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The general solutions of the first, second, third, and fourth kinds to the wave equation in homogene-
ous anisotropic media are expressed by integrals over a finite range. The convergence of the series solu-
tion of wave functions in homogeneous anisotropic media [Phys. Rev. E 47, 664 (1993)] is discussed. The
use of the wave functions in anisotropic media is demonstrated. The theory is expounded via an illustra-
tive example of a two-dimensional scalar case. The analytical solution of plane-wave scattering by a con-
ducting circular cylinder coated with anisotropic materials is formulated in terms of the series of wave
functions for anisotropic media. Numerical results show that the solution in terms of wave functions of
various kinds in anisotropic media gives essentially the same radar cross sections as obtained by Beker,
Umashankar, and Taflove [Electromagnetics 10, 387 (1990)] using a different approach. Numerical re-
sults in the resonance region are presented for reference purposes. The analysis of this paper can be easi-
ly generalized to vector and tensor wave functions in homogeneous anisotropic media.

PACS number(s): 42.25.Bs, 03.40.Kf

I. INTRODUCTION

The scattering by anisotropic objects has attracted a
great deal of interest [1-12]. Among them, one should
mention the scattering by a perfect conducting cylinder
covered with anisotropic layers [1], and the exact solu-
tions to wave equations in cylindrically homogeneous
(i.e., in a circular cylindrical coordinate system, the ten-
sor elements of the anisotropic media are constant) aniso-
tropic media [2]. (In this paper, we deal with the waves
in a Cartesian homogeneous anisotropic medium, i.e., in a
rectangular coordinate system, the anisotropic medium
tensors are constants. Work beyond the medium of this
kind will not be mentioned further.) In addition, one
should mention the moment method solutions to the
Cartesian homogeneous anisotropic media [3], the varia-
tional reaction formulation [4], the plane-wave angular
spectrum method based on the integral equation [5,6], the
boundary integral equation solvers for two-dimensional
cylindrical structures [7-9], the coupled dipole method
[10], the integral equation techniques [11], and the fre-
quency domain finite difference method [12].

In a series of papers [13-15], Ren has developed a
method to solve the homogeneous and inhomogeneous
wave equations in homogeneous anisotropic media. The
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series representations of the wave functions of the first,
second, third, and fourth kinds for homogeneous aniso-
tropic media are obtained. Since the general dispersion
equation for the homogeneous bianisotropic media is
available now [16], the extension of the wave-function
theory to bianisotropic media becomes straightforward.
Moreover, there are similarities between the Ren solution
[13—-15] and the classical wave-function theory for isotro-
pic media [17]. Recently, the series solution to the
scattering by an anisotropic circular cylinder is formulat-
ed by the wave functions in anisotropic media [18]; and
the numerical results of Ref. [18] show an excellent agree-
ment between the solution based on the scalar circular
wave functions of the first kind and other solutions using
different methods. The solution is formally similar to the
elliptic cylinder wave-function solution to the scattering
by an isotropic elliptic cylinder.

In this article, two essential features of Ren’s previous
articles [13—15] are followed. One is the art of trans-
forming the eigen plane waves in the unbounded aniso-
tropic media into the wave functions suitable for applica-
tions to bounded geometries. Another is the key method
of developing the wave-function theory in anisotropic
media by means of the well known wave-function theory
in isotropic media. Our method is expounded by the

671 ©1995 The American Physical Society
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FIG. 1. Geometry of the problem.

two-dimensional scalar wave functions in homogeneous
anisotropic media. The angular spectrum representations
of the fields inside a circle of homogeneous anisotropic
media, proved in many papers [5—8, 11-13], are taken as
the starting point of our theory.

