled with the free-difFusion coefficient D as a
function of time, scaled with tp = o /D, corresponding to
x2 ——0.5, and K = 100 and 500. Each solid line is the aver-
age of the ten dashed lines clustered around it. Each of these
dashed lines corresponds to a given random spatial configu-
ration of the particles constituting the porous matrix.

correspond to times comparable to wl. It is clear, how-
ever, that already in this time interval, the main decay
of D(t) has occurred, although a weaker, longer-lived re-
laxation still occurs at times t & vl. We notice that
this slower decay is more pronounced at larger values of
K and even more so when the fraction of fixed parti-
cles increases (x2 ~ 1). Although this is an important
and interesting efFect that deserves further discussion, for
the time being we shall focus, however, on the opposite
regime, corresponding to the short times, where the most
dramatic efFect of the collisions occur and the tracer ex-
plores distances comparable to the size of the pore or
smaller. From Fig. 2 we can see that the relaxation time
associated with the rapid initial decay of D(t) is of the
order of a &action of ~l, let us say, of about 7I/5. In
what follows, we shall restrict our analysis to this time
interval (i.e. , to times t & 20tp for the particular systems
analyzed here).

I.et us start our discussion by looking at the initial
behavior of D(t). This is better illustrated by looking in-
stead at the mean squared displacement W(t), which we
present in Fig. 3. Here we compare in one case [Fig. 3(a)]
W(t) for a fixed interaction (K = 300), varying the frac-
tion of the fixed particles x2 ——0, 0.5, and 1. In the other
case, we keep x2 fixed at x2 ——0.5 and see the efFect
of varying the interaction parameter (K = 100, 300, and
500). Let us first notice the very early behavior of W(t),
which in all cases approaches free difFusion as t ~ 0, i.e.,
W(t) D t. Thus this initial time regime represents the
motion of the tracer particle in the "center" of an aver-
age cage (or "pore"), difFusing over distances comparable
to its hard-sphere size. After this &ee-difFusion regime,
the efFect of the interparticle interactions starts to be-

10 20

10 20

FIG. 3. BD results for the mean squared displacement,
scaled with the squared hard-sphere diameter o, as a func-
tion of time for (a) a fixed value of the Y'ukawa amplitude
parameter K (K = 300) and three values of the fractional
concentration of fixed particles z2 (= 0, 0.5, and 1) and (h)
for fixed 2;2 ——0.5 and K = 100, 300, and 500. The dashed
line corresponds to free difFusion W(t) = D t.
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500). Although this is essentially the same information
already displayed in Fig. 3, plotting it in this manner al-
lows us to observe still another important feature of our
simulation results regarding the short-time regime.

As apparent in Fig. 4, for a given value of K, the ini-
tial decay of D(t) as a function of time happens to be the
same for the three cases z2 ——0, 0.5, and 1. This common
initial behavior, however, does depend on the strength of
the interaction, which is faster for larger values of K. The
reason for this is that this short-time regime corresponds
to the times in which the efFects of the interactions of
the tracer with its cage are first manifested. The inde-
pendence of this initial decay on the ratio of Axed to mo-
bile particles indicates that in this short-time regime the
tracer cannot yet distinguish between a rigid (x2 ——1) or
a completely soft (x2 ——0) cage of surrounding particles.

At longer times, however, the three curves (x2 ——0, 0.5,
and 1) clearly depart &om each other and show the extent
of the eKect of the rigidity of the surroundings on the av-
erage motion of the tracer particle. Of course, the more
rigid the cage is (i.e. , the larger 2:2), the larger the friction
and hence the smaller the e8'ective time-dependent dif-
fusion coefficient D(t). This could already be seen from
the mean squared displacement W(t) in Fig. 3(a), which
contains the same information as in Fig. 4(b). Clearly, in
this case (K = 300), the completely rigid matrix (2:2 ——1)
almost confines the tracer particle [see Fig. 3(a)j. Of
course, this eKect is still stronger for higher values of K,
as we can appreciate in the lower curve of Fig. 4(c), in
which case D(t) approaches zero for times t wl. In
Fig. 4 we have also plotted the theoretical prediction for
the linear approximation D (t) /D —1+ 2 (nPD A)t with
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PIG. 4. BD results for the time-dependent diffusion coefficient D(t) as a function of time for z2 ——0, 0.5, and 1 and (a)
K = 100, (b) K = 300, and (c) K = 500. The dashed line corresponds to the linear approximation D(t)/D = 1 ——(nPD A)t
in Eq. (5.13).
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A given by Eq. (5.10) below, which is an integral of the
radial distribution function times the derivative of u(r).
This theoretical result will be discussed later. Here we
only mention that this is an exact result and the straight
line in Fig. 4 was evaluated using the computer-simulated
g(r). Clearly, the linear approximation is accurate only
within a very short initial time interval (of the order of
to). Very soon, the three curves depart from the straight
line, but still remain together until the effect of the rigid-
ity of the cage manifests itself. This happens within a
time of about a few ( 3) times te.

