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Single-particle distributions for small hard particle systems in the microcanonical
and in the molecular-dynamics ensembles
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The exact results for the single-particle momentum distribution of a small system in the mi-
crocanonical ensemble [J.R. Ray and H.W. Graben, Phys Rev A 44, 6905 (1991)]are extended to
the case of the molecular-dynamics ensemble. Both cases are applied to systems with a reduced
number of hard disks. Comparison with molecular-dynamics simulation illustrates the ergodicity of
the studied systems.
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Very recently there has been a renewed interest in the
statistical mechanics study of small systems in the mi-
crocanonical and in the molecular-dynamics ensembles.
These studies may indeed have relevance in the field of
clusters but also can give insight in other aspects related
to the statistical mechanics of the problem. In this line
recent work by Ackland [1] and Rouet and co-workers
[2] address the issues of equipartition and ergodicity in
closed one-dimensional hard-core systems. They ana-
lyze the velocity distribution, checking the difFerences
between hard walls (microcanorucal ensemble) and pe-
riodic boundaries (molecular-dynamics ensemble) which
are of special importance for small systems. From a theo-
retical viewpoint, and obviating the problems of ergodic-
ity, Ray and Graben [3] have studied the deviation f'rom

the Maxwell distribution for small systems in the micro-
canonical ensemble.

In this Brief Report the theoretical results by Ray and
Graben [3] are compared with molecular-dynamics sim-
ulations. We also extend the theoretical results to the
case of the molecular-dynamics ensemble in which the
total momentum M of the system is conserved. In par-
ticular we shall restrict ourselves to hard disk systems.
Indeed, although not very realistic, hard particle systems
are close enough to the real systems studied in statistical
mechanics. Besides, they have been shown to be both
ergodic and mixing [4] for N ) 2 spheres or disks, and
this not only applies for systems enclosed in boxes with
hard walls but also for periodic boundaries. For exam-
ple, a system with two disks and periodic boundaries is
equivalent to a Lorentz gas with a single point particle
colliding with a periodic configuration of Axed scatterers,
assumed to be disks. This model was also shown to be
ergodic [5,6].

For the sake of completeness we shall start by brieQy
rederiving Ray and Graben results for the microcanonical
ensemble. This is the appropriate ensemble for a hard
particle system with hard bounds. Notice that in this
case the particle collisions conserve kinetic energy and
momentum but the collisions with the walls only preserve
the kinetic energy. The probability distribution for the
momentum p of particle a is given by [3]

where the label M in uM stands for microcanonical,
N is the number of particles, f is the dimensional-
ity of the space, E is the total energy of the system,
H(q, p) is the Hamiltonian of the system, and (q, p) =
(q), . . . , q~, pq, . . . , p~) where (q;, p;) denotes position
and momentum of particle i. Finally, O(E) is a normal-
ization factor: the density of states,

(2)

We shall assume that the Hamiltonian can be written
as H = K(p) + U(q), where K is the kinetic energy of
the N-particle system, depending only on the momentum
coordinates, and U is the potential energy, supposed to
depend only on the position coordinates. We shall also
assume the usual functional form for the kinetic energy

(3)

where mi is the mass of particle i.
In order to obtain a simple analytical expression for

u~(p ) we notice that Eq. (1) can be written as

(4)

I(p, p, s) = f d~~ '~p E(E —s)

The integration with respect to the momentum coor-
dinates in (5) can be carried out by means of the
Laplace transform of the b function. A subsequent in-
verse Laplace transform yields

where I' is the gamma Euler function, 0 is the Heaviside
step function, and E = E —U(q) —K (p ).

The integration over momenta in O(E) [see Eq. (2)]
can be performed in a'similar way obtaining
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TT 1 27rmj f1v/2 1
Q(E) = f d™g' ' R' ~ 8(E'), (7)I'(fN/2)

where now E' = E —U(q). Finally, from (4), (6), and

(7) we get the following result for the single-particle mo-
mentum distribution in the microcanonical ensemble [3]:

r(fN/2)
(2 . )f/ r(f(N —i)/2)

If we consider hard particles, the integrands in (8) are
nonvanishing only when U(q) = 0; in this case the terms

(E —p /2m ) and E / can be taken out
of the corresponding integrals and, therefore, equivalent
integrals remain in the denominator and in the numer-
ator, which obviously cancel. This fact gives us the fol-
lowing expression for the momentum distribution of one
individual hard particle in the microcanonical ensemble