The plan of this paper is as follows. In Sec. II, we first
give the general solution of various kinds to the non-
standard wave equation in anisotropic media by a finite
range of integrals, which is easily proven to be a solution
to the nonstandard wave equation. We further prove
that these integral representations do include all the solu-
tions of the nonstandard wave equation. Namely, no
solution is lost. Such a proof is completed by using the
well known existing results on solutions to the standard
wave equation in isotropic media. Second, we show that
in the anisotropic media the series solution, in terms of
wave functions of various kinds, is convergent to the gen-
eral solutions of corresponding kind. Third, we show
how to formulate the boundary value problems in terms
of the wave functions of various kinds in anisotropic
media via the illustrative example shown in Fig. 1. The
similarities of the solutions between a conducting circular
cylinder coated with anisotroipic materials and an isotro-
pic dielectric-coated elliptic cylinder [19,20] are revealed.
Numerical verification and implementation are given in
Sec. III. Numerical results in the low frequency range
are presented for the purpose of numerical validation.
The agreement is excellent. Numerical results in the res-
onance range are also presented to show the numerical
efficiency of our method, and to provide references for fu-
ture computations using other methods by other authors.
Section IV concludes this article with a discussion of
relevant problems.

In the expressions for the electromagnetic fields, the
time dependence exp(jwt ) is assumed and suppressed.

II. THEORY

Consider a homogeneous anisotropic medium charac-
terized by the following permittivity and permeability
tensors:

€xx Exy 0 Hxx Hxyp 0
E= e €y 0, = ik py 0. (1)
0 0 g, 0 0 p,

We will analyze only the case of H(TE) polarization (i.e.,
H=H,2), and the similar formulation of E(TM) polariza-
tion is omitted here. The partial differential equation for
H polarization is [5]

9’H, 9’H, ’H X
exx~—-—ax2 +eyy—-ay2 +(8yx+5"y)_axa ‘o u,,yH,=0,
(2a)
Y T Exx 8yy —Exyeyx . (2b)

Following Monzon and Damaskos [5], the magnetic
field inside a circle can be written as

T ik cos(@p—
Hz(p@):foz clgy )’ THIENT R g, (3a)

2 172

my

k(@)= , (3b)

€, te_cos2g, +o  sin2g;
mz=w‘/.u'zz7/’ S:tz%(exxieyy)’ aiz%(exyieyx) ’
(3c)

where ¢ (¢, ) is the undetermined angular spectrum am-
plitude. The right-hand side of Eq. (3a) represents the ex-
act solution of the first kind to the nonstandard
Helmholtz Eq. (2a).

It is easy to see that for a given ¢y, e isa
solution of the first kind to the standard Helmholtz equa-
tion

jk(@ )pcos(p—@; )

9* 32
¥+§+k2(¢k) Hz(l)(p,(P,<Pk)=0 . 4)

From the well known plane-wave expansion [5], it follows
that

k(@) - s j-m, j
oK @ipeoslom o) DO mq”‘J,,,(k((pk)p)e"""’.
meTe (5)

Since Eq. (4) is a homogeneous one and
{J.(k(@y)p)e’™?} is a complete basis inside a circle
[me(—o0,...,—2,—1,0,2,...,+ )], the general
solution of the first kind to Egs. (4) and (2a) can be
uniquely written as

H (p,p)= [ OMHé“(p,%m )d @i (62)

and
HV(p, @, )=cl@y Yo X Pilp st @)
—clgy) 3 Jme T, (ki@ )plel™?
m=—w
(6b)

respectively. Instead of direct verification [5], we view
Eq. (6a) as an integral with a parameter variable. There-
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fore, the right-hand side of Eq. (6a) satisfies Eq. (4) pro-
vided that c(¢, ) satisfies some smooth conditions. The
general solution of the ith kind to Eq. (2) can be defined
as

H(p, )= [ OZWHz( Yo, @ @)y 7
H(p, @, 1)

=cl@) S e " ZW(k(g )ple™®,  (Tb)

J.(x), i=1

Y, (x)=[HP(x)—HH(x)]/(2)), i=2
HV(x), i=3

H?(x), i=4,

Z\(x)= (7¢)

where c¢;(@; ) is the undetermined angular spectrum am-
plitude and Z\(x) is the Bessel function of ith kind and
mth order.

