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Crisis-induced intermittency in a third-order electrical circuit
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We study the transition from a spiral to a double-scroll attractor in a canonical circuit realization of a
third-order electrical circuit (Chua circuit) family as a control parameter p, (capacitance, C2) is varied.
A sudden widening of the chaotic attractor is observed during this transition, meaning a crisis-induced
intermittency. The dependence of the characteristic time v on the system control parameter has the
well-known exponential form r ~p

—p, ~

'r for p close to the critical value p„the critical exponent y
having a value of 0.5016.

PACS number(s): 05.45.+b

I. INTRODUCTION

Electric circuits with a nonlinear resistor, which are
characterized by a piecewise linear v-i characteristic,
have emerged as a simple yet powerful experirn. ental and
analytical tool in studying chaotic behavior in nonlinear
dynamics.

Among the piecewise linear circuits that have been
studied, particularly the members of the Chua circuit
family [l] have been investigated in depth. Each member
of this family consists of linear resistors, three linear dy-
namic elements (capacitors and/or inductors), and a non-
linear resistor characterized by a piecewise linear v-i

characteristic [2] with at least one segment having a neg-
ative slope. Spiral, double scroll, torus, and other in-
teresting attractors among other dynamics phenomena
have been observed at difFerent members of this family
[3-7].

Recently, Chua and I.in presented a new third-order
electrical piecewise linear circuit [8] capable of realizing
every member of the Chua circuit family. It is canonical
in the sense that (i) it can exhibit all possible phenomena
associated with any three-region symmetric piecewise
linear continuous vector field, and (ii) it contains the
minimum number (six) of circuit elements needed for
such a circuit.

In this paper we study the transition from the spiral to
the double-scroll attractor in a third-order electrical cir-
cuit realization of the Chua circuit family. During this
transition there is a sudden widening of the chaotic at-
tractor, a phenomenon called crisis [9]. The characteris-
tic behavior associated with this phenomenon is an inter-
rnittent bursting out of the phase space region within
which the attractor was confined before the crisis. A
time scale w, the rn.ean time between bursts, is defined in
order to quantify the observed post crisis behavior. We
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FIG. 1. (a) Third-order electrical (Chua) circuit, (b) i-v&

characteristic of the nonlinear resistor RN.
FICx. 2. Laboratory realization of (a) the negative conduc-

tance 6 and (b) the nonlinear resistor Rz.
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examine the dependence of r on a system control parame-
ter p (the capacitance Cz ) as this parameter passes
through its crisis value p„and we determine the critical
exponent y of this dependence,

for p close to p, [10].
Grebogi et aL. considered three types of changes that

attractors can undergo as a system parameter is varied
[10]. The first type leads to the sudden destruction of a
chaotic attractor. The second type leads to the sudden
widening of a chaotic attractor. In the third type of
change two or more chaotic attractors merge to form a
single chaotic attractor, which can be extended more in
phase space than the union of the attractors before the
change. The characteristics temporal behavior, which
occurs for the attractor-widening and attractor-merging
crisis, is called crisis-induced intermittency [10].

II. EXPERIMENT

The six-element circuit shown in Fig. 1(a) is an electri-
cal realization of the Chua circuit family [11]. Figure

1(b) shows the u-i characteristic of the piecewise linear
resistor RN in Fig. 1(a). Figure 2(a) shows the laboratory
realization of the negative conductance with a value of—0.5 mS, while Fig. 2(b) shows the realization of the
nonlinear resistor R~ [12].

Figure 3 shows a series of phase portraits of Uz versus
u

&
obtained from the circuit. When we start from

Cz =92.0 nF, there are no oscillations in the circuit, so
the phase portrait is a point, the equilibrium point. At
Cz =91.9 nF oscillations start with period-1 up to
Cz =81.6 nF, and we have the limit cycle of Fig. 3(a).

The system follows a bifurcation route as the control
parameter Cz is decreased [Figs. 3(b)-3(d)] until chaotic
behavior occurs [Fig. 3(e)]. The spiral attractor of Fig.
3(e) becomes a double-scroll attractor [Fig. 3(f)] at a criti-
cal value p, equal to 60.0 nF. The feature of this transi-
tion is the sudden widening of the attractor, which is
characteristic of crisis-induced intermittency. As Cz de-
creases, the double-scroll attractor expands gradually and
eventually becomes a limit cycle at Cz=40. 5 nF [Fig.
3(h)]. In Fig. 4 time wave forms are shown for different
values of the capacitance Cz very close to the critical
value p, .
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FIG. 3. Experimental phase portraits of vz(t) vs v l(t) of the circuits. Horizontal scale (a)—(d), 0.1 V/div; (e)—(h), 0.5 V/div. Vert-
ical scale: (a)—(d), 0.2 V/div; (e)—(g), 1 V/div; (h), 5 V/div. (a) C&.. a period-1 oscillation; (b) C&. a period-2 oscillation; (c) C&. a
period-4 oscillation; (d) C&. a period-8 oscillation; (e) C&. 60.1 nF a spiral attractor just before crisis; (f) C&. 59.0 nF a double-scroll
attractor after crisis occurred; (g) C&. 44.0 nF the double-scroll attractor is expanded; (h) C&. 40.5 a period-1 oscillation.
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FIG. 4. Wave forms of v, (t) and v&(t) of the circuit CH1: v&(t) (1 V/div); CH2: v&(t) (1 V/div); time base: 2 ms/div. (a) C&. 60.1
nF; {b) C&.. 59.2nF;(c) C, : 58.0nF; (d) C&. 57.5 nF; (e) C, : 57.0nF; (f) C, : 55.0nF; (g) C~: 50.0nF;(h) C&. 44.0nF.
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III. COMPUTER SIMULATION

