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We present a detailed experimental and numerical investigation of the directional-solidification
growth patterns in thin films of the CBr4—8 mol% CzC16 alloy, as a function of the orientation of the
(fcc) crystal with respect to the solidification setup. Most experiments are performed with single-crystal
samples about 10 mm wide and 15 pm thick. The crystal sometimes contains small faceted gas in-
clusions, the shape of which gives us direct information about the orientation of the crystal. Numerical
simulations by a fully dynamical method are carried out with parameters corresponding to the experi-
mental system. We find experimentally that, in crystals with a [111]plane (nearly) parallel to the plane
of the thin film, the growth pattern is nondendritic and unsteady over the explored velocity range
(5V, —50V„V,=1.9 pms is the cellular threshold velocity). By studying the time evolution of this
pattern, we establish that it is essentially similar to the "seaweed pattern" characteristic of vanishingly
small capillary and kinetic anisotropies of the solid-liquid interface, recently studied numerically [T. Ihle
and H. Miiller-Krumbhaar, Phys. Rev. E 49, 2972 (1994)]. The building blocks of this pattern are local
structures —pairs of symmetry-broken (SB) fingers called "SBdouble fingers" or "doublons, " and more
complex structures called "multiplets" —whose lifetime is long but finite. We show experimentally that,
in agreement with numerical findings, doublons obey selection rules, but do not have a preferential
growth direction. We furthermore find that "dendritic" doublons also appear in crystals with a (100)
axis close to the pulling direction (thus having a strong two-dimensional anisotropy) above a critical ve-

locity ( =20V, ). The existence and stability of dendritic doublons in directional solidification at high ve-

locity are confirmed by the simulations. Another crystal orientation of interest is that in which two
(100) axes are symmetrically tilted at +45' with respect to the pulling axis. We show experimentally
and numerically that the nondendritic unsteady "degenerate" pattern observed in this case, and previ-
ously noticed by F. Heslot and A. Libchaber [Phys. Scr. T9, 126 (1985)], is qualitatively different from
the seaweed pattern. In crystals close to this orientation, we find experimentally transitions between the
degenerate and the two possible tilted dendritic states. The small amplitude of the sidebranches of den-
drites in our system and the fact that the simulations with a purely capillary anisotropy do not reproduce
these transitions lead us to attribute them to the increasing effect of kinetic anisotropy as the pulling ve-

locity increases.

PACS number(s): 68.70.+w, 61.50.Cj, 64.70.Dv, 81.30.Fb

I. INTRODUCTION

Nonfaceted crystals growing from the melt can assume
a variety of morphologies depending on the conditions of
solidification and the physical properties of the material.
Among the latter, the anisotropic properties of the solid-
liquid interface —capillary energy and/or the kinetic at-
tachment coefticient —play a particular part. It is now
established that this is the anisotropy of these properties
that ensures the stability of the dendrites and determines
their selection rules, i.e., the relationships existing be-
tween their growth velocity, tip undercooling, and tip ra-
dius (for reviews, see, for instance, Refs. [1—4]). This nat-
urally raises the question of the nature of the (necessarily
nondendritic) growth pattern in systems with a vanishing
anisotropy (as identified in viscous fingering experiments

by Ben-Jacob et al. [5]) and of the transition between
nondendritic and dendritic patterns in systems with a
small but finite anisotropy (as observed in free growth of
a discotic liquid crystal by Oswald, Malthete, and Pelce
[6]).

Some theoretical progress has been recently made con-
cerning these questions by means, principally, of numeri-
cal simulations investigating the two-dimensional (2D)
free growth in a channel of a crystal having a fourfold
symmetry axis parallel to the axis of the channel [7—10].
In this configuration, the control parameters are the
strength of the capillary anisotropy s [defined in Eq. (4)
below], the reduced undercooling b„and the width of the
channel I., while the growth velocity V is selected by the
system itself. The first important finding is that, in free
growth in a channel, two branches of stationary states ex-
ist, namely, the well-known branch of symmetric (axial)
fingers and the newly found branch of symmetry-broken
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(SB) fingers, i.e., fingers that are not symmetric about the
axis of the channel. Generally speaking, SB fingers are
favored by a low anisotropy, a high undercooling, and a
large spacing. More precisely, at fixed E., SB fingers only
exist above a critical value 6, of the undercooling, which
increases as s increases [7,10]. A metastability of the two
states (axial and SB) is found within some range of under-
cooling above 6, .

Transients and unsteady permanent patterns could also
be studied with the help of the dynamic numerical code
used in Ref. [7], which solves the fully time-dependent
equations of the problem. The simulations at c=O and
with a large channel width reveal, in the first place, the
existence of very long transients, with a. specific, seaweed-
like aspect. Depending on L and 4, the structure finally
stabilizes in a SB finger or remains permanently unsteady.
In all cases, the building block of the pattern is a (possi-
bly only transient) "SBdouble finger. " It is a local struc-
ture consisting of two SB fingers mirror image of each
other, separated by a narrow groove of liquid of constant
width, called "inner" groove thereafter (Fig. 1). Like
dendrites, SB double fingers obey selection rules (the tip
radius of the twinned SB fingers, the width of the inner
groove, and V are well-defined functions of b, ). However,
contrary to dendrites, the direction of growth of the SB
double fingers is not selected. In simulations at c.=O and
large L„SBdouble fingers are observed to tilt and travel
along the front, without losing their individuality. This
property seems to persist at small but finite s. In Ref. [7]
it was proposed to call SB double fingers "doublons" in
order to emphasize their curious "solitonlike" behavior.
For the sake of brevity, we shall adopt this term in the
following.

In this article, we present a study of the dependence of
the growth pattern on the orientation of the crystal in
thin-film directional solidification of a nonfaceted cubic
crystal, CBr~ doped with 8 mol %%uo C2C16. We shall par-

ticularly focus on the nondendritic unsteady growth pat-
tern, which we find to exist in crystals oriented with one
of their I 111] lattice planes parallel to the plane of the
thin film, with the aim of establishing that this pattern is
essentially the same as the seaweed pattern recently
discovered in numerical simulations. Our results in
directional solidification can be compared with the simu-
lations in free growth simply by exchanging the roles
played by the undercooling and the growth velocity. The
condition of validity of this correspondence ( V much
larger than the cellular threshold velocity V„seeSec. IV
below) is fulfilled in our experiments. We furthermore
carried out numerical simulations using the same com-
puter code as in Ref. [7] adapted to directional
solidification and with parameters corresponding to the
experiments.