Obviously, the general solution of the ith kind as given
in Eq. (7) is obtained by replacing the Bessel functions of
the first kind in Eq. (6) with those of the ith kind. It can
be easily shown that Eqgs. (7a) and (7b) are solutions to the
nonstandard wave equation (2a) and standard equation
(4), respectively, since the Bessel functions of the ith kind
satisfy the same equation as the Bessel functions of the
first kind. It is mathematically strict that Eq. (6a) in-
cludes all solutions of the first kind since Eq. (6a) is de-
rived by Fourier transformation [5,13]. It is also physi-
cally evident that no solution is left out since Eq. (6a)
represents fields inside a circle being the superposition of
eigen plane waves over all the wave-vector directions.
However, some readers of Refs. [13-15] believe [21] that
the simple replacement of J,, (x) by Z{"(x) may lose some
solutions, then, the definition of Eq. (7) and the series
solutions of wave functions are all questionable. In par-

J

+ o0

ticular, they do not understand why the integral interval
of the integration with respect to ¢, in the representation
of the general solution and wave functions of the ith kind
is the same interval [0,27] as in Egs. (3a) and (6a). In the
following, we shall resolve the doubt.

It is well known that any solution of the ith kind to the
standard Helmholtz Eq. (4) can be expanded by
{Z k(@ )p)ei™®) [17,22-24] as follows:

©

Hzm(P’¢7¢’k = 3

m=—o0

a, ZN k(@ )plei™? . (8)

Replacing Z'(k (g, )p) with J,,(k(@ )p) in Eq. (8), we
get one solution of the first kind to Eq. (4) [13,17,22-24].
Because c(g,) represents an arbitrary constant and
{J,.(k(@;)p)el™?} is a complete basis inside a circle, we
have

+ .
Hp,p,0)= 3 a,J,(kig,)ple/™?
+ .
=clgrlenlgr) 3 jme
XJ, (k(@ )p)e’™® , (9a)
a,, =cl@)eol@)j me T (9b)

where c¢;o(@y ) is due to the homogeneity of Eq. (4). Equa-
tion (9) implies that there is one to one mapping between
HYp,p,¢,) and H!(p,p,p; ) in the sense of different
coefficient c;o(¢,). So, the integral intervals of the in-
tegration in the general solution of various kinds must be
[0,27]. Let c¢;(¢)=cl@;)c;o{@y), we show that any
solution of the ith kind to Eq. (4) can be written as Eq.
(7b). Therefore, Eq. (7b) actually represents all solutions
of the ith kind to Eq. (4), and Eq. (7a) represents the gen-
eral solution of the ith kind to Eq. (2).
Now, the field in an annular region can be written as

Hp.p)=[Teil@e) 3 Jme ", k(g p)eimd g,

m=—o0

+ . .
+f02ﬂc2((pk) S e Y, (k@ )pletd e, (10a)
m=—oo
or equivalently
2 + o0 o 3
Hp.9)= [ Tesl@e) 3 e THH (k(gy)p)e P d gy
m=—0
+ o0 . .
+[Tedo) 3 i e HHP K p)e gy (10b)
m=—o
[
The outgoing waves in the homogeneous anisotropic Expanding c;(¢, ) in terms of the complete set {ejmq)"},
media can be written as [exp(jwt)] we have
H,(p,p) o o
clp)=3 aje™ (12)

2 + o —im .
=f0 culpr) 3 jT e / (PkH,(,,Z)(k((pk )ple!"Pd g, .
(11)

h=—o0

and
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+

H%p,p)= 3 & Hp,p), (13a)
H)p,@)= 3 Hpn(ple™?, (13b)
m=—o
with
HO, ()= [ 757/ " Tz W kg pMgy (130

where H/)(p,p) is the wave function of the ith kind for
the anisotropic media. It should be noted that the above
analysis can be easily extended to the three-dimensional
cylindrical and spherical cases, and for this reason, the
fields are defined directly as the wave functions for aniso-
tropic media while the wave functions for isotropic media
are defined by the generating scalar functions [17]. It is
also interesting that there are similarities between the
scalar circular wave functions in anisotropic media and
the circular-cylindrical-wave-function series representa-
tion of elliptic cylindrical wave functions in isotropic
media. The fields in an anisotropic medium can be ex-
panded by these wave functions as follows:

