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Rigorous analysis of weak boundary-coupling effects in twisted chiral nematic liquid crystals
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General expressions for the threshold and saturation fields are derived analytically for field-controlled
twisted chiral nematic layers with weak boundary coupling. The anchoring energy used is the Rapini-
Papoular type [J.Phys. (Paris) Colloq. 30, C4-54 (1969)] in which the azimuthal and the polar anchorings
are combined. We can recover the results previously obtained for various limiting cases of the problem,
but our results show major differences in detail from other studies in which the azimuthal and polar an-

chorings are treated as two independent contributions.
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In liquid crystals, surface effects have been studied
mainly for nernatic liquid crystals (NLC's) [1]. Macro-
scopically, the surface effects are manifested in the direc-
tor orientation of the NLC in the bulk. There are two
cases: (1) the "strong anchoring" case, in which the
director close to the surface takes a 6xed mean orienta-
tion e, which is called the anchoring direction or the
"easy" direction as denoted by de Gennes [2]; and (2) the
"weak anchoring" case. Practically, in most cases, the
surface forces are not strong enough to impose a well-
defined director orientation a, at the surface. When there
are other fields (electric, magnetic, and fiow) the director
at the interface obviously deviates from the easy direc-
tion. To describe a weak anchoring surface for an
untwisted NLC sample, Rapini and Papoular [3] (RP)
have introduced a simple phenomenological expression
for the interfacial energy per unit area for a one-
dimensional deformation [3],

g, = sin (8 —8o) .

Here Oo is the tilt angle for the easy direction e, and 0 is
the preferred tilt of the director at the nematic-wall inter-
face. The anchoring strength or anchoring energy pro-
portionality constant A determines the ability of the
director to deviate from the easy direction. For a twisted
NLC sample the RP energy density must be extended to
the more general form [1]

e = (cos80, 0, sin8o),

n = (cos8cosg, cos8sing, sin8),

(3)

(4)

respectively, where the polar angle P and tilt angle 8 are
functions of z. If a magnetic field H [=(O,O, H)] is ap-
plied to the TCN cell, the free energy density in the bulk
may be expressed as [2]

ed to measure A [10—13]. However, in [4—9], the unified
RP energy form (2) has been written as a linear combina-
tion of an azimuthal angle anchoring term
go =( A, /2)sin (8 —80) and a polar angle anchoring
term g&=(Az/2)sin (P —Po). Although such a separa-
tion simplifies the mathematical analysis, there is no
physical reason to make such a separation. In addition,
in Refs. [4—9], the two optimum directions (8&,$0) and
(80,go+~) are inconsistent with the original intention of
(2) in that there is only one easy direction at the surface.
Since the proposal of (2), the calculation of the field-
controlled director orientation in a twisted chiral nematic
(TCN) layer with weak anchoring has been an open ques-
tion for more than 20 years.

In this paper, we give a brief report on our study of the
problem. We consider a nematic cell located between the
two planes z =0 and z =d with mirror symmetry with
respect to the middle plane z=d/2. The surface tilt an-
gle 0 is taken to be the same on both surfaces. The easy
direction e on the surface of z =0 and the director in the
z layer may be expressed as

(n e) (2)

which is a nonlinear combination of the azimuthal and
polar angles. Qn the basis of the RP function, some au-
thors have studied the inhuence of the bulk orientation of
the NLC by an interfacial efFect [4—9] and have attempt-

gt, =—kt)(V n) +—k22 n VXn+1 ~ 2 2K
2 2

Po

+ 2k33[nX(VXn)] — (n.H)~x

2
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where 8'"=de/dz, P'"=dP/dz, and

f(B)=k„cos8+k33sin 8,
h(e) =cos (8)(kzzcos 8+k33sin 8) . (7)

the cell,

d =0
2

6
6I

2
(12)

The constants k&&, k22, and k33 are the splay, twist, and
bend elastic constants of the NLC, respectively, po
denotes the pitch of the material induced by a chiral
dopant, and b,y is the anisotropy of the diamagnetic sus-
ceptibility of the NLC.