V. THEORETICAL INTERPRETATION

Prom a theoretical point of view, one would like to un-
derstand these and other structural properties (static and
dynamic) of a ffuid system permeating a porous material
in terms of the microscopic properties of the different
components, i.e. , the interaction between mobile particles
and between them and the walls of the pores, the porosity
of the matrix, the mobile particle concentration, etc. The
development of a microscopic theory describing phenom-
ena such as the motion of a Brownian particle in a porous
medium is an interesting and challenging problem in it-
self, which requires a careful consideration of a variety
of effects. However, for the simplif1ed model considered
in this work we may attempt, as a simple approach, to
make use of theories for tracer-diffusion phenomena in
suspensions of mixtures of colloidal particles, in the limit
in which the free-diffusion coefI1cient of one species goes
to zero in a way similar to the way our BD calculations
were performed. In this work we compare our BD results
above with the predictions of two independent theories,
which express the MSD of tracer particles in a colloidal
mixture in terms of the static properties of the suspen-
sion. Both theoretical approaches are now described and
adapted to the problem under consideration.

In one of the theories, cast in terms of a generalized
Langevin equation [20—22], the diffusion of tracer parti-
cles in a colloidal mixture is described by a generalized
Langevin equation of the form

of species T and o. in a mixture of v species, S(k) is the
matrix of partial static structure factors, and y*&(k, t )
is given by

~*~(k, t ) = ~&(k, t ) ~ ~(k, t )
= exp( —D~k t ) (exp[—k Lo (k)t ]) p, (5.3)

where I p = Don b p and o p(k) = n n& S p(k).
Equations (5.2) and (5.3) involve a number of approxi-
mations [22], which have been referred to as the Fick plus
decoupling approximation (FDA).

In order to apply this result to the quenched system
studied in this work, we consider, as in our BD calcu-
lations, a monodisperse colloidal suspension conceived
as two subsystems of &actional concentrations x1 and
x2. Since the static properties required as input depend
only on the direct interactions, which in this case are
identical for both species, the equi''ibrium radial distribu-
tion functions between particles of the two species are,
of course, identical and equal to the RDF g(r) of the
monodisperse system of concentration n. However, in
our partially quenched system, we need to take this prop-
erty as an additional assumption, which, according to the
simulated results in Sec. III for the radial distribution
functions, is found to be quite justified. Thus, assuming
that gqq(r) = gq2(r) '= g22(r) = g(r) is indeed a reason-
able assumption, which cannot be the source of possible
inaccuracies of the quantitative results calculated &om
Eq. (5.2). In this manner, the seemingly complicated ex-
pression in this equation simplifies considerably for the
particular circumstances that concern us, namely, when
we have two species that only differ in the value of their
free-diffusion coeKcient (i.e. , Dz ——D and D2 ——0), and
the resulting expression for the time-dependent &iction
function of a tracer of species 1 is

A((t) = d kk, h (k) exp (
—k D t)

(2vr) s

n1

[1+n, h(k)] [1+nh(k)]

(1+ 2h(k) )

M „= (~V(t) +—f(t)dV(t ) +
1 + n~h(k) )

(5.4)

t
A((t —t')V(t)dt'+ F(t).

0
(5 1)

V

dsk k2
(27r) s (n np)'~'

cx,P,p

xgp (k, t) n~ h~~(k), (5.2)

where hz (k) is the Fourier transform of the total cor-
relation function hz (r) = gz (r) —1 between particles

The effect of the direct interactions between particles
gives rise to the memory term and its correspondirig fluc-
tuating force F(t). Thus A((t) is a time-dependent fric-
tion function, which, as explained elsewhere [22], can be
written in general as

This expression interpolates between two interesting lim-
iting cases. In the limit n2 —+ 0, it reduces to

( —k'D't )xexp
~

~
exp( —k D t). (5.5)(1+nh k )

This is the particular FDA result for self-difFusion in a
monodisperse suspension and happens to coincide with
Hess and Klein's mode-mode coupling expression [14].
In the opposite limit nq ~ 0, Eq. (5.4) reduces to

h2 k

27r 3 1+nh k

(5.6)
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which can be viewed as Eq. (5.5) with the collective prop-
agator exp( —k D t/[1+ nh(k)]j of the immobile parti-
cles of species 2 set equal to 1, due to the vanishing of
their &ee-diffusion coefficient.