In thin-film directional solidification, the geometry of
the experiment is such that changing the orientation of
the crystal with respect to the solidification setup is
equivalent to changing the strength and form of the an-
isotropy of a 20 system. Prior to the presentation of the
results, it is necessary to make some preliminary remarks
concerning this relationship between crystal orientation
and anisotropy. A difhculty that has sometimes been
overlooked in the past is that three independent parame-
ters are necessary to describe the orientation of the crys-
tal with respect to the solidification setup. To take this
fully, and clearly, into account, we shall always regard
the crystal as "misoriented" with respect to some orienta-
tion of high symmetry, in which a lattice plane (hkl) is
parallel to the plane of the thin film and a lattice axis
[uuw] is parallel to the pulling direction (note that
hu+ku+Iw=0). We shall denote this high-symmetry
orientation (Iikl)[uvw] (or Ihkl ] (uuw ) when we refer to
the set of all equivalent orientations). The crystal itself
will be said to be close to the (hkl)[uutU] orientation or
nearly (hkl)[uuw]-oriented. If necessary, its misorienta-
tion with respect to (hkl)[uuw] will be described as a ro-
tation specified by an axis and an angle of rotation. Simi-
larly, we shall call a nearly (hkl)-oriented crystal a crys-
tal presenting a (hkl) plane parallel to the plane of the
sample, the orientation of the pulling axis being
unspecified.

It will be seen below that the kinetic anisotropy plays a
part in our system. We should thus take it into account.
The di%culty is that we do not yet know quantitatively
the respective strengths of the capillary and kinetic corn-
ponents. As usually done in the previous theoretical
work and because only the symmetries of the anisotropy
are relevant for most questions addressed in this article,
we shall model our system by one in which the anisotropy
is of purely capillary origin. Then, the relevant anisotro-
py is that of the surface sti8'ness in the plane of the sam-
ple

FIG. jl. A steady doublon obtained by numerical simulations
in free growth with periodic boundary conditions along the x
axis [7]. Capillary anisotropy, a=0; reduced undercooling,
4=0.7; capillary length, do =0.434. Lengths are given in units
of the grid spacing hx (see Sec. IV).

r(a) =y(n)+ a') (n)
Ba

where y is the orientation-dependent surface tension of
the solid-liquid interface, n is the unit vector normal to



SYMMETRY-BROKEN DOUBLE FINGERS AND SEAWEED. . .

the interface (n is lying in the plane of the sample), and a
is the angle between n and the pulling axis. What we
need to describe is how the function r(a ) [called the r(a )

plot thereafter] depends on the orientation of the crystal
with respect to the solidification setup. The two major
experimental facts that the model must reproduce are
that, over the whole explored velocity range (about
10—100 pm s ), (i) in [001j-oriented crystals, dendrites
grow along the ( 100) directions of the crystal, and (ii) in
[111j-oriented crystals, the growth front assumes the
seaweed pattern characteristic of a low anisotropy level.
The function of n of lowest degree consistent with the
symmetry of the crystal and accounting for both facts is

FIG. 2. Seaweed pattern in a nearly [111]-oriented crystal.
The growth direction is upward, as for all the photographs in
this article. The pulling velocity V=64 pm s '( =33.7Vcs).

f4(n) =n, +n 2+n 3, (2)

which is equivalent to the fourth-order cubic spherical
harmonic (see the Appendix). We shall therefore assume
that the orientation dependence of y is the same as that
of f4:

(3)

where yo is the average value of y. This leads, for the
[001 j (100) orientation, to

r(a) =re[1 —E cos(4a)], (4)

which is the formula assumed in most previous theoreti-
cal work, and, for the [ 111j orientation, to r(a)=const
(independent of a ). Equation (3) is of course only meant
to be an approximate description of the anisotropy of our
system. In particular some "remnant" sixfold anisotropy
is probably present in the [111j planes. However, it will
be seen that this approximation satisfactorily accounts
for all the observations presented in this article.

Let us end this introduction with a rapid survey of the
original results provided by this study. Some indications
about the experimental methods are given in Sec. II. The
experimental observations are presented in Sec. III and
the numerical results in Sec. IV.

In Sec. III A, in order to characterize our experimental
system, we present a brief study of the dendritic regimes
in crystals close to the standard (001)[100] orientation, at
intermediate velocities ( V (20 V, ). We find that the
effect of kinetic anisotropy on the shape of the dendrites
is noticeable in the CBr&-C2C16 system, as previously sug-
gested by Classen et al. [11].

In Sec. III 8, we turn to the case of nearly [ill j-
oriented crystals. For such orientations, for V ranging
from about 5V, to 50V„ the growth pattern is the
seaweed morphology illustrated in Fig. 2. We study the
time evolution of this pattern and establish that it is a set

of quasistationary "seaweed cells, " each cell being occu-
pied by transient doublons, and multiplets, in conformity
with the predictions of numerical simulations at vanish-
ing anisotropy. Steady symmetry-broken structures were
previously observed in various systems ("anomalous
pairs" in directional viscous fingering [12], "doublets" in
directional solidification of a succinonitrile-based alloy
[13]), but their shape and domain of existence are
markedly different from those of the doublons studied
here.

In Sec. III C, we return to the case of crystals close to a
[001j(100) orientation and show that, in this orienta-
tion, there exists a velocity threshold (about 20V, ) above
which "SB double dendrites" or "dendritic doublons"
coexist with dendrites, again in conformity with theoreti-
cal predictions. We study the dynamics of the corre-
sponding unsteady regime (Fig. 3). We are not aware of a
previous observation of dendritic doublons in directional
solidification, but dendrites with a split tip have been ob-
served in free growth in several different systems [14].

In Sec. III 0, we consider the "degenerate" orientation
[001 j ( 110), in which two (100) directions are symme-
trically tilted at +45' with respect to the pulling axis. In
succinonitrile crystals with this orientation, Heslot and
Libchaber have previously noticed the existence of a
"chaotic" pattern [15]. We confirm the existence of an
unsteady pattern, at low velocities (V(7V, ) (Fig. 4).

