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We study the nonlinear dynamics of electronic excitations interacting with acoustic phonons in two-
dimensional molecular structures with impurities. We show that the problem is reduced to the nonlinear
Schrédinger equation with a varying coefficient. The latter represents the influence of the impurity.
Transforming the equation to the noninertial frame of reference coupled with the center of mass we in-
vestigate the soliton behavior in the close vicinity of the impurity. With the help of the lens transforma-
tion we show that the soliton width is governed by an Ermakov-Pinney equation. We also investigate
bound state of the soliton with impurity and show that in addition to the radially symmetric bound state
a dipolelike state can exist if the number of excitations in the soliton does not exceed some threshold
value. We study both the equilibrium states and the dynamics of the dipolelike excitations. Analytical
results are in good agreement with numerical simulations of the nonlinear Schrédinger equation.

PACS number(s): 87.15.—v, 68.55.Ln, 34.30.+h, 33.90.+h

I. INTRODUCTION

The study of energy transfer in various types of mesos-
copic molecular structures, from molecular clusters and
small molecular aggregates (J aggregates) to thin molecu-
lar films (Langmuir-Blodgett films) is an area of intense
current interest. The field derives its importance from be-
ing a part of the general area of energy transfer in con-
densed matter [1,2] and from its connection with biologi-
cal problems such as photosynthesis [3,4], muscle con-
traction [5], etc. Langmuir-Blodgett (LB) films of dyes
have also found technological applications as sensitizers
in the photographic industry [6] and in photoelectronics
[7]. LB molecular films with their well determined
molecular arrangements are particularly suited to energy
transfer studies (see review articles by Kuhn, Mobius,
and Bucher [8], Blinov [9], and Tredgold’s monograph
[10]). Scheibe aggregates are specially ordered compact
molecular LB structures of dyes [11] that manifest them-
selves as redshifted narrow bands in the absorption spec-
trum, which were first discovered by Scheibe [12] and Jel-
ly [13]. Studying the fluorescence of a monolayer of oxa-
cyanine dye doped with a thiacyanine dye, Mobius and
Kuhn observed [14,15] at room temperature very efficient
electronic excitation energy transfer from host molecules
to acceptor molecules. The host fluorescence is
effectively quenched by guest molecules even at a molar
ratio host:acceptor of 10*. In Ref. [14], hopping and
coherent excitons are discussed as possible mechanisms
for energy transfer and it is found that the coherent exci-
ton approach provides an adequate description of the ex-
perimental results. The crucial role of the coherent prop-
erties of the electronic excitations in small molecular ag-
gregates was emphasized in Refs. [16,17].

To explain the highly efficient energy transfer in LB
monolayers, two theoretical models were proposed. A
pure quantum-mechanical approach to the problem has
recently been advocated in a series of papers [18]. It was
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assumed that the exciton-phonon interaction is weak and
may be treated as a perturbation. The quantum-
mechanical calculations were carried out both for one-
and two-dimensional molecular assemblies and it was
shown that the planar geometry of LB-Scheibe aggregates
plays a special role in the remarkable efficiency of energy
transfer. Huth, Gutmann, and Vitiello [19] proposed a
nonlinear dynamical model for energy transfer in LB-
Scheibe aggregates. They assumed that in the system un-
der consideration the exciton-phonon interaction is
strong and reduced the problem to the nonlinear
Schrodinger equation (NLS). The model was formulated
in one dimension where the NLS equation has soliton
solutions. Christiansen, Pagano, and Vitiello [20] investi-
gated the model in the case of two spatial dimensions us-
ing ring wave solutions [21]. It is known (see, e.g., [22])
that the two-dimensional NLS does not have stable soli-
ton solutions: Nonlinear excitations either collapse or
disperse. In Ref. [20] ring solitons were considered and
their collapse time was identified with the exciton lifetime
in Mobius and Kuhn’s experiments. Temperature effects
in the nonlinear model of monolayer Scheibe aggregates
were studied quite recently by Bang et al. [23]. Thermal
fluctuations of the phonons were included and the result-
ing equation for the excitations was the two-dimensional
NLS equation with noise. The temperature-dependent
nonlinear coherence time (i.e., the time during which a
nonlinear excitation maintains its shape) was estimated
from numerical simulations. A temperature interval
where this time is in correspondence with the lifetime of
the Mobius and Kuhn excitons was found (see also
[24,25)).

It is worth stressing that while the nonlinear model
developed in Refs. [19,20] is intended to explain an ener-
gy transfer from host molecules to impurity (acceptor)
molecules, the model does not directly take impurity
effects into account. But impurities can drastically
influence the soliton dynamics. In the one-dimensional
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case, it was shown both for the continuum NLS equation
(see the review paper [26]) and for its discrete analog [27].

The purpose of the present paper is to investigate the
behavior of the nonlinear excitations in two-dimensional
molecular structures with impurities. In Sec. II we
present a model and derive equations of motion for the
electronic excitations. Using the approach that was pro-
posed in Ref. [23], we show that the dynamics of the elec-
tronic excitations in molecular system with impurities is
governed by the two-dimensional NLS equation with a
linear potential. The former describes the influence of the
impurity molecule. Section III deals with soliton dynam-
ics in the close vicinity of the impurity. We consider the
impurity potential in the parabolic approximation and
show that a lens transformation can reduce the problem
to an Ermakov-Pinney differential equation. It is shown
that the analytical results are in good agreement with the
results of numerical simulations that were carried out for
the NLS equation. Section IV is devoted to an investiga-
tion of a new dipolelike stationary state that arise as the
result of interaction between the nonlinear excitations
and the impurity. To study analytically these stationary
states, we use the method of collective coordinates and
check the results by means of numerical simulations.
Qualitative agreement between both approaches was
found. In Sec. V the model parameters are estimated for
the case of oxacyanine dye monolayer. The relevance of
nonlinear excitations is shown.