Equation (5.4) now requires the RDF g(r) of the equi-
librium monodisperse system. In order to avoid addi-
tional sources of inaccuracies rather than employing any
statistical mechanical approximation for this function, in
the specific calculations reported below we shall employ
as the static input the Brownian dynamics results. As
a mere numerical aid to calculate the Fourier transform
h(k), however, the simulated results were fitted using the
rescaled mean spherical approximation [23], as explained
in Ref. [16]. This reference also contains details on the
numerical procedure, which we also follow here, to calcu-
late the mean squared displacement starting from E((t).

The second theory, referred to as the single exponential
(SEXP) approzimation [15,24—26], also provides a gen-
eral expression for the mean squared displacement of a
particle of species o. in a mixture of v colloidal species
[26]. By construction, the short-time expansion of such
expression is exact up to terms of order t . As applied to
our binary mixture, upon the introduction of the same
assumption concerning the identity of the partial RDF's
and setting D2 ——0, one obtains the following result for
the mean squared displacement of a mobile particle:

W(t) = D~t+~(D' —D~)(1 —e
—'~ ), (5.7)

where

and

with

D~ nA. 2—1Ds (2 —z2)B+ nC

k~TA
'T

D'[(2 —z,)B+nC]
'

2
A= d rgr kV ur,

(5.8)

(5.9)

(5.10)

B= d rg r k. V Vur (5.11)

C= d rd r'g~ ~ rr' k. V k. V'

x (V . V' ') u(r)u(r '). (5.12)

As an additional simplification, terms containing the
three-particle distribution function g~sl(r, r '), which are
quadratic in the number densities, are neglected. Here
too we take the BD results for g(r) as the static input
required in the concrete application of these expressions.
The results of this and the previous theory are now pre-
sented and compared with the BD calculations. This is
done in Fig. 5.

At this time, let us mention that the short-time ex-
pansion of the expression in Eq. (5.7) can be written, in
terms of D(t), as

D(t) 1
, =1 —-(nPD'A)t

+—n(PD )
'
[(2 —z2)8 + nC]t' +.. . ,6

(5.13)

with A, B, and C given by Eqs. (5.10)—(5.12). The first
thing to notice is that, although the full expression for
D(t) in Eq. (5.10) is an approximation, its expansion is
exact up to terms of order t2 for z2 ——0. Equation (5.13),
however, predicts that the very initial slope of D(t) as a
function of time is independent of z2. This prediction is
accurately followed by our BD results, as discussed be-
fore in Fig. 4, although the expansion in Eq. (5.13) up
to linear order is only good at very short times. Further-
more, at slightly longer times, where the quadratic term
in Eq. (5.13) becomes important, the dependence on z2
of the initial curvature is also not large, as also observed
&om Fig. 4. As we see now, the initial behavior pre-
dicted by Eq. (5.13&, which is contained in the full SEXP
expression in Eq. (5.7), agrees very accurately with the
BD simulations for all values of K and x2 studied, in spite
of the neglect of the term nC, as we can see from Fig. 5.
In comparison, the behavior of the FDA results for D(t)
does not satisfy exactly the exact moment conditions in
Eq. (5.13). In particular, the initial slope of D(t)/D
is still given by 2 (nPD A'), with A' given by the same
expression for A in Eq. (5.10), but with u(r) replaced
by k~Tc(r), —where c(r) is the Ornstein-Zernike direct
correlation function. This difference explains the early
departure of the FDA results &om the BD simulations
at very short times. let us now discuss other general
features of the results in Fig. 5.

First of all, let us compare our BD results for D(t)
with the corresponding calculations Rom both theories
for the case in which all the particles are mobile, i.e. , the
case of self-diffusion. This comparison is presented in
Fig. 5(a) for the two extreme values of the coupling con-
stant K, namely, K = 100 and 500. As one can see, both
theories reproduce very well the BD results at short and
intermediate times, with some deviation at longer times,
which is more pronounced for the more strongly interact-
ing system. These conclusions are only consistent with
the results of similar calculations in the context of the
description of self-difFusion in monodisperse suspensions
[16] and here we present them as a reference for the new
results in the same figure. Thus, in Fig. 5(b) we illustrate
the typical conditions that we wish to study, namely, the
case in which half of the total number of particles of
the system are kept fixed and the other half follow their
Brownian motion. We observe that both theories predict
essentially the same behavior for D(t) as the BD simula-
tions. There is even a very good quantitative agreement
for not too high values of the coupling constant. Let us
notice, however, that although in this regime (z2 0.5)
the FDA results seem to perform quantitatively better
than the results of the SEXP approximation and that
this was also observed for other values of the coupling
parameter K not shown in the figure, this apparent ad-
vantage of the FDA may only be accidental.