FICx. 3. Doublons in a nearly [001}(100)-oriented crystal.
V=103 pm s '=27Vc& (C =4% in this experiment).
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FIG. 4. Degenerate pattern in a nearly [001]( 110)-oriented
grain. V=7 pm s ' (=3.7Vcs}.

FIG. 5. Sketch of the thin-film directional-solidification set-

up: x, lateral direction; y, growth direction; z, transverse direc-
tion.

With the help of the numerical simulations presented in
Sec. IV, we establish that the specific local feature of this
degenerate regime is a finger tilted at about +23. The
degenerate pattern is thus qualitatively different from the
seaweed one.

As a conclusion of the experimental section, we present
empirical stability diagrams of the CBr4-8% C2C16 sys-
tem, displaying the observed growth pattern as a function
of the reduced pulling velocity and the orientation of the
crystal (Sec. III E).

Section IV is devoted to the results of numerical simu-
lations in 2D directional solidification. The three above-
mentioned typical orientations ( [001](100), [111],and
degenerate) are considered in turn. The qualitative agree-
ment between experimental observations and simulations
is very good. Some experimentally observed secondary
transitions (not mentioned above) are not reproduced by
the simulations. This discrepancy gives us some insight
into the effects of the kinetic anisotropy on the competi-
tion between difFerent growth patterns.

II. KXPKRIMKNTAL METHODS

I.et us briefly describe the experiments (Fig. 5). The
sample is made of two parallel glass plates enclosing a
thin fibn of a transparent alloy. This sample is placed be-
tween two ovens imposing an external, fixed thermal gra-
dient G. The temperatures of the ovens are chosen in
such a way that the solid-liquid front is located in the gap
between the ovens and can thus be continuously observed
with an optical microscope. A motor pulls the sample to-
wards the cold oven at a constant velocity V. In a per-
manent regime, this pulling velocity is necessarily the
average growth velocity of the front. Prior to pulling, the
sample is held at rest in order to homogenize the concen-
tration in the liquid ahead of the interface. The onset of
pulling is followed by an instrumental transient, consist-
ing of a slight readjustment of the temperature distribu-
tion in the sample. The time constant of this transient is
about 12 s, independent of V. This transient is superim-

posed on the diffusive initial transient, whose time scale,
given by the diffusion time rd = ld /V, where ld =D /V is
the diffusion length (D is the diffusion constant in the
liquid) is generally much shorter than 10 s at the pulling
velocities considered in this article.

The dimensions of the samples are as follows. The
thickness of the thin film is nominally that of the two
poly(ethylene terephthalate) (PET) stripes serving as
spacers between the two glass plates (12 pm). The useful
length in the pulling direction is about 20 mm, the total
length being 70 mm. The lateral width, limited by the
PET stripes, is about 10 mm. The field of view on the
video screen at the magnification used is about
600X500 pm . This limits the size of the region of the
front that can be followed continuously in time. To visu-
alize the whole front, we must displace the X-Y stage un-
der the microscope. In the experiments, the diffusion
length is at most 200 pm, thus much smaller than the
length of the sample. In some samples, the glass plates
are bent in such a way that, near the middle of the sam-
ple, the thickness of the thin film is much smaller than
12 pm. We made use of such samples to check that 3D
effects —which are obviously present —are unimportant
as far as the qualitative conclusions of this study are con-
cerned.

The CBr4-C2C16 alloy is known to solidify in a fully
nonfaceted way [16]. The observations reported below
have been performed at one concentration C„=0.08.
This value, which is just below the limit of the eutectic
plateau of the alloy, is so chosen as to minimize the criti-
cal velocity V, . At this concentration, the structure of
the crystal is face-centered cubic. We shall not repeat
here the details about the purity of the products, which
can be found elsewhere together with other experimental
details [17]. The physical properties of the CBr4-C2C16
alloy relevant for the solidification are reproduced in
Table I. They include the melting point T of pure CBr4,
the slope m of the liquidus, the partition coefficient K, the
capillary coefficient ao appearing in the Cxibbs-Thomson
equation, and D. In Table II, we give the values of the
main characteristic quantities intervening in experiments.
These are the temperature of the liquidus
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TABLE I. Physical constants of the CBr~-C2C16 alloy [17]
(for a definition of the symbols, see the text).
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TABLE II. Values of some quantities characterizing the ex-
periments (for a definition of the symbols, see the text).

C„
(mol %)

6
(K cm ')

80

6Tp
(K)

270

dp

(pm)

0.054

~cs
(pm s ')

1.9

T~;
= T —mC, the thermal gap 6Tp=m(K—1)C, the thermal length l,h=b. Tp/G, the capillary

length dc =ap/ETp and Vcs =D/l, h (CS stands for con-
stitutional supercooling), which we can assume to be a
good estimate of V, . The relative uncertainties on these
values are in the range 10—20 %%uo.

Near their melting point, crystals of CBr4-C2C16 are fcc
plastic solid solutions. They undergo a plastic-to-
nonplastic transition at about 43'C. The occurrence of
this transition prevents one from using such methods as
an a posteriori determination of crystal orientations by x-
ray diffraction, or seeding of the liquid with preoriented
crystals. Consequently, the following methods are used
to control the microstructure of the solid in our samples.

At the time when the samples are ready to be placed in
the directional solidification setup, they are fully crystal-
lized. When introduced into the setup, they partly melt,
the solid-liquid front settling at the position where the
temperature is Tj;„.At the end of this process, the front
is polycrystalline and generally contains about ten grains,
apparently random in orientation. Grain boundaries are
revealed by the cusps they form at the interface. Each
time the sample is remelted, a new set of about ten ran-
domly oriented grains is obtained. In this way, any
desired orientation can be obtained, at least approximate-
ly.

With such polycrystalline samples, it is possible to ob-
serve the morphologies corresponding to different orien-
tations under strictly identical growth conditions. The
reduced undercooling 5=(T T„)/b,Tp of—the most ad-
vanced point of the pattern is an important variable. It is
exactly 1 at the planar front (which settles at
T= T —mC„/K) and less than 1, but still of order 1, at
the cell or dendrite tips. Absolute measurements of 5 are
possible, but dificult to perform and not very precise. On
the other hand, it is easy to measure the difference of un-

dercooling 56 between the patterns in neighboring grains
with a good accuracy (about 10 ).