J

+M P _
3> jme *Z\(k(@y )ple’™®
m=—M

’ S et dg,

+ .
2m i Jne
J7 3 aje*
0

n=—oo

This shows that the solution of the series of wave func-
tions is convergent, and the asymptotic property [22] of
She_niTme "R ZI(k(@y )ple? (i =2,3,4) does not
affect the convergence of the solution series of wave func-
tions since both the general solution and each wave func-
tion contain the asymptotic series.

Quite similar to the elliptic cylindrical wave functions
[17,19,20], the wave functions of the first, second, third,
and fourth kind for anisotropic media represent the in-
ward standing waves, outward standing waves, incoming
waves, and outgoing waves, respectively. Therefore, the
fields inside a circle can be expanded in terms of a series
of wave functions of the first kind; the scattered fields
outside a circle can be expanded by a series of wave func-
tions of the fourth kind; and the fields in an annular re-
gion can be expanded by two series of the wave functions
of the third and the fourth kind or the first and second
kind. So, for the scattering from an anisotropic coated
circular cylinder discussed in this paper, the fields in the
region a <p <b can be written as

Hp,p)= 3 j "’ 3 [Hplax+HR(pbg],
K=—oo

n=—oo

(15a)

b3

m

H,(p,)=3 3 aHPp,p). (14a)

I n=—ow

The convergence of the expansion (14a) for H,(p,@)
and similar expansions for the partial derivatives of the
first order of H,(p,p) are guaranteed by the smooth
property of c;(¢;) [17], the completeness of the set
{e]w"}, and the energy finite condition of all the com-
ponents of electromagnetic fields. In fact, for any €>0,
there exist integer N; >0, such that n > N; implies that

0 .
; Jng
clep)— 3 aje 'k

n=-—ow

<e. (14b)

Noting that for the admissable solutions of given (p, @),
we always truncate the (convergent for i=1,
and asymptotic for i=2,3,4) series

Fe_iTme " Z((@y )ple ™ as a finite summation,
and so we have

M —m, TIMe, (i i
S j ™ kZ\(k (@, )ple™? | <M, (14c)
m=—M
where M, is independent of ¢, . Then,
iTme R Z O k(@ )p)e™® |dp, | <4mPMie . (14d)
-M

f

E (pp)= 3 j "e"?

n=-—ow0

X 3 [ER(pax+ER(p)bc],

=—ox

(15b)

RCS (dB)

0 60 120 180 240 300 360
Scattering Angle (deg)

FIG. 2. H polarization, bistatic radar cross sections RCS
o /A dB, &, =1.5¢y, €,,=2.58, &5, = "€, =38y, Uz =150,
@"°=180°, ka=1, and kb=2. The markers are the solution
taken from Ref. [9] [Fig. 9(c)].
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TABLE I. Bistatic radar cross sections RCS (dB) of TE case for the structure depicted in Fig. 1: e, =1.5¢q, €,, =2.5¢,,

