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Hybrid aligned nematic films placed onto an isotropic fluid substrate exhibit an unusual periodic stripe
domain structure that appears only when the thickness of the film is smaller than a few tenths of a mi-
crometer. We investigated the effect of a magnetic field on the threshold between the periodic stripe
domains and the aperiodic deformed structure of the director. As experimentally observed, a magnetic
field applied along the stripe domains favors a nonperiodic state with the director undistorted in the hor-
izontal plane. The experimental findings are confirmed by a theory that takes into account not only the
usual type of the elastic distortions, but also the so-called saddle-splay elasticity. A comparison of the
experimental and theoretical data allows one to estimate that the saddle-splay elastic constant K,, is of
the same order of magnitude as the bulk elastic constants; this result agrees with independent studies of

confined liquid crystal systems.
PACS number(s): 61.30.Gd, 68.10.Cr

Many condensed matter materials show self-
organization in the form of stripe patterns. These include
superconductors [1], Langmuir monolayers [2,3],
ferrofiuids [4,5], ferroelectrics [6], magnetic films [7,8], as
well as liquid crystals subjected to an external field [9,10]
or antagonistic boundary conditions [11-13]. In many
cases [1-8] the stripe pattern is formed by two different
thermodynamic phases and the modulation period is set
by a competition between long-range repulsive interac-
tions (which may be of electrostatic or magnetostatic ori-
gin) and short-ranged attractive forces (nonzero surface
tension of the domain walls). In liquid crystalline systems
[9,10], the stripe phase is a manifestation of a smooth
variation of the vector part of the order parameter. The
periodicity is set by the competition between an external
orienting field and elastic forces.

A different type and mechanism of the periodic self-
organization was found in thin submicrometer nematic
films placed between two isotropic media when no exter-
nal field is applied [11-13]. The two media are set in an-
tagonistic molecular orientation at the two surfaces of the
film: homeotropic at one boundary and planar at the oth-
er. Therefore, the nematic director n, which describes
the preferred molecular orientation, is distorted in the
vertical plane. For sufficiently thick films n is restricted
to lie in the vertical plane; the configuration is known as
a hybrid aligned nematic cell (HAN). The decrease in the
film thickness results in the increase of the vertical curva-
ture and the HAN structure becomes unstable. Quite
surprisingly, the experiment [11] has revealed that start-
ing with some threshold thickness, the equilibrium state
is reached through the distortions out of the vertical
plane. These distortions create a periodic HAN (PHAN)
pattern in the film plane. The presence of both vertical
and horizontal deformations means that the PHAN
structure must be strongly influenced by the elastic con-
stant K,,, which describes the saddle-splay deformations
[11-13].

Only very recently the elastic constant K,,, introduced
many years ago for smectic and nematic phases [14,15],
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was estimated experimentally for nematic liquid crystals
[16,17], surfactant monolayers [18], and three-
dimensional lamellar smectic phases [19]. In contrast to
the standard positive elastic constants of bend, splay, and
twist deformations, the saddle-splay constant can be ei-
ther positive or negative [19,20]. In this work we study
the role played by an in-plane magnetic field on the stripe
structure in hybrid aligned nematic film both theoretical-
ly and experimentally. Our experiments have been made
using the liquid crystal pentylcyanobiphenyl (5CB) (BDH
Chemical Ltd. K15), which exhibits a nematic phase at
room temperature. A small drop of nematic liquid crys-
tal has been deposited on the isotropic fluid surface (gly-
cerine, 99+ % purity). The glycerine substrate provides
tangential orientation of 5CB. The upper boundary of
the nematic film is free with the normal easy orientation
(homeotropic wall).

The samples were prepared in Petri dishes (diameter of
80-100 mm) at room temperature and placed on the
stage of a polarizing microscope. The microscope was lo-
cated between the two poles of an electromagnet, which
provided a horizontal magnetic field (up to ~5 kG). The
thickness of the film was estimated using the data on the
film area and the weight of the nematic drop deposited
onto the substrate. The HAN configuration is unstable
with respect to the appearance of the periodic domain,
as presented in Fig. 1(a): the threshold thickness shown
in this figure is about 0.4 pum and the PHAN
configuration is present in the thinner part of the film. In
Fig. 1, the thick region is on the left. As discussed in a
previous paper [13], the nematic film is not flat: this al-
lows one to visualize the main peculiarities of the field ac-
tion on the stripes. First, when the field is applied along
the x axis, the threshold is shifted toward the thinner
part of the film [see Figs. 1(b)-1(d)]. The threshold d, in
Fig. 1(d) for the highest field H =2850 G, is about 0.30
pm. Second, the wave numbers are practically
uninfluenced by the magnetic field, but the threshold
wave number changes because the threshold thickness
changes. In Fig. 2 the wave numbers for different sam-
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ples and for different magnetic fields are shown as a func-
tion of the distance from the threshold position along the
x axis. Let us compare these experimental results with a
theoretical calculation of the threshold behavior and with
the results previously obtained in Ref. [13].