On the other hand, experiments with single crystals are
achieved as follows. A channel narrower than the typical
width of the initial grains is formed by cutting the PET
spacers in such a way as to delimit a funnel-shaped free
space (Fig. 6). After the crystal has spread out laterally

j
= 100 N,m

FIG. 6. Sketch of the method of obtaining single crystals (L,
liquid; S, solid).

over the whole width of the sample, the pulling is stopped
in order to homogenize the liquid and check that no
grain boundary emerges at the solid-liquid interface.
These experiments have shown that the size of the grain
is by no means an important factor, as far as the charac-
terization of permanent structures is concerned, provided
the grain size is larger than about five spacings of the pat-
tern. In other words, the width of the perturbed region
about the grain boundaries does not exceed two spacings.
It is worth noting that this observation (like many others)
indicates that phase diffusion is extremely slow in all
deep-cell regimes.

Experiments with single crystals have evidenced that
subgrain boundaries are created in the crystals during the
growth (polygonization during growth). It is observed
that a growth front initially free of grain-boundary cusps
always bears some very shallow ones after a high-velocity
pulling. These correspond to subgrain boundaries with
very small misorientations. We do not know with cer-
tainty the mechanism by which these defects are created.
It is probably similar to the one recently discovered ex-
perimentally by Grange et al. in the directional
solidification of Al-Cu crystals [18]. In brief, these au-
thors show that bundles of dislocations are attached to
the bottom of the liquid grooves between the cells. From
time to time, for some unknown reason, one of the bun-
dles emits a subgrain boundary across one of the neigh-
boring cells, which then becomes misoriented with
respect to the others. The corresponding misorientations
are less than 0. 1'. Such small misorientations are not like-
ly to have a large inAuence on the growth patterns. How-
ever, we shall show below (Sec. III C) that, after a long
time of pulling, an accumulation of very-small-angle
subgrain boundaries has occurred, leading to misorienta-
tions large enough to significantly perturb the
solidification dynamics.

In thin-film directional solidification, it is common
practice to deduce the orientation of the crystal from the
characteristics of the growth pattern, for instance, the tilt
angle of the dendrites. In the present study, first, we ex-
tend this method by correlating more systematically the
three orientation variables with the nature of the pattern.
Second, we cross-checked the results of this correlation
by making use of the occasional existence of small
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FIG. 7. Partly faceted residual-gas inclusions in a nearly

[ 111I-oriented crystal. Note that the orientation of the facets is
the same in all the inclusions.

residual-gas inclusions in our crystals [17]. It was shown
by Pavlovska and Nemow [19] that a gas bubble included
in an isothermal crystal of CBr4 becomes faceted below
about 80'. Since facets have a definite crystallographic
nature, one can deduce the orientation of the crystal in
the laboratory frame from the image of a faceted bubble
enclosed in it. Our samples are not isothermal, but sub-
mitted to a thermal gradient. Consequently, the gas in-
clusions are not at rest, but migrate towards high temper-
atures [20] (their migration velocity is about 0.2 jMm s ).
Nevertheless, the part of the interface that is concave
with respect to the direction of migration is faceted. By
studying the shape of such bubbles in various grains, we
reached the conclusion that the largest facets lie on the

I 100] lattice planes. We are thus in a position to deter-
mine in situ the orientation of the growing crystal if it
happens that a gas bubble is trapped in it. The accuracy
of the method is about +2'. Figure 7 shows bubbles in-
cluded in a crystal, which, on solidification, exhibited a
seaweed pattern. The 120' angles between the facets of
the bubbles confirm that a t ll1 I axis is normal to the
plane of the sample (a more precise analysis shows that
the deviation from the I 1 1 1 j orientation is less than 3 ).
The same type of direct confirmation of the orientation of
the crystal could be obtained for [001 ] ( 100 ) - and

I 001 I ( 110)-oriented crystals.

III. EXPERIMENTAL RKSUI.TS

A. Dendrites in crystals
close to the standard (001)[100]orientation

In the velocity range 10—40 pm s ', for most orienta-
tions of the crystal, the growth pattern is dendritic and
stationary (apart from slow rearrangements of the spac-
ings, which we need not to consider here). Most general-

r(a ) = ro[1 —E cos4(a ao) ], — (5)

where E is the (orientation-dependent) effective anisotro-
py level and ao the angle of the first minimum of ~ to the
pulling direction. In the perfect (001)[100] orientation,
uo=0 and c. takes its highest possible value EM. A rota-
tion of the crystal about the [001] axis ("in-plane"
misorientation) changes ao, but not E (which remains
equal to E~). The misorientation must include a rotation
about [010] ("off-plane" misorientation) for E to be small-
er than e,~. It is then clear that, since R is a decreasing
function of c. at fixed V, the oF-plane misorientation is
small in the grains of the first group and large in the
grains of the second group. From the known orientation
of some grains, we can deduce that, for its eAect to be
measurable; the off'-plane misorientation must be larger
than 20.

Figure 8 shows the proNe of dendrites in a grain with a
small o6'-plane misorientation at two di6'erent velocities
(13 jLim s '=6 8Vcs and 35 jMm s = lgVcs). The cor-
responding values of various quantities of interest are

ly, the dendrites are tilted, i.e., they drift along the front
at a constant velocity V&. We measured the (in-plane) tip
radius R of the dendrites, by fitting a parabola onto their
profile, and their tilt angle /=tan '(Vd/V), as functions
of V in a series of grains. In some of them, the orienta-
tion could be deduced from the shape of a gas inclusion
in the solid. The main conclusions of this study are as
follows.

In all grains, in conformity with the well-known prop-
erties of dendrites in directional solidification, R is a de-
creasing function of V. In the grains in which dendrites
are tilted, P increases as V increases, approaching a con-
stant value P„,which is practically reached at about
10Vcs [21,22]. In all cases in which the orientation of the
grain is known, we verified that, within experimental un-
certainty, P„=ao,where ao is the angle of the pulling
direction with the projection of a (100) axis in the plane
of the sample. Large values of P„(30'—55') are frequent.
Grains with values of P larger than about 30' will be left
aside for the moment and considered later on in Sec. III
D.