II. MODEL AND EQUATIONS OF MOTION

Let us consider a two-dimensional molecular system in
which one of the sites is occupied by an impurity mole-
cule. We shall assume that the impurity molecules and
host molecules are sterically very similar. Therefore, the
impurity molecule substituting for the host molecule does
not distort significantly the lattice in which the host mol-
ecules are arranged.

We shall investigate nonlinear excitation dynamics in
this two-dimensional molecular system and assume that
the density of excitations is low and that the nonlinear
character of the excitation dynamics is caused by an
exciton-phonon interaction. The derivation of the non-
linear equations of motion is a straightforward generali-
zation of that for an ideal molecular system (see, e.g., [23]
and the Appendix for details). As a result, we obtain that
the excitation dynamics is governed by the following
effective Hamiltonian:

H=3 |E ¢~V Ios1~STtidn | . @D

Here, ¢.() is the excitation function of the molecule at
site #, J» is the matrix element of the excitation transi-

tion from the molecule 7 to the molecule %', and V is the
nonlinearity parameter. E, is the on-site excitation ener-

gy. It depends on the molecule position # in the layer

and may be represented in the form
E,=(E,—E;)b;,+A; . (2.2)

Here E, —E, is the difference between excitation ener-
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gies of the impurity molecule (E,) and the host molecule
(E,). We assume that the impurity is placed at the
zeroth site. The second term in Eq. (2.2) characterizes the
change in the host excitation energy caused by the pres-
ence of an impurity in the system. Its general form is
given by

A?: ( '/Ji’,e%g | W|1/~)5),g¢71',e )=« 1/}ﬁ’,ew(—ig | W|¢6,g¢7t’,e )
_<”b7f,gﬂ;5:gl W‘%g%g ) +<¢Lr?,g¢5:giw\¢5:g¢7,g ) ’
(2.3)

where (%’A%’AJ 44 l/}h»’klﬁ?’k) is the matrix element of
the interaction between sites # and #’, one of which is in
the state described by the wave function ¢, , and the oth-
er in the state ¢z ,.. A=e (A=g) corres~ponds to the ex-
cited (ground) state of the molecule, ’J’B'g is the wave

function of the ground state of the impurity. It is seen
that the absolute value of A, has a maximum at 7 =0 and
A_—0 if |7i|— 0. The general expression for A is very
complicated because the interactions of different types
(dipole-dipole, dipole-quadrupole, quadrupole-
quadrupole, etc.) contribute to it. The contribution A%
of the dipole-dipole interaction looks the simplest:

1

Ad=
n |ﬁ|3

‘[Eh<ex>—&’h<gr>]~[cZ(gr)-@(gr)]

-3 %—,Jh(ex)—gh(gr)l
|7 |

X Tﬁ—I,a’h(ex)—a’h(gr) ] (2.4)
n

where (7;,( gr) [(7,~( gr)] is the dipole moment of the host
(impurity) molecule in the ground electronic state. d,(ex)
is the dipole moment of the host molecule in the excited
electronic state. We see that the magnitude and sign of

%d depend not only on the characteristics of the elec-
tronic states [Jh,i(gr),gh(ex)] but also on the arrange-
ment of the molecules in the system. We shall assume
that different types of intermolecular interactions acting
together make the function A, smoother and in what fol-
lows we shall consider A as a function of the distance
|7 | from the impurity.

The Hamiltonian Eq. (2.1) conserves the number of ex-
citations in the crystal. We shall assume that there is only
one excitation. Thus the normalization condition for the
excitation function ¢..(¢) becomes

Sl ()>=1.

—
n

(2.5)

The equations of motion for ¢..(¢) are

itiprt ST otbn+ V||’ =Egp. . (2.6)
w

Thus the discrete self-trapping (DST) equation, which

takes into account inhomogeneity effects, is obtained. It

is well known that even in the one-dimensional case the
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interplay between nonlinearity and inhomogeneity makes
the DST problem very complex and difficult [27]. In the
case of two-dimensional aggregate, the discrete equations
(2.6) are impractical to study. Therefore, we restrict our-
selves to the continuum limit of Eq. (2.6). Taking only
the nearest neighbor excitation transfer J into account
and making the gauge transformation ¢,— ¢ exp(izJt
/#i) (z is the number of nearest neighbors), Eq. (2.6) may
be approximated by the two-dimensional nonlinear
Schrodinger equation (NLS) with a spatially variable
coeflicient

iﬁ¢,+%12V2¢+12Vl¢l2¢=E(?)¢ ; (2.7)
where |¢(7,1)|*=1¢_|?/1* is a probability density
[ arlpFnl*=1, 2.8)

and [ is the lattice constant. E (¥) is the continuum limit
of the on-site excitation energy E. It determines an en-
ergetic profile for an excitation in the vicinity of the im-
purity molecule. As mentioned above, in real systems this
profile may have a very complicated form. It depends on
the symmetry of the lattice and on the type of excitation
(singlet, triplet, dipole active or quadrupole active, etc.).
In the present paper we want to consider some general
features of soliton dynamics in the vicinity of an impurity
molecule. Therefore, for the sake of simplicity we shall
assume that E (7) is an axially symmetric Gaussian func-
tion

2

E(r)=E exp , 2.9)

T2
ro

where E is the strength of the impurity and 7, is the ra-
dius.