We consider a nematic cell subjected to the in-plane
magnetic field H. The elastic free energy density of
Nehring and Saupe [15] and the magnetic field contribu-
tion are given, in the bulk isotropy approximation, by

f=1K{(divn)>+(VXn)?}
— (K +K,4)div[n divn+n><V><n]—%‘L(n-H)2 , (D

where K is the common bulk elastic constant, K,, is the
saddle-splay elastic constant, n is the nematic director,
and Y, is the magnetic susceptivity anisotropy. Let us as-
sume a Cartesian reference frame [xyz], [xy] being the
plane coincident with the homeotropic wall (z,=0,
where z is the coordinate normal to the substrates). The
other wall, with planar orientation, is identified by z, =d,
d being the cell thickness. We assume that the initial
orientation at this surface is parallel to the x axis and
that a magnetic field is parallel to the [x] direction, as in
the experimental situation. The director n may be de-
scribed by two angles in a polar reference frame [¢,60],
where the azimuth ¢ is accounted for in the plane [xy]
from the x axis, while the polar angle 0 is measured out
of the plane [xy]. Hence

n=1icos¢ cosf+ jsing cosf+k sinf . (2)
If we are interested in studying the PHAN-HAN transi-
tion, we must work around the aperiodic deformed struc-
ture (HAN), applying a fluctuation on 6 and ¢ around it.
Since the value of 0 in the HAN configuration is finite,
we can linearize the bulk free energy and the surface con-
tributions only on ¢. The reduced bulk free energy densi-
ty becomes

8y =L =02+ 61+ (43 +921c05%0
+2(4,0,—6,¢, )cos26
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FIG. 1. Big S5CB drop viewed crossed polarizers. The x (um)
PHAN-HAN line where the cell thickness is ~0.4 um and the FIG. 2. PHAN pattern wavelength as a function of the x dis-

HAN structure is toward the drop center. (a) Zero field applied, tance from the HAN-PHAN threshold in big droplets: experi-
(b) a field of 1620 G, (¢) a field of 2438 G, and (d) a field of 2846 mental data on two different samples without field and with an
G. The bar corresponds to 150 um. applied field of 2030 G.
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where the subscripts y,z refer to the derivatives with
respect to the corresponding coordinates. The saddle-
splay contribution to the reduced free energy density g,
goes to the surface due to Gauss’s theorem, giving rise to
the term linearized on ¢,
&5 =21+ k) —dob,0t 36,08in26,
+616,1—79,151n20,] , @
where k,=K,,/K and the subscript j=0,1 refers to
z,=0 and z, =d, respectively. Moreover, we have to add
the contribution coming from the anchoring energy. In
the Rapini-Papoular approach [21], the anchoring energy
can be subdivided into a polar [ W,] and an azimuthal
[W,] part [13]: these contributions, after linearization
on ¢, can be written as
gw =L 3' d5cos’0p— L ' sin’6,
+L 5! ¢picos’0,+ L g 'sin’6, , (5
where L '=W,;/2K and Lg'=W,; /2K are the de
Gennes—-Kléman extrapolation lengths.
The reduced free energy G is then obtained by means
of the integral

A d A
G= fo dy fo 85(6,,0,,0,,¢,)+ fo 8:(0,,4;,0,;,6,;)dy
(6)
with g, =g, +gw. A is the wavelength of the periodic

pattern, whose wave vector B=2w/A is parallel to the y

axis, i.e., transverse to the tangential easy direction. We

can obtain, from the free energy density the Euler-

Lagrange equations,

0, +6,,=h ~2Zsin(26) ,
¢ té,,—20,¢,tan0=h"2¢ .

The boundary conditions are
6,,+1L,'sin26;,+6,,R;(6;,)=0,
—¢,;c05°0,+L ;'¢,cos’0;+6,,R;(6,)=0,

where  h?=(K/x,)H > and R;(6;)=cos’0;—(1

+x4)[1+cos26;] with j=0,1 at z,=0 and z,=d, re-
spectively.

The problem to be solved is nonlinear, but can be easily
treated numerically by subdividing the cell into n layers
of equal thickness [13]. The insertion of this numerical
solution into the boundary conditions (8) allows us to
determine a dispersion relation giving the cell thickness d
as a function d(S3,h kg Lgj, L y; ), where B is the wave vec-
tor and h=(K /x,)H "2 is the coherence length related
to the reduced magnetic field.

The condition of a minimum of the reduced free energy
allows us to to obtain the threshold thickness d, between
the period PHAN structure and the uniformly deformed
structure HAN. In Fig. 3(a) the threshold d, is reported
as a function of the elastic ratio x4 for different values of
the tilt anchoring strength L4, on the planar boundary,
with fixed L, when the azimuthal anchoring strengths
L, L, are negligible. In Fig. 3(b) the same threshold is
shown for some values of L, without field and with an
applied magnetic field H of 3 kG: the effect of H is a
lowering of the threshold. In performing the calculation,
we have assumed for the magnetic anisotropy the value of
1.2X 1077 (cgs) and for the elastic constant K a value of
0.7 X 107 % dyn as measured for 5CB [22,23].