Concerning the profile of the dendrites, we find that
the majority of the grains can be divided into two groups
according to the following criteria. The first group con-
tains grains in which, at fixed V, R has the same value
RM, independently of P. In the second group, R is larger
than RM and is grain dependent. From the selection
rules established numerically in directional solidification
for capillary [23] as well as for kinetic [11]dendrites, it is
clear that the anisotropy is at its highest possible level in
the first group, while it is weaker, and orientation depen-
dent in the second group. This can be easily rationalized
if it is admitted that the orientation dependence of the
strength of the anisotropy, either capillary or kinetic, is
well described by the fourth-order cubic spherical har-
monic. Let us assume, as above, that the anisotropy is of
purely capillary origin. For orientations su%ciently close
to (001)[100],r(a) can be approximately described by (see
the Appendix)
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TABLE III. Values of some characteristic properties of the
dendrites shown in Fig. 8 (for a definition of the symbols, see the
text).

Case

Figure 8(a)
Figure 8(b)

V

(pm s ') (pm)
R

(pm)

7.0+0.5
4.5+0.5

(deg)

given in Table III. They indicate that the in-plane
misorientation of the grain is about 7'. For comparison
with the literature, it is worth mentioning that
R V=700+100 pm s ' and d, lz/R =0.06
+0.01. These values are not very different from those
previously found by other authors in CBr -bas d 11

„'2425&, 5~. However, we observed that the dendrite profiles
rapidly deviate from the parabola, this deviation being
more pronounced as the velocity is increased. This is il-
lustrated in Fig. 8(b), which shows that, at 35 pm s
the shape of the dendrite tip is quasitriangular. Further-
rnore, at 13 and 35 pm s ', although the spacing is large
()3ld), sidebranches are hardly visible. According to
numerical simulations by Classen et al. [11], these

features are most probably attributable to kinetic effects
(Mergy et al. [17] formerly stated that no kinetic effect is
detectable on the recoil of the planar front at low pulling
velocities; this does not contradict our present con-
clusion, since Classen et al. point out that a strong effect
of the kinetic anisotropy on the shape of the dendrite is
compatible with a very small average value of the kinetic
coeKcient).

Figure 9 shows a dendrite in a grain with a strong off-
plane misorientation (the analysis of the shape of a gas in-
clusion showed that this grain is in fact relatively close to
a [111] orientation, the angle between the I111I plane
and the plane of the sample being about 7'), at practically
the same velocity as in Fig. 8(a). It can be seen that this
dendrite bears much larger sidebranches than those in
nearly (001)[100]-oriented grains, which, according to
Ref. [11], probably means that the anisotropy of the
kinetic coeKcient decreases as the off-plane misorienta-
tion increases. This is clearly compatible with the kinetic
coefBcient varying with orientation as the fourth-order
cubic spherical harmonic.

4

Finally, we measured the differences of reduced under-
cooling between (001)[100] and off-(001)[100] dendrites.
The latter invariably have a higher undercooling than the
former, the difference being at most 0.10. We did not at-
tempt to measure the absolute value of A. We recall that
the reduced tip undercooling of a purely capillary den-
drite can be approximately calculated from the geometri-
cal Peclet number Pe = VR/2D with the help of the
Ivantsov relationship [see Eq. (11) below]. The value
ound in this way for the (001)[100] orientation is

61 =0.5 at V=35 pm s
U

Further, careful studies would obviously be necessary
to determine more quantitatively the strength of the
capillary and kinetic effects. Fortunately, for accounting
for the preceding results, it is sufhcient to know that the
anisotropy, whatever its nature, is well described by the
fourth-order cubic spherical harmonic. In the calcula-
tions presented in Sec. IV, we use the value c.=0.12 of
the coefficient of capillary anisotropy, which is such that
the tip radius of the calculated dendrites is the same as

/gal«
Pgga

"«j&i:, ~

'
XyP

'g: ':."«

FICx. 8. Dendrite tips in a nearly [001I (100)-oriented crys-
tal (see Table III). (a) V=13 pm s '; (b) V=35 pm s

FICr. 9. Dendrite tip in a crystal relatively close to a [111I
orientation (off-plane misorientation angle =7 ). V= 14
pms
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FIG. 11. Grain boundary between a tilted-
dendritic grain and a seaweed grain.
V=29 pm s '

( = 15Vcs ~.

likely, that "multiplets" also exist, in addition to doub-
lons. By multiplet we designate a local structure consist-
ing of (at least) two narrow grooves running close to each

th for very long times. Stationary multiplets have been
found in previous numerical simulations [7]. A multip et
(here, a triplet) can be seen, for instance, in Fig. 17.
Moreover, the ST diagram in Fig. 12 indicates that multi-
plets are frequent when the seaweed cells are wide
(L &5).

Let us now consider the question of the stability of
doublons. In a seaweed cell, doublons are observed to ap-
pear through a tip-splitting instability at a point that is
generally not the foremost one of the front. The initia
growth direction of a doublon thus created is roughly

10

parallel to the local normal to the interface. So, in gen-
eral, the doublon is tilted and after some time reaches the
nearby wide groove in which it disappears, being advect-
ed along it (see Fig. 17). Almost immediately, a tip-
splitting instability again takes place, giving rise to a new
doublon (there seems to exist conditions under which this
process of elimination or creation of doublons is a quasi-
periodic one; see Fig. 20). Even doublons that, within ex-
perirnental accuracy, seem axial (Fig. 15) become pro-
gressively tilted after a relatively long period of apparent
stability and are eliminated. From these observations, it
is natural to conclude that doublons are unstable to tilt-
ing and that this instability of a peculiar nature is respon-
sible for the unsteadiness of the seaweed pattern on the
scale of a seaweed cell.

The numerical simulations performed in directiona 1

solidification at E=O (see Sec. IV) show patterns consist-
ing of doublons. After a simulation time of the order of
20~d, the pattern is still unsteady, especially at the lowest
velocity explored. In addition, our observed permanent

25

~ M 4

0 ~ 50 100 150 200 250 300
x ()tm)

FIG. 12. Spatiotemporal diagram of the seaweed pattern
shown in Figs. 2 and 10(c). V=64 pm s '

( V= 34Vcz',
ld =7.8 pm; ~d =0.12 s). The trajectories plotted are those of
the centers of the liquid grooves. Thick lines, wide grooves;
thin lines, narrow grooves. The reference line is 10 pm behind
the foremost point of the front. The time interval between mea-
surements is 0.5 s. The record begins about 30 s after the onset
of the pulling, which ensures that instrumental and diffusive
transients are finished.