I (fN/2)
( - E)"'r(f(N — )/ )

- f(N —1)/2 —1

x ~—
2m. E

2

2m E)
(9)

2 - f(N —1)/2 —1 2

J d&~g E — ~ —U(g} 0 E —
~

—lT(g))

jdf~q [E —U(q)] 0(E —U(q))
(8)

l

sider periodic boundary conditions to dismiss the surface
effects due to considering a finite system. When a par-
ticle crosses a cell bound there is not momentum change
as it happens when a particle reaches a hard bound. For
the case of an isolated system with elastic particle colli-
sions, besides the energy E, number of particles N, and
volume V conservation proper of the microcanonical en-
semble, the total momentum M of the system is also
conserved and this new constraint must be taken into ac-
count. This special case of the microcanonical ensemble
is the so-called molecular-dynamics ensemble [8].

The natural extension of the microcanonical density
function to the molecular-dynamics case is given by

1
)()MD (q, p) = b(E —H(q, p)) b(M —P),

MD )

Notice that this result was also obtained in [1,2] for hard
rods and coincides with the microcanonical distribution
for an ideal gas [7] . A further integration over the angu-
lar variables yields the distribution of momentum moduli

2' f/2 f 1 I'(fN/2)
I'(f/2) (27rm E)f/'I'(f(N —1)/2)

q
f ()V—1)/2 —1

x 0
2m E) 2m E

(io)
and, for the particular case of hard disks (f = 2) one has

where the label MD stands for molecular-dynamics, M
is the total linear momentum of the system,

N

P=) p;, (14)

f
b(M —P) = b(M —P ),

and

DMp(Z, M) = fd™gd~~p d(Z —H(g, p))

xb(M —P). (16)

~M(p~) =
2vrm E

- N —2
Pa

2m E
2

o i-
2m E

The one particle momentum distribution is obtained by
integrating over all the coordinates except p:

and

df(N-1)1('-) =
n .(E M)
x b (E —H(q, p) )b (M —P) . (17)

~~(p. ) = (N —l)p p 2

mE 2mE
2

0
2m. E

(12)
for the momentum distribution and the momentum mod-
uli distribution, respectively.

A usual procedure in molecular dynamics is to con-
I

Notice that this expression is completely analogous to
(1) and therefore can be evaluated in a similar way by
considering the Laplace representation of b(E —H(q, p))
and the Fourier representation of b(M —P) so that the
momentum integrals can be performed in Eq. (16). The
subsequent inverse Fourier and Laplace transform can be
carried out to yield

wMD(p ) = ([r(f(N —1)/2)]/[(2vrm )f/ I'(f(N —2)/2)]3 ) m~.
|/ 1v

mj —ma

—U(q)
I

ydf1v
I
E M' OIE —U(q) I

) f(1V—2)/2 —1

f dfN
I
E P (M Po) U'(q)

I

O I~E Po (~ Po)
2 2PPI 2m 2+~ m

) f (1V 1)/2 —1—
—U(q) I

(18)
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Again, for hard particles the integrands in (18) are nonzero only when U(q) = 0. In that case the integrals in the
numerator and in the denominator are identical and, therefore, cancel out. The Anal result is

~MD(p ) = ([I'(f(N —1)/2)]/[(27rm )f/ I'(f(N —2)/2)]) ) m~.

j=1

)
- f/2N

fQj fD+

,=i )
g f(1V—2)/2 —1EPs(M —P)

m, )X
p' (M —p)'
2m 2P~ m )

(19)

/
S)fi& ( S 2 )f(lv —)/—

~MD(p ) = &pf '
/

—
I(Sa) ( 2maESe)

xO[1 —(Sp /2m ES )], (20)

where

2I'(f(N —1)/2)
(2m E)f/21'(f (N —2)/2)I'(f/2)

mg

S m J ~

j8a
(23)

Particularizing (19) for particles with equal masses
(i.e. , m, = m) and dimension f = 2 we get

g (M —p) p~
N(N —2) 2m(lv —1)

(N —1)2'/l'm (E )
(M —p)' p' l

2m(N —1) 2m' '

and for M = 0, distribution (20) takes the form

(24)

For M = 0 (the usual case in molecular-dynamics calcu-
lations), it is possible to obtain from (19) an analytical
expression for the distribution of momentum moduli:

I

suits coming &om a time average based statistical me-
chanics (a la Boltzmann), providing therefore a further
numerical evidence of the ergodicity of the system.

