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Deterministic spontaneous appearance of traffic jams in slightly inhomogeneous traffic flow
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It is shown that a traffic jam can spontaneously be self-formed in a deterministic way in traffic flow,
i.e., even if fluctuations in traffic flow are negligible and they need not be taken into account. This effect
may be usual for a highway, where traffic flow can always be slightly inhomogeneous due to entering

traffic to on-ramps and leaving traffic to off-ramps.

PACS number(s): 05.40.+j, 47.54.+r, 89.40.+k

I. INTRODUCTION

Experimental investigations of traffic flow have shown
that traffic jams can appear there (e.g., [1]). It may be as-
sumed that an appearance of a traffic jam without obvi-
ous reason could be a local effect. This supposition has
recently been confirmed by the investigations of the local
cluster effect: a self-formation of a local cluster of vehi-
cles in the initially homogeneous traffic flow [2]. This lo-
calized structure can be formed in the initially homogene-
ous traffic flow, if the density exceeds a boundary (thresh-
old) density and a localized fluctuation whose amplitude
exceeds some critical value appears [2].

A homogeneous traffic flow is obviously a hypothetical
state of traffic flow: A real traffic flow on a highway is al-
ways inhomogeneous, for example, due to entering traffic
to on-ramps and leaving traffic to off-ramps. In this arti-
cle, based on numerical investigations of the kinetic mod-
el of traffic flow, it will be shown that a process of a for-
mation of a traffic jam shows qualitatively new peculiari-
ties even in a slightly inhomogeneous traffic flow: A
traffic jam on a highway can spontaneously appear in a
deterministic way, i.e., even if fluctuations are negligible.

II. TRAFFIC JAMS IN INITIALLY
INHOMOGENEOUS FLOW

A. Kinetic model of traffic flow on a highway

The kinetic model of traffic flow on a long road with I
on-ramps and J off-ramps includes the continuity equa-
tion

I J
3p/dt+9q/dx = gi(x —x;t)— 3 ri{x—x;t), (1)
i=1 j=1
the equation of motion [3]
p[dv /3t +vdv /3x 1=p[V(p)—v]/T—c}dp/dx
+ud* /3x? )
and the boundary conditions
v(0,t)=v(L,t), w(0,t)=w(L,t),
p(0,t)=p(L,t) . (3)

In (1)-(3) g (x,t)=p(x,t)v(x,t) is the flux, p(x,t) is the
density (0<p=p), and v(x,t) is the average speed of
vehicles (v=0), w(x,z)=0dv /dx, L is the length of the
road, 7=const, u=const, p is the maximal possible densi-
ty, Vis a safe (‘“maximal and out of danger”) speed which
is achieved in a both time-independent and homogeneous
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traffic flow, where the density will be designated as p,,
the average speed as v,, v,=V(p,), the flux as g,
q,=pnv,. V(p) is a monotonous decreasing function of
p, i.e., its derivative dV (p)/dp =0 [1,4,5]. The depen-
dence g, =Q(p, ), where Q(p)=pV (p), is called the fun-
damental diagram [1,4,5].

Equation (2) formally follows from the Navier-Stokes
equations, to be more precisely, the ‘“Navier-Stokes-like”
equation for traffic flow [3],

pldv /3t +vdv /3x ]=X —9dp /3x +(3/0x )(udv /0x) .
4)

Notice that in traffic flow the meaning of the terms on the
right-hand side of Eq. (4) are completely different com-
pared with classical physical systems. For example, in a
gas, the pressure p as well as the viscosity p appear due to
the variance of the velocity distribution. In traffic flow,
contrarily, the terms 9dp/dx and (9/0x)(udv/0x) are
even present when the variance of the speed distribution
of vehicles is zero. These terms are present due to the
perception, decision making and action of drivers in the
case of an inhomogeneous flow. Therefore, they can be
considered as some kind of anticipation factors. For ex-
ample, the term —3dp /dx causes acceleration of drivers if
the density p decreases and slowing down when the densi-
ty increases (e.g., [5]). This means that the gradient of
the “pressure” should have the same sign as the gradient
of the density: 9p/dx =c3dp/dx, where c¢§>0. The
value cg may be, however, in two limit ranges of the den-
sity nearly equal zero: (i) when the density everywhere on
a road is so low that all drivers move practically with
their “free speed” v, and do not react on a change in den-
sity and (ii) when the average speed due to very high den-
sity is nearly zero and drivers cannot move even if
dp /dx#0. A variety of functions c3(p) that fulfills the
conditions (i) and (ii) can be important in some cases.
However, for the investigations of traffic jams made in
[2,3] and presented here one can use in Eq. (2) ¢5=const
for the following reasons: (a) The range of density (i) is
not relevant for p=p, [2], where traffic jams can be
formed. (b) The range of density (ii) is usually realized in-
side traffic jams, but there we have dp/dx =0. (c) In an
intermediate range of density a possible dependence c3(p)
is not important for qualitative results. The value ¢y may
be considered as the velocity of the propagation of a pos-
sible or of a necessary reaction (i.e., a change in accelera-
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tion or in slowing down) of drivers which is caused by
some local change in traffic flow downstream: The delay
time 7, of this reaction of the drivers on the local change
in traffic flow which is situated at a distance Ax down-
stream is 7, = Ax /cy.