1O- I--

5

0 50 100 150 200 250 300 350

x (p.m)

FIG. 13. Same as in Fig. 12. For clarity, the trajectories of
the narrow grooves are not displayed. Dashed frame, region
shown in Fig. 12.
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pattern much resembles the numerical transients found in

Th
free growth in a channel at c=O large I. and l

e fact that, in the latter simulations, the system even-
tually settles in a steady state is probably due to the con-
straints imposed on the system, i.e., either rigid walls
with rejecting conditions (the steady state is then a SB
finger running close to one of these walls) or periodic
boundary conditions (the steady state is a periodic array
of axial or tilted doublons) [7,26].

Ql K;

I ~ ~ s

Ssss s i

?.

2. Transformation of the pattern at lotv velocity

The above characterization of the seaweed pattern
poses no problem as long as the distinction b t d
and narrow grooves is clear. This distinction becomes
less and less so as V decreases. Figure 18 shows a
seaweed grain (not the same as in Fig. 10) at velocities

pond' g to 2 1Vcs 4 5Vcs and 17Vcs. T
sponding ST diagrams at 2. 1Vcs and 4.5V are given i

igs. 9 and 20 (a slow lateral drift of the seaweed cells
can be noted; it will be considered in the next subsection).
At V=4 5V hA V=4. Cs, the pattern is of the seaweed type, as evi-
denced by the clear contrast between wide and narrow
grooves in the ST diagram. On the contr ar at
V=2. 1 V h'this distinction can no longer be made.

e con rary, at

Some branchings are indeed observed in the ST diagramiag ram,

FIG. 15. A seaweed cell containing one doublon whose life-
time was about 30 s ( =60~d ). V=32 pms ' (=17V ).CS

but it is not clear whether they correspond to transient
doublons, as in the seaweed regime, or to the creation of
new cells belonging to the branch of symmetric solutions.

A "transition" is thus taking place at some velocity be-
tween 2. 1Vcs and 4 5Vcs- This fact in itself is not
surprising. Approaching the cellular threshold, one

s

200

160-

120:—

80:—

40—

0 s ~

0

II

II II

~ s I s s ~ ~ I ~ ~ ~ s i s ~ s s I s s ~ ~ I ~ ~ ~ s s s s

10 20 30 40 50 60
V (p.ms ')

70

10

0
0

0.6

10

4I

0

4I

I » s s I

20 30
V (p,m s ')

40
s s

50

12 .-
10-

8—

4-
2-

~ ~ ~ I s s s s } ~ s s ~ ~ s s c ~ ~ ~
/

s s ~ ~
/

s s s s

0.5

0.4—

0.3—

0.2—

0.1—

4I 4I

0

o~

0
0

I. . . . I. . . . I. . . . I I. . . . I. . . . I

5 10 15 20 25 30 35 40

V/V„

'0 5
1

10
V/V

15
I

20

FIG. 14. Seaeaweed-cell spacing A, as a function of velocity: (a)
absolute values (b), ( ) reduced values. Squares, average values; ex-
tremities of the bars, upper and lower stability bounds.

FIG. 16. Width W of the inner grooves of doublons as a
function of velocity. 0, experimental measurements; o, numeri-
cal simulations in directional solidification; Q, numerical simu-
lations in free growth. (a) Absolute values. (b) Reduced values.



SYMMETRY-BROKEN DOUBLE FINGERS AND SEAWEED. . . 4761

FIG. 17. Enlarged view of a seaweed pattern.
V=32 pms ' (=17Vcs). Note, from left to right, a doublon

joining a wide groove, a newly created doublon, and a triplet
structure.
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FIG. 19. Spatiotemporal diagram of the pattern shown in
Fig. 18(a). V=4 pm s (V=2. 1Vcs; ld =125 pm; v.d =31.3 s).
The trajectories of the two sides of the grooves are represented.
The time t =0 corresponds to 200 s ( =7~d ) after the onset of
the pulling. Hatched regions, solid phase. The reference line
was 20 pm behind the foremost point of the front. The time in-
terval between measurements is 10 s.
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enters the domain in which the stabilizing role played by
the thermal gradient is certainly not negligible (this
domain is that of the so-called cell-to-dendrite transition,
in strongly anisotropic grains). The unexpected fact is
that the regime observed at 2. 1Vcs is unsteady, while a
steady cellular regime is expected to exist just above Vcs.
This point is currently under study.
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Flax. 18. The low-velocity transition in a nearly [111I-
oriented grain. (a) V=4 pm s '

( =2. 1 Vcs ). (b) 8.5

pms ' (=4.5Vcs); (c) 32 pm s ' (=17Vcs)

FIG. 20. Spatiotemporal diagram of the pattern shown in
Fig. 18(b). V=8.5 pm s ' (V=4.5Vcs,' id=58. 8 pm; 'Td —6.9
s). The time t =0 corresponds to 155 s ( =22~d ) after the onset
of the pulling. In the dashed frame a quasiperiodic behavior is
shown.
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3. Tilted seaweed patterns

We mentioned above that the seaweed pattern shown
in Fig. 18 is slightly tilted. A clearer example of tilted
seaweed pattern is given in Fig. 21. It can be seen that, at
high velocities [Figs. 21(b) and 21(c)], the wide grooves
limiting the seaweed cells have a tilted trajectory (tilt an-
gle = 10'), while the directions of the transient doublons
and multiplets seem unaffected by the drift of the seaweed
cells. On the other hand, the low-velocity transition
mentioned in the preceding subsection is more pro-
nounced and occurs at a higher velocity ( =7Vcs ) in the
case of tilted seaweed patterns [Fig. 21(a)].

We observe that the tilt angle of the pattern is a well-

defined property of the considered grain. It is most prob-
ably due to the breaking of the underlying crystallo-
graphic symmetry of the system. This means that, in
crystals exhibiting a tilted seaweed pattern, (i) the anisot-
ropy is not strictly zero and (ii) the orientation is such
that no mirror plane is normal to the growth front. For
clarity, let us reintroduce the orientation variable ( uvw )
and choose (111)[112]as the high-symmetry orientation
to which misorientations are referred. In this orienta-
tion, the (110) niirror plane is perpendicular to the
growth front. It is very probable that, in this orientation,
the seaweed pattern is nontilted and remains so for
(slight) off-plane misorientations corresponding to a rota-
tion about the [110]axis. On the contrary, they are tilt-
ed if the misorientation has an in-plane component break-
ing the symmetry about the (110)plane. Experimentally,
some grains exhibiting a tilted seaweed pattern contained
gas inclusions, allowing us to note that they had a
significant off-plane misorientation ( =3'). It thus seems
(but a direct proof is lacking) that the remnant sixfold an-
isotropy in the I 111] plane is not sufficient to induce a
tilting of the pattern, when the pulling axis is not along
the [112]axis.