Introducing  dimensionless = variables p=7/r,
T=(2I%Jt)/(2r}#), and $=[(2Vr})/(Jz)]'/?¢, Egs. (2.7)
and (2.9) are replaced by

i +VY+ Yl 2Y=Upy, (2.10)

U(p)=eexp(—p?), 2.11)

where the dimensionless parameter e€=(2Er3)/(zJ1%)

characterizes the power of the impurity and
2 2V _

==—=N. 2.12

[ dpiyl “—=N 2.12)

W p,T)=@(p",T) exp

NI""

0

where
~ 1 N
R= [ dF-7ly,nP? (3.2b)

is the center of mass and g’ =p— R () is the coordinate in
the new frame of reference. We obtain

Rp—i [Tar({R@P+enRAD]} |,
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The two-dimensional NLS equation is not integrable
and possesses unstable solutions that may either disperse
or collapse. These two types of solutions are separated
by the so-called ground state (GS) solution whose width
does not change in time. The GS solution [to Eq. (2.10)
with U =0], approximately given by [28], is

£

s

¥, = A, sech el (2.13)

in the case of zero initial velocity and center at p=0. The
GS amplitude 4, and the GS width B, are given by

| 12m2

A= (2.14a)
_ |2m2+1

B= | =i (2.14b)

Insertion of Egs. (2.13), (2.14a), and (2.14b) into Eq. (2.12)
yields

N=N,=11.7. (2.15)

For initial conditions, ¥=1(p,0), with N larger (smaller)
than the N, the solution, Y¥=v(p,7) of the two-
dimensional NLS equation, collapses in finite time
(disperses).

III. SOLITON MOTION IN THE CLOSE
VICINITY OF IMPURITY

Let us consider the motion of a soliton in the neighbor-
hood of the impurity. We shall assume that the radius r,
of the impurity is large compared with the width of the
soliton. In this case we can expand the impurity poten-
tial Ul(p), keeping only terms of second order
U(p)=e(1—p?) and in this way the problem reduces to
the investigation of soliton motion in a parabolic poten-
tial. Therefore, we shall consider the soliton motion in
two-dimensional parabolic potential

U(p,7)=—el1)p?, 3.1

where €(7) is an arbitrary function of time. The soliton
motion in the one-dimensional parabolic potential was in-
vestigated by Chen and Liu [29] and quite recently by
Nogami and Toyama [30].

Introducing the transformation to the noninertial
frame of reference in which the center of mass of the ex-
citation is at rest,

(3.2a)

I .o
R —4e(r)R=0, 3.3)
ip,+Vie+ lpl2p+e(T)pp=0 . (3.4)

Equations (3.3) and (3.4) show that in the parabolic po-
tential, external (center of mass R) and internal [¢(p,7)]
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degrees of freedom are separated. It is worth noting that
such a separation takes place only in the case of the har-
monic potential. Anharmonic terms in U (p) lead to cou-
pling between the external and internal degrees of free-
dom of the solitons. The soliton center of mass behaves
like a time-dependent oscillator. To consider the internal
motion of the soliton in the impurity field we introduce
the change of variables called the lens transformation:

(7, 7)=—1 T Dexp i|r+2 (3.5)
b(r 4b
Here
_lp'l

E= b(r) (3.6)

is a new space variable, while
T 1
T=| d7 (3.7)
e

is a new time variable. As seen from Egs. (3.5) and (3.6),
the function b (7) is the soliton width. Inserting Eq. (3.5)
into Eq. (3.4) gives

? 19
—+—— |O+|P|2P—ALP—D=0, (3.8

iPr+ YK

where

A=1b3b—e(r)b* . (3.9)
Note that a transformation similar to Eq. (3.5) was used
by Manassah [31] in his study of collapse in optical fibers
with a parabolic profile of the index of refraction. But he
investigated only the case which corresponds in our nota-
tion to A=0 and e(7)=constant. Karlsson, Anderson,
and Desaix [32] also studied this problem applying the
method of collective coordinates. We are interested in lo-
calized solutions (®—0 for £&— «) of Eq. (3.8). When A
is a positive constant we can put ®,=0 and Eq. (3.8) be-
comes

2
a+1a

2 2
YR O— AL+ | D’ —D=0.

(3.10)

For A>0 Eq. (3.10) has localized solutions and in this
case the wave function Eq. (3.5) describes a noncollapsing
soliton. Exact solutions of Eq. (3.10) are unknown. We
therefore apply a variational approach to obtain the
dependence of the parameter A on the excitation number
N. It is convenient to rescale variables

ESATVEE L DAV 3.11)
and we obtain instead of Eq. (3.10)
210 g (|oP—)o=a"10. (.12
8g? £ 9%

Equation (3.12) is the Euler-Lagrange equation for the
functional

GAIDIDEI, RASMUSSEN, AND CHRISTIANSEN 52

2
_ 41 £2| |2 —1/2] & |2
E= fdgg“ag Lo +£o2+A |<1>|].
(3.13)
As a trial function we use the function
172
_|_N 1 £
7 1n2 asech i (3.14)

where a is a trial parameter. Inserting Eq. (3.14) into Eq.
(3.13) and minimizing with respect to a we get

4 N |1+2m2
t=A=—|1— :
a TR (3.15)

27 N,
where { denotes the Riemann zeta function and
N;=47In2(21n2+1)/(4In2—1)=~11.7 is the number of
excitations in the ground state. Returning to the original
variables, we obtain that at N <N, the soliton solution of
Eq. (3.4) is represented by the function Eq. (3.5) with

N 1/2
7 nd sechf .