The terms on the right-hand side of Eq. (1) include
entering traffic g; to the on-ramp “/” situated at x =x;
and exiting traffic r; from the highway to the off-ramp
“j” being situated at x =x;. For a road long enough, the
length of the section on which traffic is entering
or exiting the road may be considered as neg-
ligible short. Therefore, it can be assumed
that g;(x —x;,t)=g2(t)p;(x —x;) and ri(x —x;,t)
=rjo(t)¢j(x —x;), where functions ¢;(x—x;) and
#;(x —x;) should be strongly localized near the corre-
sponding on-ramp or off-ramp. q‘ii)Zg,p(t)'f(I)‘cpi(x
—x;)dx or g’=r(t) [ §¢;(x —x;)dx are fluxes from on-
ramps or through off-ramps. For the numerical investi-
gations of the effect of a deterministic formation of traffic
jams, the problem (1)-(3) has been solved. The algo-
rithm of the numerical solution of such a problem has
been described in [3].

B. Deterministic self-formation of traffic jams

The deterministic spontaneous appearance of traffic
jams is linked with the “local breakdown” effect that
starts in transition layers between different levels of the
density in an inhomogeneous traffic flow. We will distin-
guish between two different cases: (i) motionless transi-
tion layers and (ii) moving transition layers. Conditions
of an occurrence of the local breakdown effect in these
two cases are essentially different.

1. Local breakdown effect in motionless transition layers
of inhomogeneous traffic flow

Let us first propose that at time ¢ <O there is an initial-
ly homogeneous traffic flow with some density p,, aver-
age speed of vehicles v,, and the flux g, =v,p,. Obvious-
ly that when, beginning at time ¢ =0, some additional
flux ¢q, =q‘§” of vehicles appears from an on-ramp, traffic
flow becomes inhomogeneous: The total flux ¢, =¢q, +¢q,
causes traffic flow with higher density p,;>p, directly
downstream from the on-ramp [Fig. 1(a)]. If the total
flux g, is held constant, the transition layer, which ap-
pears between the initial value of density p, and the new
higher value of density p,;, does not move [Fig. 1(a)].
When the region of traffic flow, which is formed by the
flux gq,, is wide enough, the density p,, corresponds near-
ly to a point on the fundamental diagram. When the flux
q, is slightly increased, the density p,; is slightly in-
creased, too: It will correspond to a higher point on the
fundamental diagram. This gradual behavior of a change
of the density holds as long as the total flux g, is less than
the value Q_ .. which corresponds to the maximum point
(Qmax>P0) on the fundamental diagram [Fig. 1(c)]. When
the flux g, is increased further, so that the total flux
q,=q,1tq,> Q.. a local avalanchelike change occurs
[Fig. 1(b)]: The density increases and the average speed of
vehicles decreases in an avalanchelike manner in the lo-
calized region that is situated downstream from the on-
ramp.
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Due to such a local breakdown effect, a traffic jam is
formed. The form and the properties of this traffic jam
[Fig. 1(b)] are similar to those found in [2] when a traffic
jam due to an occurrence of a localized fluctuation ap-
peared. On the contrary, the considered local breakdown
effect results in a dynamical local restructuring, which is
not associated with the presence of fluctuations. Fluctua-
tions only make the local breakdown possible even before
the flux g, reaches the critical value Q, ,,, which defines
the local breakdown threshold without taking fluctua-
tions into account [6].