)

(8)

Due to the structure of the boundary conditions (8),
the threshold thickness d, is a function of «,, through the
parameter |R|=|1—2(14x,)|=|1+2k,|. The numerical
analysis yields symmetrical results with respect to R =0
and the threshold d, is a symmetric function with respect
to k4= —0.5: for the sake of simplicity, we have shown
the results in Fig. 3 only for k,> —0.5.

The symmetry with respect to —|K+2K,,| and
+|K +2K,,| is not surprising and can be easily seen dis-
cussing the curvature [24] of the director field in the sam-
ple. Let us use a “smectic” analogy and rewrite the elas-
tic free energy using the radii R; and R, of the curvature
of the equidistant planes which are perpendicular to n:

2
1 1 1
R, +R2 2(K+K24)R1R2 . 9
The term with K,, is related to the Gaussian curvature
G=1/(RR,). R, and R, are algebraic quantities, so we
can immediately see that we can reduce, by the same
amount, the free energy with +|K +2K,,| if R|R, <0
and with —|K +2K,,| if R,R,>0.

As one can see from Fig. 3(b), the threshold between
the HAN and the PHAN structure is lowered by the ap-
plication of a magnetic field parallel to the [x] direction.
The important role played by the elastic ratio k,=K,, /K
is also evident, so that one can conclude that by knowing
the anchoring strengths, the behavior of the PHAN-
HAN threshold in a magnetic field can be useful for an
estimation of the «,. In Ref. [13] we proposed an esti-
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FIG. 3. Threshold thickness d, between the PHAN and the
HAN structure as a function of the elastic ratio k; =K, /K.
The value of L is fixed to 0.7 um, as previously estimated. (a)
The behavior of d, for different values of Ly, ranging from 0.1
(curve a) to 0.6 (curve f) with a step of 0.1 um. (b) The behavior
of d, for Ly =0.1, 0.4, and 0.6 um for H =0 (0O ) and 3 kG (*).
Note the lowering of the threshold due to the applied field.
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mate of the ratio k4, substantially based on the study of
the threshold d, between the PHAN and the undistorted
planar structure. Since it was difficult to estimate dp, we
assumed that it was different from zero, with an upper
limit corresponding to ~0.02 um. By means of this as-
sumption, the value of «, was estimated to be
—0.012<k4<0.0 or —1.00<K,, < —0.988, due to the
symmetry with respect to k4= —0.5.

Now we work only on the HAN-PHAN transition
threshold and relax the assumption of the existence of the
planar-PHAN threshold so that x, can be a priori greater
than 0. In fact, the theoretical analysis on the behavior
of this threshold in a horizontal magnetic field suggests
that the relevant influence of the magnetic field on the ap-
pearance of the periodic domains is more pronounced for
k4 positive. For our theoretical calculations, whose re-
sults are presented in Fig. 3, we used a value for L, of
0.7 pm, as in the previous work.

Our experimental observations tell us that the total
threshold thickness variation from a 0- to a 3-kG field is
of about 0.1 pum and the threshold at zero field is about
0.4 um: by simple inspection of Fig. 3(b) one can con-
clude that the best agreement between experimental ob-
servations and theoretical calculation happens in the case
of Ly =0.4 pm for values of k, between —0.05 and 0.05
or for —1.05 <k, < —0.95.

One can conclude that the value of k, is in agreement
with the previous estimate, but the uncertainty is much
higher now; this is due to the difficulty of estimating the
real profile of the film. As discussed in Ref. 13, the
nonflat profile of the film leads to additional azimuthal
anchoring. As a result, films with different profiles can
show different threshold thicknesses d,. In our calcula-

tions we have assumed that the geometric anchoring is
negligible so that the extrapolation length L ; is infinity:
this is possible because the influence of these parameters
in the determination of the threshold thickness is within
the uncertainty of the experimental estimation of the
threshold itself. That is, assuming 10 um <L 4j <, as is
true for the geometrical anchoring [12], the threshold
changes of about 5%: this is lower than the experimental
error.

In conclusion, the present estimate «, is in agreement
with our previous one [13] and with the one given in Ref.
[16]. In comparing our result with the one in Ref. [16],
we make the following remark. The strip-domain effect
should be insensitive to the sign of the whole saddle-splay
term, as we have previously seen: this can be easily un-
derstood by considering the presence of positive and neg-
ative Gaussian curvature in the stripe domain. As a
consequence, we obtain a symmetric threshold d, with
respect to +|K +2K,,| (or in the notation of Ref. [16]
+|K+K’,|). So we obtain two estimates for the saddle-
splay constant because we are dealing with the absolute
value of |K +2K,,| or |[K+K%,|. In the case of Ref [16],
the authors evaluated Kj, by studying the director
configuration in a cylindrically shaped sample, thus hav-
ing only one sign of the Gaussian curvature and so a well
defined sign of K,. The order of magnitude is compara-
ble to the bulk elastic constant, as in our case.
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(d)

FIG. 1. Big 5CB drop viewed crossed polarizers. The
PHAN-HAN line where the cell thickness is ~0.4 um and the
HAN structure is toward the drop center. (a) Zero field applied,
(b) a field of 1620 G, (c) a field of 2438 G, and (d) a field of 2846
G. The bar corresponds to 150 um.