Exp = €y =360, By = 1. 5p10, "= 180", and ka =0.5kb.
RCS kb=2 kb=6 kb=38 kb=10
il N=7 N=12 N=17 N=20 N=21 N=25 N =26 N=30
0 1.676 329 1.676 846 12.172 88 12.172 88 14.748 05 14.748 25 16.949 75 16.949 79
30 2.147 827 2.148334 —4.309279 —4.309 382 2.385 602 2.385103 14.792 82 14.789 21
60 8.762E-03 8.923E-03 —4.752508 —4.752 851 —2.551327 —2.550842 —1.715268 —1.736505
90 —1.536 383 —1.536683 0.104206 4 0.1036383 10.83151 10.832 83 15.31005 15.31128
120 —3.896 150 —3.896 802 3.648 235 3.648 544 6.535048 6.534 135 11.499 37 11.496 46
150 —4.648 539 —4.648 144 —0.5720121 —0.5722082 —10.66574 10.665 71 7.779 786 7.777 493
180 —0.6346264 —0.631135 6.847 703 6.847 756 9.266 522 9.266 107 16.235 64 16.23569
210 4.434 121 4.434 342 3.665 433 3.665 240 8.496 802 8.496 401 1797335 17.97551
240 4,176 788 4,176 693 12.299 26 12.299 20 13.44175 13.44183 5.375122 5.393 405
270 2.278 551 2.278494 11.46029 11.46042 17.540 84 17.540 85 —2.677653 —2.629369
300 3.73385 3.733701 7.315776 7.315824 17.498 02 17.497 77 3.951855 3.946 030
330 —1.422 649 —1.422797 3.100958 3.100924 14.47701 14.476 92 7.273975 7.275136
360 1.676 331 1.6768 47 12.172 88 12.172 88 14.748 05 14.748 25 16.949 76 16.949 79
where ar k(@)
() oy . '
EX(p)=— [ oy | @k (@ip)
n
2 i(K —n) +—J,(k(@)p)
HRp)= [T (kgp)e’ " THdey (16a) kiggp n " Pe¥
m
X E¢P Pr + ‘5 l
@)y [27 JK—n)g, —
H(p) fo Y, (k(@g)p)e do, , (16b) el KOG (160)

RCS (dB)

RCS (dB)
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FIG. 3. H polarization bistatic RCS o /A
dB, ¢"°=180°, kb=10, ka=5 (solid line),

ka=7.5 (dotted line). (a) &, =1.5¢,
€y, =2.58p, €y, = —€,,=3gp, and pu,,=1.5u,.
(b) e =€0, €y =4Ey, €, =, =0, and
Mz 22#0



676 WEI REN, XIN BAO WU, ZHANG YI, AND WEI GAN LIN 51

2 k(@) . ,
ER(p)=— [ "= 1= je, @0, (k(g)p)
oy
+—— Y, (k(@x)p)
k(‘pk )p n PrpP
T
Xeg, <pk+—2— ]
xe!* ag, (16d)
and

Eoo( @i ) =€ TE_cos2p, +o ysin2p , (17a)
Epp(Pi )= —0 _+ 0, cos2@;, —e_sin2g,; . (17b)

Outside the anisotropic coated circular cylinder (i.e., in
the region p > b), the incident fields (designated by the su-
perscript inc) and scattering fields (designated by the su-
perscript s) are expanded as

Hi™= 3 7", (kp)e/rse o™ (182)
"i:w 172 )

Eié‘czn_zwj—uu,;(kp) ’:—2 el"%e ~m¢™ | (18b)

Hi= § j“"GnH,(,Z)(kp)ejmp; (18c)
"=;°° 172

Ey= 3 G Hkp) %Z v (18d)

The boundary conditions at p=a and p=»b lead to three
linear systems of equations, from which we obtain ay, by,
and

G,=—5—— 3 [HXbag
K:

(19)
as well as the bistatic radar cross sections [5]
. N .
£(¢’¢mC)=£|2 (_l)nGnejn(plz , (20)
A T

where all the quantities in Eq. (20) are shown in Fig. 1.

III. NUMERICAL RESULTS

In our formulation given in Sec. II, there is no integral
equation to be solved. All the integrals appearing in the
matrix elements of the linear system of equations can be
accurately calculated by an efficient quadrature. With
this powerful quadrature, the integrals monotonically
converge and remain unchanged when the node number
increases to about 4N [for N see Eq. (20)], which is a rela-
tively small number. Our results are checked against re-
sults available from Ref. [9] where an integral equation
solver was used. Each curve presented in this paper is
produced in terms of 360 data.