(3.16)

The soliton dynamics in the parabolic potential Eq. (3.1)
is governed by Eq. (3.3) for the center of mass and Eq.
(3.9) for the width of the soliton. Equations (3.3) and
(3.9) belong to the class of so-called Ermakov-Pinney
equations [33,34] and, as was shown by Pinney [34], the
solution to Eq. (3.9) can be written in the form

4A 172
b(1)= l A+ —= 2(t)l ,
w2

where W =uv —uv is the Wronskian and u, v is the fun-
damental set of solutions of the respective linear equation

(3.18)

(3.17)

y—4e(t)y =0,

which coincides with Eq. (3.3) for the center of mass
motion.

Special cases

(3.19)

In this case the impurity is an acceptor of excitations
and, as seen from Eq. (2.9), the quantity |E| characterizes
the depth of the well. Inserting Eq. (3.19) into Egs. (3.3)
and (3.17) yields in physical units

R (t)=R cosw(t +tg) (3.20)

2
bXt)=B?cos’w(t +1t,)+ 2l 2A 3 sino(t +1,)
2|E|r3B
(3.21)
Here R, B,t, and ¢, are arbitrary constants,
1/2
(3.22)

_ 1 [27El
o #
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is the frequency of the center of mass oscillations. The
width b(¢) of the soliton oscillates with the double fre-
quency. It is worth noting that the frequency w depends
on the depth |E| of the impurity as well as the radius 7,
and on the matrix element J of the excitation transfer.
Note also that, as mentioned above, our approach is valid
if the radius of the impurity r, exceeds the width of the
soliton (i.e., b <1). Taking into account Eq. (3.21), we
can arrive at the conclusion that the inequality

|E|r§
A<—r (3.23)
2zJ1
must hold. Inserting Eq. (3.15) into inequality (3.23)

shows that the condition Eq. (3.23) can be fulfilled in the
easiest way when the impurity is not very deep (|E| <<J)
and when the number of excitations in the soliton is close
to the threshold value N;.
(ii)
5

e(‘r)=-——4~(l+kcosﬂr) . (3.24)
This means that the acceptor molecule oscillates around
its equilibrium position with the frequency Q. The mole-
cule can perform either translational or librational
motion. The parameter A is proportional to the amplitude
of the impurity oscillations. Introducing Eq. (3.24) into
Eq. (3.3) we get

R+Q3(1+AcosQr)R =0, (3.25)

which is Mathieu’s equation, and it is well known that
the (Qq,A) plane is divided into a region of stability [the
function R (7) is bounded as 7 tends to infinity] and an in-
stability region (parametric resonance). Let us consider
the range of the first resonance

|Q—2Q,| < — (3.26)
From Eq. (3.25) we get [35] the following approximate
solution:

R(r)=Ry{e" cosQr+7y)+e " sinQ(r+7,)} , (3.27)

where R, and 7, are constants that depend on the initial
position of the soliton and its initial velocity. ¥ is given as

2
1
2

2ok (3.28)
5 .

172
Y= _(0_290)2] .

It is seen from Eqgs. (3.26)—(3.28) that when an acceptor
molecule oscillates about its equilibrium position with a
frequency in the range given by Eq. (3.26), it cannot trap
the soliton. The amplitude of the oscillations of the soli-
ton increases exponentially with the amplification
coefficient ¥ given by Eq. (3.28).

Using the split-step Fourier method [36], we have
solved Eq. (2.10) numerically with e(7) given according
to Egs. (3.19) and (3.24). Figure 1 shows in these two
cases the behavior of the quantity

V= [arlyF ol [ [ aFlg0, (3.29)
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FIG. 1. Comparison of the numerical solution to Eq. (2.10)
(solid lines) and the results of the analytical approach with e(7)
given by Eq. (3.19) (dashed line) and Eq. (3.24) (dotted line), re-
spectively. The meaning of the depicted quantity is discussed in
the text.

which characterizes the size of the excitation. In the
framework of the self-similar solution, this quantity is
given as

V(t)=b3b 1), (3.30)

where b, =05 (0). In Fig. 1 the dashed line is the result of
the analytical approach with e€(7) constant [Eq. (3.19)]
and the dotted line shows the result for €(7) given by Eq.

2
bO 35
B(t)
30—
25
20
15
10
5 -
0 T T T T |
0 2 4 6 8 t 10

FIG. 2. Comparison of the numerical solution to Eq. (2.10)
(solid lines) and the results of the analytical approach with &(7)
given by Eq. (3.24) (dashed line), where Q,=1.7, Q=2Q,, and
A=0.1 are chosen such that the resonance effect develops fast.
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FIG. 3. The center of mass motion obtained from Eq. (2.10)
(solid line) and the solution to Eq. (3.3) (indicated by triangles).

(3.24), while the solid lines indicate the results of the nu-
merical solution of Eq. (2.10) with the above mentioned
€(7) dependences. It is seen that the analytical approach
agrees quite well with the numerical simulations. Only
near the maxima of the curves, where the excitations are
very narrow, is there a small discrepancy.

In the case of (1) given by Eq. (3.24), the parameters
(see figure captions) are chosen such that parametric reso-
nance appears. The increasing amplitude indicates that
this is the case. To investigate this further, we show in
Fig. 2 a comparison of the numerical simulation (solid
line) of Eq. (2.10) with e(7) given by Eq. (3.24) and the
analytical approach for parameters that gives fast devel-
opment of the parametric resonance. It is clearly seen
here that the resonance appears as predicted by the
analysis.