In fact, with the help of grains containing faceted bub-
bles, we could establish that the maximum off-plane
misorientation angle beyond which the pattern no longer
belongs to the seaweed type is less than 5'. Such a small
range of existence of the seaweed pattern is in agreement
with the calculations reproduced in the Appendix, show-
ing a rapid increase of c. as the misorientation with
respect to [111]increases (see Fig. 35). The type of pat-
tern observed for off-plane misorientations larger than 5'
is either dendritic (as in Fig. 9) or degenerate according
to the exact nature of the misorientation (this will be ex-
plained in some detail in Sec. III E). In one grain —thus
at fixed orientation —we observed an abrupt transition
from a tilted seaweed pattern at V lower than about
16.8 Vcs (32 pm s ') to a degenerate pattern at larger V.
The grain in which this transition was observed presum-
ably had a relatively large misorientation and thus a
non-negligible kinetic anisotropy. If this is true, increas-
ing V was qualitatively equivalent to increasing the
effective anisotropy, which can explain the occurrence of
the seaweed-to-dendrite transition.

C. Doublons in strongly anisotropic grains

1. Dendritic doublons at high velocity

FIG. 21. Tilted-seaweed morphology in a crystal close to (but
not exactly in) the (111) orientation. (a) V= 12.5
pms ' (=6.5V ); (b) V=19.6 pms ' (=10.3Vcs)' (c)
V=32 pms ' (=16.8Vcs)

We now return to grains with a strong anisotropy. In
these grains, we observed that doublons composed of two
symmetry-broken dendrites appear above a velocity
threshold of the order of 20Vcs. Figures 22 and 23 show
the growth front in such a grain during two successive
runs at V= 54Vcs. The ST diagram corresponding to the
second run is displayed in Fig. 24. A faceted bubble was
included in this grain, allowing us to determine its orien-
tation. By calculating the r(a) plot in the approximation
defined by Eq. (5), we find E/v~=0. 6 and ao=2' to the
left. At V=8.4Vcs, the growth pattern is the standard
dendritic one, already studied in Sec. III A. At
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V=54V&s [Fig. 22(d)], an unsteady pattern is observed,
which contains well-defined quasistable doublons. At the
intermediate velocity V=18Vcs, doublons are transitori-
ly observed, indicating that the threshold velocity for the
existence of doublons is slightly below this velocity, in
this grain.

The fact that, at finite c,, doublons only appear above a
threshold velocity and then coexist with dendrites is in
agreement with the predictions of the dynamic simula-
tions in free growth. In the above experiment, we more-
over observed that (i) at V= 54V&s, the total width of the
doublons, reduced by the diffusion length, is about 20,
larger than the stable reduced spacings of single dendrites
by a factor about 2.5; (ii) the reduced width of the inner
groove, although dificult to measure, is clearly less than
1; and (iii) the tilt angle of the doublons is not constant,
contrary to that of the nearby dendrites (Fig. 24). These
features are similar to those of the doublons observed in

t 111I -oriented crystals. There are, however, some
differences and it is perhaps necessary to give a special
name —"dendritic" doublons or double dendrites —to

FIC'r. 23. Same grain as in Fig. 22. Second run at V=103
pm s '. The tilt angle of the dendrites is 5'+2 . This figure cor-
responds to t =90 s in the ST diagram shown in Fig. 24. Note
the source operating by a tail-instability mechanism next to the
doublon.

the doublons observed in dendritic grains. In particular,
(i) the tips of the SB dendrites forming the dendritic
doublons retain the triangular shape of the symmetric
dendrites and (ii) dendritic doublons are tilted (on aver-
age) to about the same angle as dendrites (see Figs. 23
and 24), suggesting that the strong anisotropy of the crys-
tal forces them to remain close to a ( 100) axis.

2. Interaction with subgrain boundaries

The appearance of doublons above about 20Vcs coin-
cides with the fact that the pattern as a whole becomes
unsteady (Fig. 24). In order to gain some insight into the
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FIG. 22. Crystal close to the (001)[100] orientation. Initial
transient of the first run at V= 103 pm s '

( V=54Vcs,'
Id=4. 9 pm; ~d=0.05 s). (a) t=O s (onset of the pulling); (b)
t =6.4 s; (c) t =8. 1 s; (d) t =42 s. Note the dendritic doublons
in the middle and the multiplet on the right. The tilt angle of
the dendrites is about 2, with a negligible dispersion.

FICx. 24. Spatiotemporal diagram of the pattern shown in
Fig. 23 ( V=103 pm s '). The trajectories displayed are those
of the (normal and SB) dendrite tips. The time t=0 corre-
sponds to the onset of the pulling. The duration of the initial
transient is about 40 s. Arrows, creation of new dendrites by
the tail-instability mechanism.
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origin of this unsteadiness, we have carefully studied the
long-time dynamics of the high-velocity regime. Unex-
pectedly, and contrary to seaweed patterns, this dynamics
turns out to be controlled (or at least strongly infiuenced)
by polygonization during growth. The investigation of
the latter phenomenon is beyond the scope of this article,
but it is necessary to brieAy characterize its impact in or-
der to establish that the observed coexistence between
dendrites and doublons is intrinsic of the growth dynam-
ics of the (perfect) crystal.

Initially, the grain considered here (Figs. 22 —24) was a
perfect single crystal. Four successive runs, separated by
partial meltings, have been carried out on it, at

8.4Vcs, 18Vcs, 54Vcs, and again 54Vcs. The suc-
cessive stages of the initial transient of the first run at
V=54Vcs are shown in Fig. 22. The front at rest seems
perfectly planar [Fig. 22(a)], but actually bears very shal-
low cusps, which were created during the run at 18Vcs.
As could be expected, they are the sites where the desta-
bilization of the planar front begins [Fig. 22(b)]. More
unexpectedly, a doublon forms at each subgrain bound-
ary in such a way that the subgrain boundary becomes at-
tached to the inner groove of the doublon (and not to an
outer groove). The nonuniform distribution of the
sUbgrain boundaries along the front obviously leads to a
heterogeneous structure. If the distance between the
preexisting subgrain boundaries falls within the stable
range of doublon spacings, a quasisteady pattern of doub-
lons is formed; if not, dendrites (and perhaps also multi-
plets) appear [Fig. 22(d)].