To understand the reasons of the local breakdown
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FIG. 1. A deterministic formation of a traffic jam in motion-
less transition layers: (a) the dependence p(x,t) for the case,
when a traffic jam is not formed because ¢, <Qpnax
(g, =0.696p1 /7, py1=0.1833p, Q.x =0.7035p1 /71, po=0.199p);
(b) p(x,t) for the case, when a traffic jam is formed due to
q: > Qumax(g, =0.7111p1 /7); (c) the fundamental diagram (dotted
line) and the true function g (p) (solid line), corresponding to the
transition layer at t=697, for the case (b). Results of
the numerical investigations for ¢,=2.04971/7, V(p)
=5.0461[(1+exp{[(p/p)—0.25]/0.06}) ' —3.72X 10" 6]l /7
[2,3], L =800/, p, =0.16p (g, =0.660151 /1), the on-ramps are
situated at x; =60/ for (a) and x, =200/ for (b) and (c).
1=\/,u,ﬁ7 T.
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effect, observe that the function p,(qg, ), is S shaped, and
at g, =Q.., we have dp/dg=c [dotted line in Fig.
1(c)]. Recall that the function p,(q,) nearly defines the
relation between values p;, and g, directly downstream
from the on-ramp. When g,=gq;,+¢q,—> Q.. the true
function p;,(g,) in the transition layer downstream from
the on-ramp abuts on this limiting point ¢, =Q ...
Therefore, for g, > Q... [solid line in Fig. 1(c)] the densi-
ty should increase abruptly downstream from the on-
ramp from p,,=~p, [Fig. 1(c)]. This local breakdown nat-
urally results in an appearance of a traffic jam [Fig. 1(b)].

2. Local breakdown effect in moving transition layers
of inhomogeneous traffic flow

When the flux is higher than Q,,, [solid line in Fig.
1(c)], it is quite expected that some kind of ‘“catastroph-
ic” processes will appear in the traffic flow. However, a
deterministic occurrence of a traffic jam can usually be
realized on a highway, even if the flux in the traffic flow
in any region of the road is considerably lower than Q_,..

To show this effect, let us return to the case considered
in Fig. 1(a), where the total flux ¢, < Q,,,, and, therefore,
the local breakdown effect has not occurred. Because in
Fig. 1(a) during the time 0=<¢ <957 the flux g, from the
on-ramp was constant, the transition layer could not
move. In real traffic flow, a flux g, is not usually a con-
stant during a long period of time. For example let us
consider the situation, when

|90 0=1=957
0, t>957

[Fig. 2(a)]. In this case, the transition layer that has been
caused by the entering traffic to the on-ramp during the
time 0 <t <957 [Fig. 1(a)], at t > 957 begins to move [Fig.
2(a)] with a positive velocity,

Vo= (4, =41/ (Pri—Pr)=4a /(P11 —P1) - &)
If the difference p,,;—p, in the transition layer is small
enough, it follows from (5) that for the velocity v,, we can
write the formula,

Ve AU, +pth/dp|p:ph , (6)
where it has been taken into account that g, =v,,p,; and
g, =Vvypy. Although the total flux ¢, <Qp.., a self-
formation of a traffic jam occurs after the transition layer
starts to move (Fig. 2).

Let us discuss necessary conditions of such a deter-
ministic appearance of a traffic jam (Figs. 2(a) and 2(c)].
First notice that directly downstream from the moving
transition layer a deterministic local perturbation of the
density of vehicle occurs [Fig. 2(b)]. Vehicles that reach
the moving transition layer with higher speed v, must
slow down inside the transition layer, where the density is
increasing. To satisfy the safety requirements, drivers ar-
riving at the transition layer slow down more than they
would make in a ‘“‘quasistationary” case, i.e., when the
density were only smoothly changing in space. Such a lo-
cal deterministic perturbation [Fig. 2(b)] can only be seen
directly downstream the transition layer, if a velocity v,
of this perturbation is nearly equal to the velocity of the
transition layer v, i.e., when

9a

Ve =V, - )]
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Indeed, if, for example, v,, were considerably more than
Vg» the local perturbation could not be localized directly
downstream the transition layer and, therefore, the local
breakdown effect could not start. The velocity v, of
small amplitude perturbations in traffic flow can be es-
timated from the formula (e.g., [2,3])

v, =V, —Cg - (8)
At low density, when the derivative |dV /dp| is very
small, we have from (6) v, =v,, i.e., the velocity v,, is
considerably more than v, (8). Therefore, at low density
the condition (7) cannot be fulfilled. When the density is
increased, the derivative |dV /dp| increases, too (e.g.,
[3,4]). Consequently, the velocity v,, (6) decreases and it
can approach the velocity v, (8). Therefore, there should
be the density for which condition (7) is fulfilled. The for-
mula for an estimation of this density can be found from
(7), if (6) and (8) are taken into account,