Figure 3 shows (solid line) the motion of the center of
mass in the numerical simulation of Eq. (2.10) with e(7)
given as in Eq. (3.24). The triangles indicate the analyti-
cal results. The agreement is in this case even better than
in the case of V(t), the reason being that the center of
mass equation is derived without use of the self-similarity
assumption.

IV. DIPOLELIKE EXCITATIONS

As pointed out above, the soliton dynamics in the pres-
ence of an impurity is very complicated, in particular be-
J

L

N
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cause of a coupling between external and internal degrees
of freedom of the soliton. We shall therefore assume that
the center of mass of the soliton is immobile and that it
coincides with the position of the impurity molecule
(R(¢)=0). It is our goal now to consider nonlinear sta-
tionary states of the two-dimensional system with an im-
purity which is an acceptor of excitation. Rose and Wein-
stein [37] proved that when the linear part of the Hamil-
tonian supports a bound state, the NLS equation has a
stable nonlinear ground state when the excitation number
is less than some critical value. In this section we are go-
ing to investigate the possibility of the creation of a di-
polelike soliton state with an impurity. We shall treat the
problem analytically, applying the method of collective
coordinates. We introduce the test function

YF,t)=et | 4,(1)e!®N/2F I_;El
_Az(t)e—i[a(t)/z]p %ﬂ 1 , 4.1)

where p is the nonlinear frequency, p is the position of
the pulse, b is its width 4,,, (n =1,2) is the amplitude of
the pulse, 8(¢) is the phase difference, and F(z) is the
profile function. We shall use the Gaussian profile func-
tion

F(x)=exp (4.2)

Such a choice of trial function (7, ) signifies that we as-
sume that the distance p between pulses and their widths
b does not depend on time and we therefore restrict our-
selves to the study of alternating shapes of the excitation.
Inserting Eqgs. (4.1) and (4.2) into the normalization con-
dition Eq. (2.12) yields

N

A’=A43+43= o (4.3)
wb*(1—cos cosbe %)
where £=p /b, and the new variable
g'=——11+2tan_l — (4.4)
2 2

describes relative motion of the pulse maxima. Introduc-
ing Eq. (4.1), (4.2), and (4.3) into the Lagrange function

L= [ dp{Im(y*y,)+|Vy>+Lly[*— U p)¢l)

from which Eq. (2.10) can be derived, we obtain the
effective Lagrangian

(4.5)

+§(8 sin§—§sin8e"52)+ﬁ [1—(1—£%)cos¢ cosde -52]

- %[2—cos2§+cos2§( 1+2 cos28)e ~2” —4 cos¢ cosbe ~(36/2)]

__ﬂ(e—gzuﬂ/blﬂ)

— ~£
B2+ 1) cos{ cosbe "5) ,

(4.6)
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where the abbreviation

c= 1 4.7)

1—cos¢ cosde ~¢’

is used. It was also taken into account that the impurity
is an acceptor of excitation (e— —|e]). First of all, let us
consider static solutions §=£=0. From Eq. (4.6) we see
that there are two types of solutions:

£=0, 8=m (4.8)

and
=0, 6=0. 4.9)

It is seen from Eq. (4.1) that the first of them, Eq. (4.8),
represents a symmetric state and at p=0 it describes a ra-
dially symmetric bound state; this case was studied in
[37]. We are here interested in dipolelike nonlinear exci-
tations given by the second type of solution, Eq. (4.9).
The stationary distance £ between pulses and their sta-
tionary width b are the solutions to the equations

]
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—V—é§—~ (4.10)
ML) g @.11)
where
V(Eb)= [ {l—(l—§2)e_§2
N 1—4e B4 3,72 | 1
8 l—e~ & b?
.__|€|__(e—§2(b2/b2+1>
b2+1 1—e €
(4.12)

is an effective potential function which is the Lagrange
function Eq. (4.6) at §=£=0.
From Egs. (4.11) and (4.12) we get

2 2| b 2

(e¥ —1)(1—n)+£*—2n tanh §4— =|el PENTE ‘(§2+b2+1)exp ;—2%]—(1;41)] (4.13)
o) 1= P gecn? | £ | | —e2 = | (bt exp |- | +(b?

(1—e )‘1 5 sech " ] £2+2n tanh ) le] TEETTD (b>+e % )exp | — " +(b%+1) |, (4.14)

where the abbreviation n =N /(87) was used. Eliminat-
ing |e| from Egs. (4.13) and (4.14), one can obtain an
equation that connects £, b, and n. An analysis of this
function n(§,b) shows that it is a monotonous function
of both variables n <1 (N <8). It is worth noting that
in the framework of the Gaussian test function Eq. (4.2)
the collapse in the nonimpurity case occurs when the
number of excitations exceeds 4. Thus the inequality
N < 8w means that without the impurity the pulse will
disperse. To consider the possibility of collapse, one has
to modify the function Eq. (4.1) taking into consideration
the time dependence of the width . This we will consid-
er in a future paper. Here we restrict ourselves to the case
where the pulses cannot collapse.