The total free energy is the sum of the surface energy
[Eq. (2)] and the bulk free energy [the integration of Eq.
(5) over the cell volume]. Minimization of the total free
energy yields the stable director configuration for any
given field. Applying a variational calculation for the
two-dimensional problem [14] to the total free energy, we
find four equations describing the equilibrium deforma-
tion of the director:

and the mirror symmetry with respect to z =d /2,

z=—

integration of Eqs. (8)—(11) gives

=—f x' "(e)d8,
2 8

2 "e' h(e)
2mk22

cos 8 dO,
5'0

f(eo)& '~ (8 )= A (sineosine +coseocose cosp )

(13)

(14)

(15)

f(8)e"'~, o= A (sineosine+coseocosecosg)
X (coseosine cosP —sineocose ), (16)

h(e)f"'I, 0=

X (coseosinecosg —sineocose),

2&k 22 2cos 0
5'0

+ A ( coseocosecosp+ sineosine )

C, = A (coseocose cosP +sineosine )coseosing cose

where N(e) is

&(8)=f(e) bgH (sin OM
—sin 8)

Xcoseosingcose,

cos 0
2~k22

h(e)

(9)

(10)

2mk22

Po
cos OM

2

Po

2mk22f(e)e""+ c, +
h(e)

cos 6

2
1

h(e)

2 —12&k 22 2cos 8
Po

+AyH sin 0=C2,

where 8' ' =d 8"'/dz, and C, and Cz are two constants of
integration. Equations (8) and (9) are the boundary con-
ditions due to the balance of the torque for tilt and twist
at z =0, respectively. Equations (10) and (ll) give the
director orientation in the bulk. The surface torque bal-
ance equations at z =d are simply equal to the negative
of the right-hand side of Eqs. (8) and (9). Essentially,
Eqs. (8)—(ll) are the basic equations for solving the
threshold and the saturation problems analytically. The
right-hand side of torque equations (8) and (9) are both
functions of 8 and P simultaneously. This is entirely
different from the corresponding equations obtained in
Refs. [4—9], in which one depends only on 8 and the other
depends only on P. This shows that the challenging prob-
lem for the present analysis is to solve the complicated
Eqs. (8) and (9).

Under the extreme condition for 0 at the midplane of

It is clear now that for given values of $„80,and H, the
values of P, 8, and OM can be determined completely
from Eqs. (14)—(17).

To derive the threshold magnetic field HF of the
Freedericksz transition [2], we need to suppose 80=0 and
0 =OM =Q for H & HF and OM ~0 when H —+HF. With
these boundary conditions the limiting integrals in Eqs.
(14) and (15) can be solved analytically to give the rela-
tionship between the threshold field and the anchoring
energy. With a similar process, by taking the limit Ho~0
and 8M~m/2, we can derive analytically the saturation
field Hz, above which the LC layer becomes completely
homeotropic from Eqs. (14)—(17). However, in the actu-
al calculations there are some mathematical difticulties to
overcome. This is also the case for the previous studies
(see the controversy between the authors in Refs. [7—9]
and Ref. [10]). The details of the calculation will be given
in another paper [14];here we give only the results.

The threshold magnetic field HF is

d R+(p, —2p )[(k33—2kzz)($, 2p )+4mdkz~/po]—

hyd
(19)
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where R and P are the solutions of the transcendental
equations

1 /2

A cos P =Qk R tan2 0 d R
1 1 2 k 1 1

(20)

J o

Ad . osing cosP
k22

(2 1)

The saturation field Hz is

Z = Zd= tanh
2k 33

cos'[ P, /2 —vrdk22 /(pok33 ) ]

sinh [Zd /(2k 33 ) ]

where

Z:—AyHq k 33

22~k 22

J o

(22)

(23)

In order to compare our results with previous studies, we
consider Eqs. (19)—(23) for the threshold and the satura-
tion properties. It is convenient to introduce the dimen-
sionless coupling parameter

mk 22

Ad
(24)

H,
d

(25)

is the threshold magnetic field for an untwisted nematic
slab ($, =0) with rigid boundary coupling (A, =O, i.e.,
A ~ co).

For this limit, Eq. (19) reduces to

and also to use the reduced magnetic field u ' =H /H„
where

1 /2

2 77

J o
(29)

This provides the reasonable result that the Freedericksz
transition does not exist for a nematic slab (po ~ ao ) cou-
pling with an isotropic surface. We have also calculated
numerically the A, dependencies of the threshold and the
saturation fields for a 90 twisted layer with the same ma-
terial parameters as those used in [10],i.e., k33/k» = l. 5,
kzz/k» =0.6, and d/po =0. The result is shown in Fig.
1, where the solid lines give the results for the present
calculations and the dashed lines are those reported in
[10]. From Fig. 1 it is clear that the results of the previ-
ous studies may give the correct threshold fields only in
the limiting case of A —+ ao .