RCS (dB)

L I 1 1

0 60 120 180 240 300 360
Scattering Angle (deg)

FIG. 4. H polarization, bistatic RCS o /A (dB), q)‘"°= 180°,
a=0.5b, kb=6 (solid line), kb=8 (dotted line), e,, =1.5¢,,
€,y =2.5€g, Ex, = €, = 3€0, and p,, = 1. 51

We present in Fig. 2 the bistatic radar cross sections
(RCS) of the anisotropic-coated conducting cylinder for
the TE case of ¢"°=180°. For the sake of comparison,
the geometry and material parameters are the same as
those of Fig. 9(c) of Ref. [9], i.e., g,, =1.5¢, €,, =2.5¢,,
Eyy = €y =38, WU, =1.5uy, ka=1, and kb=2. It
should be mentioned that @ and b in our notation are two
times those in Ref. [9]. Both this paper’s results (solid
line) and those of Beker, Umashankar, and Taflove
[markers which are read from Fig. 9(c) of Ref. [9]] are
displayed in Fig. 2. It can be seen that the agreement is
excellent. For the purpose of further comparison and
reference with other methods by other authors, we also
present Table I, in which the RCS of different electrical
size with the same medium parameters as those in Fig. 2
are presented. In Table I, we also show the numerical re-
sults with different N, which relate to the matrix size of
the calculation. It is evident from this table that between

RCS (dB)

L L 1 I L

0 60 120 180 240 300 360
Scattering Angle (deg)

FIG. 5. E polarization, bistatic RCS o /A (dB), @™ = 180",
Mox =1.5p0, py, =2.5p0, fhyy =~y =3o, €, =1.5€,, ka=1,
and kb=2. The markers are the solution taken from Ref. [9]
[Fig. 6(c)].
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g
8

FIG. 6. E polarization, bistatic RCS o /A

(dB), ¢™°=180°, kb=10, ka=5 (solid line),

0 60 120 180 240 300 360 and ka=7.5 (dotted line). (a) p,, =1.5u,

Scatlaring(:)ngle (deg) My = 2. 5‘LL0, My = —Hyx = 3#0, and £, = 1. 580.

(b) Hxx =Ho  Hyy 24/1'0! Hxy = Hyx =0, and

€,, = 2€,.
g
8
@
25 . . L . .

0 60 120 180 240 300
Scattering Angle (deg)
(b)

these two N values, the results are stable. Also, as shown
in Table I, the matrix size of our method is much smaller
than that of Refs. [8,9]. For example, when kb =10, the
predicted matrix size of Ref. [9] will be about 5000 X 5000
(as reported by Beker, Umashankar, and Taflove in Ref.
[9], for ks =10, the matrix size is 592X 592, the present
ks is 10X27m+5X27=94.248, then the matrix size is
about 5579 X 5579), while our matrix size is 61 X 61 only.
Therefore, the high efficiency of the wave-function solu-
tion to an anisotropic-coated circular cylinder is clearly
shown.

.20 . 1 L . n
0 60 120 180 240 300 360

Scattering Angle (deg)

FIG. 7. E polarization, bistatic RCS o /A (dB), (pi"°= 180°,
a=0.5b, kb=6 (solid line), kb=8 (dotted line), u,, =1.5u,,
Hyy = 2.5, Py = —yx = 30, and g, = 1. 5¢,.

Due to the relatively few published scattering data, we
presented the TE case RCS of an anisotropic-coated con-
ducting circular cylinder versus different coating thick-
ness and medium parameters in Fig. 3. Two cases of
different thicknesses are considered. In the first case
(solid line) a =%b, and in the second (dotted line) a =—i—b.
In Fig. 3@), @™=180°, ¢, =15¢g, ¢, =2.5¢,
Exy = T €y =380, 1, =1.510, kb =10, and in Fig. 3(b),
(Pmc: 18007 Exx ~ €p» 8yy :4807 i':xy :ny 20’ Mz :2:‘1‘0’
kb=10. It can be seen from Fig. 3 that the medium pa-
rameters greatly affect the RCS of the same geometry;
and the oscillation becomes fast as the coated thickness
decreases for identical kb, which is expected since a con-
ducting cylinder is a strong scattering target, and then
the reaction of the conducting cylinder will be stronger as
the coating thickness become thinner.