—(pn /co)dV/dp|p=phz1 . )

The density that follows from (9) approximately coin-
cides, when L is large enough, with the characteristic
value p,; (or p.,) (see the formulas (10) in [3]). For a
starting of the local breakdown effect, besides (9), it is
also necessary that an amplitude of the deterministic per-
turbation exceeds some critical value. The amplitude of
this perturbation is increased if either the density p, or
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FIG. 2. A deterministic formation of a traffic jam in a mov-
ing transition layer: (a) the dependence p(x,t) for the time
t > 957, when g, =0 and therefore the transition layer shown in
Fig. 1(a) begins to move; (b) and (c) the corresponding distribu-
tions p(x) and v(x) in two intermediate moments of time
t;=1137 (b) and ¢, =3007 (c). The other parameters are the
same as in Fig. 1(a).
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the density p,; are increased. For this reason the oc-
currence of the local breakdown effect depends both on
the density p, and on p,;. If p, is considerably lower
than p,;, to start the local breakdown effect, the density
P should be higher than p,,, but this density p,; can be
considerably lower than the value p, [Fig. 1(c)]. The den-
sity p, can be lower than p_;, but it should be higher than
the boundary (threshold) density p, [2].

The local breakdown effect and a deterministic forma-
tion of traffic jams and of other structures in slightly in-
homogeneous traffic flow can be realized not only in mov-
ing transition layers from “low to high” density (Fig. 2),
but also in any other moving transition layers, for exam-
ple, in moving transition layers from ‘“high to low” densi-
ty and in a dense flow p.. <p =<p,,, (Fig. 3), when transi-
tion layers move with a negative velocity.

III. CONCLUSIONS AND DISCUSSIONS

(i) In a slightly inhomogeneous traffic flow traffic jams
can spontaneously be formed in a deterministic way, i.e.,
even if fluctuations in traffic flow are negligible. Such
deterministic self-formation of traffic jams is caused by
the local breakdown effect, which results in a dynamical
local restructuring. The local breakdown can start in a
vicinity of moving transition layers between different lev-
els of the density in the traffic flow.

(ii) Summarizing the results of [2,3] and this article,
one can divide the whole possible range of density into
four regions (Fig. 3): (a) a stable state of a traffic flow,
where any short-time perturbations fade in time, (b) a
metastable state, where traffic jams, including complex
localized structures of a lot of traffic jams, can appear, if
localized fluctuations occur whose amplitudes exceed the
critical value [2], (c) an unstable state, where complex
nonhomogeneous nonstationary structures that cover the
whole road are formed [2], and (d) a metastable state,
where anticlusters [2] and local “dipole layers” [7] can be
formed, if localized fluctuations occur whose amplitudes
exceed the critical value. However, in the ranges
Pc1=p <p. and p,. <p=p., (Fig. 3) traffic flow only for-
mally may be considered as the metastable states.
Indeed, all mentioned types of structures in the range of
the density p.; <p <p., (Fig. 3) can spontaneously appear
in a deterministic way, i.e., even if fluctuations in traffic
flow may be negligible.

(iii) Besides macroscopic (hydrodynamic) traffic flow
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FIG. 3. Diagram of states of traffic flow: (a) dependencies of
the critical amplitude Ap, of localized functions Ap(x) on the
density; (b) states of homogeneous traffic flow (with respect to
the growth of localized fluctuations); (c) types of structures in
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models, there are also microscopic models, where the
behavior of each individual vehicle is taken into account.
In particular, the microscopic approach to traffic flow
based on cellular automation models has recently been
developed (e.g., [8-10]). In this approach, one-
dimensional [8,10] and also two-dimensional models [9]
of traffic flow have been proposed and investigated. As
well as the investigations of the macroscopic model [3],
cellular automation models of traffic low show a transi-
tion from an initially homogeneous to a jammed state.
The recent investigations [10] of the model proposed by
Nagel and Schreckenberg [8] are in good qualitative
agreement with our previous conclusions [2] about pro-
cesses of appearance and disappearance of complex se-
quences of traffic jams.
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FIG. 2. A deterministic formation of a traffic jam in a mov-
ing transition layer: (a) the dependence p(x,t) for the time
t > 957, when g, =0 and therefore the transition layer shown in
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