1
3 g(vl ))

1

U2 1=1— (i3+Gv2),
dt Cz

ds3

dt
=—(v —v —Ri )

The state equations of the circuits in Fig. 1(a) are given
by

dU)

dt

where

g ( v, ) =G& v
&
+0.5(G, —Gb )[!v, +B~!—!v, —B ]

is the U-i characteristic of the nonlinear resistor shown in
Fig. 1(b).

We plotted some trajectories for the state equations (2)
that come from the ideal circuit in Fig. 1(a) using the nor-
malized parameter values

C) =0.35, G = —0.5, G, = —0. 105, Gb =4.8,
I.i =1, R =0.3, 8 =0.68 .
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FIG. 6. Computer simulated wave forms of v2(t) and v&(t).
(a) C~: 61.2 nF, (b) C2: 59.9 nF.

O.oo i
C2 is an adjustable parameter, which varies approximate-
ly between 0.35—0.95.

The adopted normalization scale is

vo= 1 V Eo= 1 mA CO=0. 1 pF

L =0. 1 H, Ro=1 kQ .
(4)

-2.25
-1.25

2.25 i

v~ (V)
)

0.00 ]

O.CG

(c)

~~ ~ si~
Kl&w

v& (V)
1.25 Figures 5(a) and 5(c) are the counterparts of Figs.

3(e)—3(f) near the critical value of the control parameter.
W bserve that each pair of these figures is qualitativelye o serve
the same. Moreover, the corresponding values o z
difFer only slightly, due to the tolerance of the circuit ele-
ments in the laboratory realization. The corresponding
wave forms of uz and u

&
are shown in Fig. 6(a) in qualita-

tive agreement with the experimental ones.

IV. ANALYSIS OF EXPERIMENTAL RESULTS
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FIG. 5. Computer simulated phase portraits near the critical

point. (a) C2. 61.2 nF: v2(t) vs v~(t) (b) C2. 61.2 nF: v2(t) vs

l 3( t)' (c) C& .. 59.9 nF: v2( t) vs v, ( t); (d) C2 .. 59.9 nF: v&( t) vs ig( t).3

The qualitative behavior of the voltage oscillations,
which was described previously, corresponds to a
phenomenon referred to as "crisis." The transition from
the spiral attractor of Fig. 3(e) to the double-scroll attrac-
tor of Fig. 3(f), followed by the sudden widening of the at-
tractor, is characteristic of crisis-induced intermittency.

The qualitative temporal behavior of a system, which
undergoes this type of crisis, is characterized by transi-
tions between two chaotic states, a behavior similar to
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FIG. 7. Plot of the average time ( r) vs (C —Co).

(r)-(Ji —p, ) ', (6)

where p, is the crisis value of the control parameter and
y is a critical exponent characteristic of the system
(0.5 ~ y ~ 1.5 ).

In Fig. 7 a double logarithmic plot of the average time
(7) versus C —Co is shown in logarithmic scale. C
stands for various values of the control parameter Cz of
our system. Co is the critical value of C2, estimated ex-
perimentally to have a value of about 60.0 nF. An ex-
ponential law obviously holds, resulting in a line whose

that of our circuit. The quantitative temporal behavior
can be described as follows:

(i) For a smooth distribution of initial conditions, the
time ~ between successive transitions, for a constant
value of the control parameter, is exponentially distribut-
ed according to the expression [3]

P& ) =&.)-"-'(.), (5)

where ( r ) is the average time between successive transi-
tions.

(ii) For a large class of dynamical systems that exhibit
crisis, and in the absence of external noise, the average
time (r) scales with the control parameter p according
to the following law:

-25—
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slope leads to a critical exponent y=0. 5016, within the
theoretically predicted range of values for a strictly dissi-
pative system.

In Fig. 8 the distribution P(r) versus r is shown for
two representative values of the control parameter C2.
An exponential law can describe our results. The average
(r) values can be calculated from the slope of these
curves. We have ( r ) =7.24 for Cz =50.0 nF and
(r) =15.12 for C2=57.0 nF. Averaging the directly
measured ~ values from a number of time series for these
values of Cz we find (r) =7.74 and13. 4, respectively, in
good agreement with the results calculated from Eq. (5).
In conclusion, taking into account the qualitative and
quantitative analysis of our observed voltage time series,
we deduce that our system undergoes the transition from
the spiral to the double-scroll chaotic attractor following
the route of a crisis-induced. intermittency.

FIG. 8. Distribution P(T) vs ~ for two representative values
of the control parameter C&. (a) C2. 57.0 nF; (b) C2. 50.0 nF.
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