In what follows we shall present the results obtained
from molecular-dynamics calculations and their compari-
son with the above theoretical results. In the simulations
we have considered some cases in both the microcanon-
ical and the molecular-dynamics ensembles for systems
with a very reduced number of particles (N = 2, 3, 4,
5,. . . ). Referring to the methodology of calculations, all
simulations in the present work were performed by us-

ing the standard technique for simulating hard particle
systems [9]. Also, concerning the assumptions in the sim-
ulations and the presentation of results, we must make
the following remarks:

(1) We assume hard disks (f = 2) with equal radius
and mass. Notice that taking mixtures of disks with dif-
ferent masses or radii would give the same results for the
momentum distribution.

(2) For the sake of simplicity all the quantities consid-
ered are expressed in units of R, m, and B. We also take
E = 1, m = 1, and A = 1 in all the simulations.

(3) The temperature is not a relevant parameter in a
hard particle system.

(4) The density of the system does not affect the func-
tional form of the momentum distribution, it only mod-
i6es the collision kequency.

~MD(P) =
- N —3

N(N —2)p Npz

(N —1)mE~ 2 2m(N —1)
x O(E —{Np'/[2m(N —1)]$). (25)

1.5

(0(p)

N=2

~MD(p) = (2p/m) 8[E —(p /m)], (27)

as one could expect.
Until now we have presented the exact theoretical re-

sults for the momentum distributions of the two consid-
ered systems obtained in the framework of the ensemble
method of Gibbs. The functional form of the density
function is thus a direct consequence of Tolman's princi-
ple of equal a prio~ probabilities. Since we are consid-
ering ergodic systems, these Gibbs statistical mechanics
results (based on phase averages) must coincide with re-

Notice that these expressions are only vahd for N & 3.
For N = 2 one has

~MD(p) = (1/m~) ~(E —{[(M—p)'+ p']/2m)) (26)

and again, for M = 0, the distribution of momentum
moduli is

0.5
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FIG. l. Distribution of moment moduli in the microcanonical
ensemble. Thin line: theoretical result (12). Thick line: simulation
result. Total energy of the system E = l.
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FIG. 2. Distribution of moment moduli in the molecu-
lar-dynamics ensemble. Thin line: theoretical result (25). Thick
line: sixnulation result. Total momentum of the system M = (0, 0).
Total energy of the system Z = 1.

(5) For systems with periodic boundary conditions we
consider the cases M = (0, 0) and M = (1,0) in the
above units.

(6) In order to get reasonable statistics we have con-
sidered runs with 2 x 10 collisions per particle in the
average. We gathered data every N collisions.

(7) The results of the simulations are presented in his-
tograms with bins of a length of 0.02 moment units. In
order to compare with these histograms, the theoretical
results have been discretised in bins of equal length.

In Fig. 1 we have plotted the microcanonical results
corresponding to N = 2, 3, 4, and 10 particles. The
agreement between theoretical and simulation results is
excellent even in the case of two particles.

Figure 2 corresponds to systems with periodic bound-
ary conditions and total momentum M = (0, 0). For the
case N = 2, and because the total momentum is zero,
both particle momenta coincide in modulus and direc-
tion (with opposite sense), so that at the point p = gmE
one obtains a Dirac delta distribution [see Eqs. (26) and

FIG. 3. Same as Fig. 2 except that M = (1,0).

(27)]. For other cases (N = 3, 4, 6, and 10) an excel-
lent agreement with the theoretical expressions is also
observed.

Finally, in Fig. 3 one observes the efFect of taking
M g (0, 0) (i.e. , when the system has a collective mo-
tion). In this figure we present results for the cases
K = 2, 3, 4, and 10. Notice also the very good agree-
ment between the simulation results and those obtained
from numerical integration of Eqs. (26) and (24) over the
angular variables.

To summarize, in this Brief Report we have calculated
theoretically and by simulation the single-particle mo-
mentum distributions for small hard particle systems in
the microcanonical and in the molecular-dynamics en-
sembles. The mathematical proof of the ergodicity of the
considered systems is not a trivial task. In this context
we have given a numerical verification of the ergodicity
of these systems by comparing theoretic (phase average
based) and simulation (time average based) results.
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