Figure 4 shows the effects of different electrical size for
the same medium parameters as those of Fig. 2, and the
same ratio of b /a, for kb =6 (solid line) and kb =8 (dot-
ted line), respectively. As expected, with an increasing
electrical size the oscillation is indeed more rapid.

To illustrate applicability of the wave-function solution
to the TM case of scattering by an anisotropic-coated cir-
cular conducting cylinder, the RCS are claculated for the
TM case. Figures 5, 6, and 7 for the TM case correspond
to Figs. 2, 3, and 4 for the TE case, respectively. For ex-
ample, the material parameters and electrical size of Figs.
5, 6, and 7 for the TM case are the same as those of Figs.
2, 3, and 4 for the TE case, respectively; the markers in
Fig. 5 represent the numerical results given in Fig. 6(c) of
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Ref. [9]. Similar conclusions to the TE case can be drawn
from these figures for the TM case.

It should be indicated that the CPU time for all calcu-
lations shown in this paper is less than 8 min in VAX-
6510.

IV. DISCUSSION AND CONCLUSION

Equations (7a) and (7b) have clearly physical meaning
in their own right. It implies that the fields in homogene-
ous anisotropic media can be viewed as the superposition
of fields in all the eigenwave vector directions. In each
eigenvwave vector direction, the field satisfies the stan-
dard wave equation in isotropic media. Furthermore,
Egs. (7a) and (7b) give the mathematical structure [25] of
the general solutions to Eq. (2). The general solution of
the ith kind to the nonstandard wave equation (2) can be
constructed by an integral over @, in the interval [0,27]
and the integrand being the solution to the standard Eq.
(4). Each solution of the ith kind to Eq. (4) is obtained by
a simple replacement of Z\(x) with J,,(x) in the solution
of the first kind, which is easily derived by expanding the
plane-wave factor. Such a procedure transforms the
eigen plane-wave theory in unbounded space into the
general solutions suitable for bounded geometries, which
is the common foundation of wave-function theories
[13-15,26,27] in homogeneous anisotropic media. The
above mathematical interpretation is useful in under-
standing the introduction of Eq. (4) and the physical
mechanism of waves in bounded homogeneous anisotrop-
ic media. For example, such a physical mechanism is
quite useful in the study of dipole radiation in unbounded
anisotropic media [26]. The clearly mathematical struc-
ture of the general solutions to the wave equation in an-
isotropic media suggests an alternative wave-function
theory based on spline approximation of the undeter-
mined angular spectrum amplitude [27]. In the alterna-
tive theory, each wave function is an integral with respect

to partial eigenwaves due to the compact property of
splines instead of all eigenwaves [5]. Only the general
solution (a summation of alternative wave functions)
must include the contributions of all eigenwaves. More-
over, the mathematical structure of the general solutions
suggests the direct discretization of the integral represen-
tation of general solutions [27]. The details of such
discretization is discussed in a separate article [28].

In conclusion, Ren’s solution to the homogeneous
wave equations in anisotropic media is correct. The con-
vergence of the wave-function series are proven. The
theory presented in this paper can be easily extended to
cover any wave equations in homogeneous anisotropic
media in which the eigen plane-wave solution is available.
This paper’s theory can be generalized to the general
solution, series solution, and fundamental solution
(Green’s function) of the n-dimensional (n>3) wave
equations with constant coefficients [29]. And this is im-
portant in some mathematical physics applications. Nu-
merical computations show the very high computational
efficiency of the series solution for circular geometries.
Moreover, our calculations show that the theoretical
work [13] on the open problem about the fields in an an-
nular region is correct, and the wave-function solution is
powerful and worthwhile for further study. We should
reecognize that this article is only a preliminary applica-
tion work. Finally, the main advantage of the series solu-
tion is its easy extension to three-dimensional cylindrical-
ly and spherically layered structures [13-15]. Moreover,
after the use of a recursive algorithm the computational
efficiency of the wave-function solution is more clearly
shown when more than one coating layer is present [30].