When the distance between pulses is small (£ <1), one
can expand Eqgs. (4.13) and (4.14) in powers of £ and get

_3 1(1— 2 |€lb4 3 §2
===y | e et | 4.15)
et 1, lelb*bi=1) |0

2 (241 3 8 (b2+1)* :

(4.16)

Omitting in Eq. (4.15) small terms proportional to £2, we
obtain that Eq. (4.15) has solutions when

27
lel > e, =~

l—ln

.1
2 (4.17)

[
and from Eq. (4.16) we obtain an approximate expression
for the equilibrium distance between the pulses

1/2 -172
3n

4

3n

2 1— (b2+1)7! (4.18)

§=

4

It is seen from inequality equation (4.17) that the dipole-
like bound state can exist if the strength of the impurity
exceeds some critical value €, which depends on the exci-
tation number N. From Eq. (4.15) we see that the equilib-
rium width b monotonically decreases when the impurity
strength increases. At large |€| we have

—1/4

3n

1_
4

be~|e|~17 4.19)

The distance between pulses Eq. (4.18) increases when the
excitation number increases but for N close to 87 we can-
not use Eqgs. (4.15) and (4.16). To obtain the solution of
Eqgs. (4.13) and (4.14) in a wider range of excitation num-
bers, we assume that || >>¢,. In this case the widths of
the pulses are small and one can expand Egs. (4.13) and
(4.14) in powers of b2. Taking into account only leading
terms of the expansion, we get

(e —1)1—n)+&—2n tanh(§2/4)
(§2+1)e5 —1

le|b*= (4.20)

and the equilibrium distance £ is given by the implicit
function
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(e8—1)2—EXef’ —1)42 |£2e5 2 +2(1—E% /%) sinh

Note that in this case (|e| >>¢,) the equilibrium distance
between pulses does not depend on the impurity strength.
The dependences of the pulse width as well as of the dis-
tances between pulses that follow from Egs. (4.20) and
(4.21) are shown in Fig. 4. The widths of the pulses be-
come equal to zero when N —8m. The distance between
the pulses p=£b is a nonmonotonic function of N; when
N —0 it tends to zero according to Eq. (4.18). When
N —8m, £ is increased as V' —In(1—n) but the widths of
the pulses decrease more rapidly.

We have checked numerically the existence of a thresh-
old value of the impurity strength for the creation of a di-
polelike bound state. The results are shown in Fig. 5. It
is seen that the quantity V' (¢) [see Eq. (3.29)] that charac-
terizes the size of the excitations tends to zero at small | €|
(it means that the excitation disperses). When |e| exceeds
some critical value [in the case N = N, this critical value
is around 4.5, which is also the order of magnitude pre-
dicted by Eq. (4.16)] V (¢) becomes finite after some tran-
sient period.

1 —
0.75
0.50 4

0.25

1_.

0.75

0.50

0.25

0 T 1

0 05 n

FIG. 4. The pulse width b, according to Eq. (4.20), of the sta-
tionary dipolelike excitation as a function of the normalized
number 7 (upper part). The distance p=£b between pulses as
obtained from Eq. (4.21) of the stationary dipolelike excitations
as a function of the normalized number n (lower part ).
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£
2

tanh

5l
4

b

=(e¥—12—£%e& +1)+4sinh?

£
) (4.21)

Based on the results of the numerical simulations, we
calculated the mean-square deviations

(AV?2)Y=(V2)—(V)2. (4.22)
Here
_ 1 T+t -
(=4[, Tdrm (4.23)

is the mean value of the function f(#) on the interval
[to,to+ T ]; t; was chosen equal to 1.0 and T'=30. The
result of this is that || > €, ((AV)?)=3X10"3. We can
then draw the conclusion that in this case the dipolelike
nonlinear excitation exists as a stationary state.

Figure 6 depicts the distribution of the real part and
imaginary part of the wave function ¥(7,t) for |€|=5.0,
N=11.7, and t=30. Let us now consider dynamical
properties of the dipolelike excitation. We shall consider
small oscillations and expand the Lagrangian Eq. (4.6)
taking into account only small deviations from the equi-
librium position given by Eq. (4.9). In this case we obtain
from the Lagrangian Eq. (4.6)

L=N{Léc—¢se—¢)—B 32
2 ¢ t TP

(4.24)

Here

B(t)

0.5

FIG. 5. The inverse width squared obtained by numerical
solution of Eq. (2.10). N =11.7 and from the bottom we have
€=4.0,4.2,4.4,4.5, 4.6, 5.0. The dashed line indicates the aver-
age of the curve for €=5.0.
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b (1—e &) —e ¢

+ ﬂ’ie ~§2( l—e —[bz/(b2+1)]§2)

b2+1

are the elastic coefficients. The equilibrium distance £ and
width are given by Eqgs. (4.17) and (4.18). It is seen that
both coefficients are positive for the excitation number N
under consideration.

From the Lagrangian Eq. (4.24) we get that the equa-
tion of motion for the phase difference 8(¢) has the form

i 4B:B;
(1+e &)
and consequently
2v/B.B
8(t)=80cos—————i—8t . (4.28)

+e_§2

It means that the components of the dipolelike excitation
take part in two types of oscillations. The first one
occurs with the nonlinear frequency u whose value de-
pends on the energy of the system. The relative motions
of the pulse maxima are described in Eq. (4.28). It is seen
that the period of these oscillations depends on the exci-
tation number N, impurity strength |e|. For example, for
le|~5and N =~ N; the period of the relative oscillations is
of the order of 1. This estimation is in agreement with
the results of the numerical simulations, which are
presented in Fig. 7.

Thus, one can conclude that as a result of the interac-
tion between the nonlinear excitations and impurity, a di-

FIG. 6. The real and imaginary parts of the stationary state
at N=11.7 for e=5.0 at t =40.

(4.26)

[
polelike nonlinear bound state can exist. The stability of
this state and its dynamical properties depend on the re-
lation between the strength of the impurity |e| and the
excitation number N.