In going from Fig. 5(a) to Fig. 5(b) one should also
take into account that in the process of increasing x2 at
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Axed K the &'he &iction on the tracer increases not because
he interaction with the other pa t' l bar ic es ecomes stronger

or ecause the tracer particle int t therac s w1 more parti-
c es (since n remains fixed). This increase in the friction,
and the corresponding decrease in D~t~ is onl due

se in e r1g1d1ty of the surrounding cage h' h
'

e w 1c 1s

orme, as x2 1ncreases, by a larger number of f1 d t-
c es. e know, on the other hand, that when the &iction
increases due to an increase in th e coupl1ng parameter,
even without the effect of any rigidity of the cage [x2 ——0,
as in Fig. 5(a) and in Ref. [16]],, the quantitative accuracaccuracy

orates. Thus the results in Fig. 5(b) illustrate the extent

situation. ~Vion. ~Ve can advance, however, that if the rigidity
of the cage increases even further th fr te ic 1on w1" be so

large due to this effect (an effect that neither of the two
theories was meant to describe) that one should not ex-

ls ls w atpect any orm of quantitative agreement. Thi
we found at the values of K we ch twe c ose o consi er here
an this is what is illustrated in F 5ig. c, correspond-
1ng to the limit of complete rigidity of the cage. Let us
6rst look at the smallest coupling, K = 100. If we were
to compare the results of the two theories and the BD
simulations for K = 100 in F 5 —5in igs. a —5 c, we would

a y better quantitative agreement than the FDA. This,
e coup 1nghowever, seems to reverse at larger values of the co l

approximation breaks down leading to th h
suit D+

g o e unp ysical�r-

eofD.
su t ( 0, where D is the asymptotic 1 -t long- ime va ue
o ( ). This is illustrated by the results for K = 500 in
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Fig. 5(c), where one can see that the SEXP D(t) vanishes
at t 7to and becomes negative after that. In compari-
son, the FDA results for D(t) can never become negative.
However, their apparent better agreement with the sim-
ulations results cannot be but accidental, considering the
results in the same figure for K = 100.

VI. DISCUSSION

The extreme case x2 ——1, K = 500, just referred to,
was presented mostly for completeness and to illustrate
the degree of failure of the two theories when they are ap-
plied to really extreme conditions. In reality, this state
corresponds to the case in which the tracer particle is
completely trapped by its totally rigid cage. This ef-
fect can be seen already for K = 300 [see Fig. 3(a), lower
curve], where the mean squared displacement almost lev-
els to a constant value, which is of the order of only a few
squared diameters cr . The theoretical description of this
type of caging, with an extremelly small probability of
hopping to neighboring cages, should be attempted with
other approaches such as percolation theory [27]. Nev-
ertheless, the comparison of the theoretical results with
the BD simulations in Fig. 5 indicates that more im-
proved versions of these two theoretical approaches, along
with their application in the opposite regime, namely,
when there is no complete trapping, such as for values of
K ( 300 for z2 —1, or even for larger couplings when
x2 0.5, may still be quite useful.

The results presented in this paper thus, on the one
hand, provide a description, based on the Brownian dy-

namics simulations, of the self-difFusion in a Quid of in-
teracting Brownian particles permeating a model porous
matrix. These results illustrated some features associ-
ated with the short-time regime, which can be well un-
derstood on the basis of their comparison with what has
been learned in the context of self-difFusion in model col-
loidal suspensions in the bulk. On the other hand, the
availability of these simulation results also allowed us to
assess the possible use of theoretical approaches devel-
oped to describe tracer difFusion in colloidal mixtures,
adequately adapted, or extrapolated, to the problem at
hand. We can conclude that these theories, as they stand,
turn out to be quite useful when we do not get very far
&om the regime in terms of K and x2 for which they were
devised, namely, for a more reduced range of K when x2
is increased from its self-difFusion value x2 ——0. Here we
also illustrated the opposite regime, of high rigidity and
large couplings, where the very reduced efFective porosity
of the system does not allow the tracer particles to difFuse
away from their initial pore. In this regime we conclude
that there is a need for other approaches to attempt a
quantitative theoretical description of the BD results.
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