ACKNOWLEDGMENTS

W.R. is greatly indebted to Dr. B. Beker for sending us
his data. This work was supported by the National Natu-
ral Science Foundation of China.

[1] R. D. Graglia and P. L. E. Uslenghi, Electromagnetics 7,
117 (1987).
[2] H. Massoudi, N. J. Damaskos, and P. L. E. Uslenghi,
Electromagnetics 8, 71 (1988).
[3] R. D. Graglia, P. L. E. Uslenghi, and R. S. Zich, Proc.
IEEE 77, 750 (1989).
[4]R. B. Wu and C. H. Chen, IEEE Trans. Antennas Pro-
pagat. 34, 640 (1986).
[5]J. C. Monzon and N. J. Damaskos, IEEE Trans. Antennas
Propag. 34, 1243 (1986).
[6]J. C. Monzon, IEEE Trans. Antennas Propag. 35, 670
(1987).
[7]1J. C. Monzon, IEEE Trans. Antennas Propag. 36, 1401
(1988).
[8] B. Beker, K. R. Umashankar, and A. Taflove, IEEE
Trans. Antennas Propag. 37, 1573 (1989).
[9] B. Beker, B. K. R. Umashankar, and A. Taflove, Elec-
tromagnetics 10, 387 (1990).
[10] V. V. Varadan, A. Lakhtakia, and V. K. Varadan, IEEE
Trans. Antennas Propag. 37, 800 (1989).
[11] S. N. Papadakis, N. Uzunoglu, and C. N. Capsalis, J. Opt.
Soc. Am. A 7,991 (1990).

[12] C. M. Rappaport and B. J. McCartin, IEEE Trans. Anten-
nas Propag. 39, 345 (1991).

[13] W. Ren, Phys. Rev. E 47, 664 (1993); 47, 4439 (1993).

[14] W. Ren, J. Acoust. Soc. Am. 95, 1741 (1994).

[15] W. Ren, J. Math. Phys. 34, 5376 (1993).

[16] R. D. Graglia, P. L. E. Uslenghi, and R. E. Zich, IEEE

. Trans. Antennas Propag. 39, 83 (1991).

[17]J. A. Stratton, Electromagnetic Theory (McGraw-Hill,
New York, 1941).

[18] X. B. Wu and W. Ren, Micro. Opt. Tech. Lett. (to be pub-
lished).

[19] J. H. Richmond, Radio Sci. 23, 1061 (1988).

[20]J. H. Richmond, IEEE Trans. Antennas Propag. 37, 1235
(1989).

[21] Weiner S. Weiglhofer (unpublished).

[22] P. M. Morse and H. Feshback, Methods of Theoretical
Physics (McGraw-Hill, New York, 1953), pp. 1411 and
1507.

[23] C. Flammer, Spheroidal Wave Functions (Stanford Univer-
sity Press, Stanford, 1957), p. 32.

[24] A. Bostrom, G. Kristenssion, and S. Strom, in Field Repre-
sentation and Introduction to Scattering, edited by V. V.



51 PROPERTIES OF WAVE FUNCTIONS IN HOMOGENEOUS . . .

Varadan, A. Lakhatakia, and V. K. Varadan (Elsevier,
New York, 1991), Chap. 4.

[25]J. Glimm and A. Jaffe, Quantum Physics: A Functional
Integral Point of View, 2nd ed. (Springer-Verlag, New
York, 1987).

[26] W. Ren (unpublished).

[27] W. Ren and X. B. Wu, Phys. Rev. E 49, 3528 (1994).

[28] W. Ren and X. B. Wu, J. Phys. D (to be published).
[29] W. Ren (unpublished).
[30] X. B. Wu and W. Ren (unpublished).

679