V. ESTIMATION OF MODEL PARAMETERS

There are two dimensionless parameters that deter-
mine the behavior of solitons in the presence of an impur-
ity: the number of excitations N and the power of the im-
purity €. The parameters N characterizes the nonlinear
properties of the system. As it follows from Eq. (2.12),
(A18), and (A19), it can be written in the following form:

_ o’ zD’
2 Mci

Here D =D7’?|7_?=g, where D?f,?{' is the change in

(5.1)

Re(y) &  Im(y)

-10 -5 0 5 10

T T T 1 T T T |
-10 -5 0 5 10 -10 -5 0 5 10

X X

FIG. 7. Illustrating the relative oscillations, we show the ab-
solute value of the real part and the imaginary part at time
t=30 (a) and #=31 (b). The parameters are N =11.7 and
€=35.0.
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the interaction energy between the molecules # and #'’ in
the transition of one of them to the excited state, the pa-
rameter a characterizes the dependence of this matrix
element on distance between molecules
dInD..~
a=—F-"2 (5.2)
dan

In accordance with the theory of molecular excitations
[1], the quantity zD =3Ds5 is the change of excitation
energy of a molecule in a crystal with respect to the gas
phase. One can also say that the quantity D is approxi-
mately equal to the difference

D=|AE'—AE]|, (5.3)

where AE is the excitation energy of a dye monomer and
AE’ is the excitation energy of a dye dimer. We estimate
the values of the parameters appearing in our theory for
the oxacyanine Scheibe aggregates studied by Czikkely,
Fosterling, and Kuhn [11] and M&bius and Kuhn [14,15].
It was shown in Ref. [11] that the typical value of the
monomer to dimer band shift is 0.2 eV. It means that

D=3X10"%7J. (5.4)
The remaining parameters entering Eq. (5.1) were es-
timated in Refs. [14,15,23] from the monolayer oxacyan-
ine Scheibe aggregates:

M=12X10"%kg, J=3.6X10"2'T, ¢=10°m/s .
(5.5)
Inserting Egs. (5.3) and (5.4) into Eq. (5.1) yields

N =0.1a%z (5.6)

Thus if we assume that the interaction D has a van der
Waals character (¢ =6) and the number of nearest neigh-
bors is z =4, we get

N=14.4, (5.7)
which exceeds the threshold number N =11.7. It is
worth noting that according to Eq. (5.1) the number of
excitations N is proportional to the square of the gas to
crystal absorption band shift D. Thus one can expect
manifestations of nonlinear effects in such molecular sys-
tem where this shift is significant.

Another dimensionless parameter that determines the
soliton behavior is the power of the impurity €. As seen
from Eq. (2.11), it depends on both the strength of the
impurity E and its radius r,. The impurity strength can
roughly be estimated as the distance between the max-
imum of sensitized (acceptor) fluorescence and the max-
imum of the host fluorescence. Using the data of Mdbius
and Kuhn [14,15], one can obtain that, for instance, in
the case of a monolayer oxacyanine dye Scheibe aggre-
gate doped with a thiacyanine dye,

E~0.36eV=6X10"207 . (5.8)

Thus, from Egs. (2.11) and (5.5) we get
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32 | 7o 0
=== |—| =8|, 5.9
7 I (5.9)

where the assumption z =4 was used. As regards the ra-
dius of the impurity, we cannot estimate it using available
experimental data. It is interesting to note, however, that
in the case of an oxacyanine dye monolayer where the
number of excitations is given by Eq. (5.7), the condition
for the existence of dipolelike bound states Eq. (4.17)
reads

r3>0.451% . (5.10

Thus one can expect that even relatively short range im-
purities can bound a nonlinear excitation and create a di-
polelike stationary state.

VI. SUMMARY AND CONCLUSIONS

In this paper, we developed a theoretical framework
for investigating nonlinear dynamical properties of elec-
tronic excitations in two-dimensional molecular struc-
tures with impurities. The equation governing the dy-
namics of the excitations is the two-dimensional NLS
equation with a variable coefficient that represents the
influence of the impurity molecule.

Transforming the NLS equation to a noninertial frame
of reference coupled with the center of mass of the soli-
ton, we investigate the soliton motion in the close vicinity
of an impurity when the impurity potential can be con-
sidered as parabolic. Using the so-called lens transforma-
tion, we show that the problem under consideration may
be reduced to Ermakov-Pinney equations. Comparison
between the results that were obtained by solving the or-
dinary differential equations (Ermakov-Pinney equations)
and the original NLS equation show that the approaches
are in good agreement.

We study bound states of the solitons with the impuri-
ty and show that when the number of excitations in the
soliton NV is less than 2N, (N, is the number of excitations
in the ground state soliton), a dipolelike soliton appears.
It exists even at N > N, when the symmetric bound state
collapses. We also consider dynamical properties of the
dipolelike bound state and derive an effective Lagrangian
that describes the alternation of the shape of the solitons.
Analytical results are in qualitative agreement with the
results of the numerical simulations.

The theory contains two dimensionless parameters:
the number of excitations and the power of the impurity
€. We estimate them for oxacyanine Scheibe aggregates
studied by Mobius and Kuhn [14,15] and by Czikkely,
Fosterling, and Kuhn [11] and show that in a previous
paper [23] we underestimated the role of the interaction
of excitons with acoustic phonons. But it may be impor-
tant particularly in molecular systems with a large gas to
crystal absorption band shift (the D-term in the theory of
molecular excitons [1]) and rapidly decaying intermolecu-
lar interactions. Our estimations show that in the case of
oxacyanine Scheibe aggregates, the nonlinearity parame-
ter caused by the exciton—-acoustic-phonon interaction is
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large enough for the nonlinear properties of the electron-
ic excitations to become significant.