To discuss the saturation properties, as defined in Ref.
[10],we introduce the parameter

Y—= u
I I 2

k33
(30)

where the reduced saturation field u " is defined as
u "=Hs /H, . Using Eqs. (24), (30), and R ' =P, /
2+m.dk22/k33po, with a lengthy calculation, we find that
Eq. (22) reduces to

tanh(m F/2) cos R'
sinh (mF/2)

which is the same result as that obtained by Rapini and
Papoular [3]. These agreements for various limiting con-
ditions offer a good check on the present general theory.
However, in order to demonstrate the difference between
the present theory and previous studies, it is necessary to
consider other special cases.

For an isotropic surface (A.—& ~, A =0), in other
words, where there is no anchoring energy, we have

2

H„d
kii7T +(k33 2k22)p, +4mdkz2$, /po

~x

1 /2

(26)

and that

I
'

I
'

I
~

I

This recovers the result obtained by Becker, Nehring,
and Scheff'er [10] under the assumption of strong azimu-
thal anchoring and the consideration of polar anchoring
only. This is also the result reported by Hirning et al.
[11] in treating the tilt anchoring and twist anchoring in-
dependently and taking both the anchoring strengths as
infinite. In the case of a twisted nematic layer (TN) with
strong anchoring and d/po =0, Eq. (26) reduces to

2 1 /2
kii77 +(k33 2k22)p,

H~ d (27)
~x

This is the same result as that derived by Leslie [4] as
well as Schadt and Helfrich [5]. Furthermore, for the
homogeneous nematic slab with weak anchoring,
d /po =0 and P, =0, Eqs. (19)—(21) lead to

1 /2

A =+k „byHFtan (28)
1 1

.5

.6

heory

al.
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FIG. 1 . k dependence of the reduced threshold ( u '
) and satu-

ration ( u "
) fields of a 90' twisted slab. Solid lines show the

present theoretical results and dashed lines show those reported
in Ref. [loj. Material parameters used in the computation are
k33 /kil 1 5 k2$

/klan

0.6, and d/po =0.
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—,
' /sin2R'[

tan(t '=
cos R'+sinh (n.Y/2)

(32)

1/2
d

IPo
(35)

For the TCNLC of very short pitch, where
[2k22d /(k33po )] —u" k&i /k33 )0, Eqs. (31) and (32)
can be rewritten as

k

k
tan(m. Y'/2) cos R'

sin (n. Y'/2)
(33)

tang'=
cos R' —sin (rr Y'/2)

(34)

respectively, where

Y = Y/t =Q [2k 2p d /( k 33 pe ) ] —u k» /k 33

The relationship between X and u" given by Eqs.
(30)—(32) has been calculated numerically with the same
values of the physical parameters given previously. The
result is shown in Fig. 1. One notices that, in the limit of
Y~ ce, Eq. (31) leads to nearly the same result as report-
ed in Refs. [8] and [10]. However, in the limit of Y~O,
we have

Equation (35) shows that, for a NLC slab, u'"~0 because
~po~ ~ ~ (see the solid line shown in Fig. 1). This differs
from the result in which the saturation voltage vanished
at some value of A,o (see the dashed line shown in Fig. 1)
as reported in Refs. [8] and [10]. Therefore, the present
theory is the only one which leads to the natural con-
clusion that decreasing the anchoring strength reduces
the saturation field and that, in the limit, free anchoring
(i.e., A =0) gives a zero saturation field.

In summary, in keeping with the model of Rapini and
Papoular, we have made a rigorous analysis of weak
boundary coupling effects for nematic liquid crystals. In-
stead of using two different anchoring strengths, polar
and azimuthal, we need only one unified anchoring
strength 3 in the derivation of the threshold field and
the saturation field. Calculations of the director
configuration for NLC cells with different surface an-
choring and external fields becomes much easier. This
may be significant in the development of LC display de-
vices.

We are grateful to Professor Geoffrey R. Luckhurst for
his helpful discussions.
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