Estimation of the impurity power cannot be done be-
cause of lack of experimental data, but preliminary re-
sults show that, for instance, the creation of the dipole-
like bound state of a soliton with the impurity is likely.
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APPENDIX

In our recent paper [23], the effective nonlinear Hamil-
tonian Eq. (2.1) was derived taking into account interac-
tion of the electronic excitations with optical phonons (it
was assumed that the displacements under consideration
are characterized by a finite frequency @, and in this way
they correspond to rotational molecular vibrations). In
this Appendix, we want to show that the interaction with
acoustic phonons in planar molecular systems may con-
tribute significantly to the nonlinear properties of the
electronic excitations. For the sake of simplicity we shall
consider a nonimpurity case. According to the theory of
molecular excitons [1] the exciton-phonon Hamiltonian
of the molecular system can be written as follows:

H=3 (E,b;%— J..—».)B—.B-’.+2ﬁco (g)b f b,

455" q>s
o T

v 22
Here Ba (B;;) is the creation (annihilation) operator of
the electromc excitations on the molecular 7, b—» s(bg ) is
the creation (annihilation) operator for the acoustlc pho-
non of the branch s with the wave vector g and the fre-
quency @,(g). N, is the number of molecules in the sys-
tem. The exciton-phonon coupling function has the form
p 172 o 5

—2— | (1-eT™e(g) D5,
2M o (q) o ™0

e "BIB (b +b'_ ) (A1)

Xg,s= g (A2)
n

where D, is the change in the interaction energy of the
rith molecule with the 7#’th molecule in the transition of
one of these molecules to the electronic excited state,
¢,(q) is the unit polarization vector, M is the mass of a
molecule. It is convenient to use the same approach as in
Ref. [23]. Introducing functions

pr7()=Tr{p()BIB..} , (A3)
B; ()=Tr{p()b; } , (A4)

where p(t) is a nonequilibrium density matrix and Tr
denotes the trace, we obtain from the Hamiltonian Eq.
(A1) that

2961
iips 5= §<J;»,;pa7.~ — 5Pz
2)(—» Bz, +B;)
079,s
X(eﬁﬁ)—e’ﬁ'?)pﬁ_? , (AS)
1

By, =GBy, + e S oy, (A6
0 n

where the decoupling

Tr{p (t)B—»B—».(b—» +bt

oy (A7)

)} p‘"*’v(t)(ﬂ-—’ +B—qs

was used. Cons1der1ng the steady state solution to Eq.
(A6). (ﬁ—» , we get

——>

* ,—ign
X3,s€

i (q)

1
By =———
¢ V'N, 0 %
From Egs. (AS) and (A8), it follows that Py may be
written as a product

p_rf,? . (AS)

where the wave function ¢.,(2) satisfies the equation
zﬁ¢_.+2 7quﬁ+§‘,V%»Iqsﬁlzqsﬁ 0, (A10)
where the nonlinearity matrix element
2
=1 2lxg,| @)
VTI.’?-—TV—— ——en T (A11)

0g,s foy(q)

Let us now estimate the nonlinearity matrix element
V_.~» for the case where the matrix element of the inter-

molecular interaction D -, depends only on the distance
between molecules and can be modeled in the form

!
|7 —7’|

n—n

a

D..=D , (A12)

where D and a are the parameters of the interaction. In-
serting Eq. (A12) into Eq. (A2) yields

1/2
fi

2Mw,(q)

Xgs— @

(A13)

In the following we shall assume that the interaction
D is short-range (e.g., @ =6 for the van der Waals in-
teraction) and we can take into account in Eq. (A13) mol-
ecules in the first coordination sphere. We shall assume
also that our lattice may be approximated by an isotopic
elastic system. This means that we consider lattices where
the number of atoms in the first coordination sphere is
large enough (e.g., in the trigonal lattice the number of
the nearest neighbors z is 6 but together with the next
ones it is 12) and the relation

1 ___flwde

za

(A14)
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will be used, with & being the vector that connects a mol-
ecule with molecules of its first coordination sphere (in
2D) of the radius /:

8=(1 cos6,1sinb) . (A15)

Using Egs. (A14) and (A15), we obtain that for small g
the exciton-phonon coupling function Eq. (A13) can be
written as follows:

ﬁ 1/21 N N
., =iaD -3 (G-8)E, ()
X o Mau @) 1225‘! q-3)(e(q)-3]
—itsap [ @ (A16)
2 2Mo (§) :

It is seen from Eq. (A16) that in this approximation only
longitudinal acoustic phonons (s =||) with €,(q)||g con-
tribute to the exciton-phonon coupling function, Eq.
(A2), and to the nonlinearity matrix element V... given
by Eq. (A11). Transversal phonons can contribute to the
nonlinear matrix element only in anisotropic lattices. In-
serting Eq. (A16) into Eq. (A11) and taking into account
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that in the long wave limit the frequency of the longitudi-
nal acoustic phonons can be represented in the form

w(q)=cq , (A17)

where c is the speed of the longitudinal sound in the lat-
tice, we obtain that the nonlinearity matrix element
caused by the interaction of excitons with acoustic pho-
nons as given by

V?j». =V, 8?’7{. , (A18)
where
2 2
g =g;~——(;fc)2 : (A19)

is the nonlinearity parameter. Thus, from Egs. (A10) and
(A18) we draw the conclusion that the effective Hamil-
tonian for electronic excitations has the form

H=3 [E o~ tVia 1~ ST, 83.| . a0
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