The ST diagram in Fig. 24, together with the view of
the growth front in Fig. 23, shows that the front is per-
manently divided in relatively wide subgrains whose
boundaries are locked onto doublons. This is made ap-
parent by the fact that the tilt angles of the dendrites on
either side of a doublon are difFerent from each other. It
can also be seen that difterent doublons have difFerent tilt
angles, so that grains are continually eliminated. During
this process, the average misorientation between grains is
observed to increase.

The preceding analysis concerns crystals whose orien-
tation is relatively close to (001)[100]. In such grains, we
did not observe doublons without a subgrain boundary
attached to their inner groove. So either doublons
without subgrain boundaries are unstable or such doub-
lons are stable, but their appearance depends on favor-
able initial conditions, which are, in the experiments,
only provided by subgrain boundaries. Numerical simu-
lations in directional solidification with a marked anisot-
ropy (v=0. 12) give a structure consisting of stable doub-
lons at high velocity (see Sec. IV). Since these simulated
finite-c. doublons do not reproduce the triangular shape of
the experimental ones (which is certainly due to the
predominance, in the experimental system, of kinetic an-
isotropy), this is not sufhcient to remove all doubt about
the possible intrinsic instability of experimental dendritic
doublons. There are, however, additional hints in favor
of the stability of the latter, in particular the fact that all
subgrain boundaries give rise to doublons, whatever the
sign of the misorientation. We therefore consider the in-
trinsic stability of dendritic doublons near the (001)[100]

orientation as very likely. In any case, in more strongly
misoriented grains, the stability of doublons is not doubt-
ful, since they are created by tip splitting of large den-
drites and are therefore free of subgrain boundaries (Fig.
3).

D. Crystals close
to the degenerate f 001]( 110) orientation

1. Degenerate pattern at lou velocities

An interesting case of degeneracy is that of crystals
presenting two equivalent minima of their r(a) plot ar-
ranged symmetrically relative to the pulling direction
[15]. For a cubic crystal, this corresponds to the
(001)[110]orientation. The major fact concerning such
crystals is that an unsteady, strongly disordered regime,
the degenerate regime, is found at low velocities. An ex-
ample of it at V=3.7Vcs is shown in Fig. 4. A numeri-
cal simulation in directional solidification performed with
a r(u) plot corresponding to a perfect (001)[110]orienta-
tion is shown below in Fig. 31. The similarity with the
observed patterns is striking.

The shape of the r(u) plot suggests to regard the de-
generate pattern as resulting from a competition between
embryos of three types of local structures, namely, den-
drites tilted to the right, dendrites tilted to the left, and
axial doublons. This view is only partly true. In fact, a
specific local structure emerges out of the competition,
which we call "tilted finger. " The tilted finger shows
some similarity with a tilted dendrite (it bears side-
branches on its external side), but definitely diifers from it
by the following features: (i) its tilt angle (about 23', in
absolute value, according to the numerical simulations) is
much smaller than the one that dendrites would have at
the same velocity (dendrites would run much closer to
the (100) axes) and (ii) the trajectory of the tip is wavy
and generally ends with a collision with a finger tilted in
the opposite direction (the lifetime of the tilted fingers is
long but finite).

2. Degenerate-to-dendrite
and dendrite-to-dendrite transitions

The distinction between tilted fingers and dendrites is
further confirmed by the transition from the degenerate
pattern to a dendritic one observed as V increases. This
degenerate-to-dendrite transition occurs slightly below
7V&s. Above this threshold velocity, the front settles in
one of the two possible steady dendritic modes. The tran-
sition is abrupt and reversible. No metastability of the
two regimes is observed near the threshold velocity.

As V is further increased, in some crystals, the front is
observed to undergo a second morphological transition
from one to the other of the possible dendritic states
(dendrite-to-dendrite transition). Figure 25 shows the
same grain as in Fig. 4, at a higher velocity ( V= 17V&s ).
In spite of appearance, this figure does not show a bicrys-
tal, but a single crystal divided into two domains, one in
the [100] dendritic state (prevalent at low V), the other in
the [010]state (prevalent at high V). The competition be-
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FIG. 25. Competition between two tilted dendritic states in a crystal close to the degenerate orientation (same crystal as in Fig. 4).
V=32 IMm s ' (=17Vcs). Note the dynamic wall between two domains occupied by the [100] (/=22' to the right) and the [010]
dendritic states (P = 54' to the left), respectively.

tween the two states takes the form of an invasion of the
front by the prevalent state (the [100] state). This and
other observations not reported here clearly indicate that
both dendritic states remain stable over a relatively large
velocity range. Within this range, the outcome of the
competition between the dendritic states at a fixed V is
boundary-condition and history dependent.

Numerical simulations in directional solidification do
not reproduce the degenerate-to-dendrite transition or
the dendrite-to-dendrite one. It will be seen in Sec. IV
that this discrepancy too can be attributed to the increas-
ing kinetic efFects as V increases in the experimental sys-
tem.

E. Orientation dependence of the growth pattern

The above experimental results provide us with a nurn-
ber of indications about the types of growth patterns ex-
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up this information by outlining stability diagrams of the
system. A few prehminary words of caution about the
transition lines appearing in such diagrams are necessary.
We recall that the only transitions directly observable
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FIG. 26. Schematic diagram of the observed growth patterns
as a function of the orientation of the crystal and the reduced
pulling velocity. ao, angle of rotation about the [001] axis. For
ao=0, the orientation is (001)[100]. For a0=45', it is approxi-
mately (001)[110](a slight oF-plane component of the misorien-
tation is assumed, in order to make it possible to represent the
dendrite-to-dendrite transition). Shaded region, cellular veloci-
ty range.
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FICr. 27. Same type of diagrams as in Fig. 26, for a [ 111j ini-
tial orientation. 8, rotation angle. (a) Rotation towards a
[001](100) orientation [a minimum of r(a) appears along the
pulling direction as 8 increases]; (b) rotation towards a
[001](110) orientation [two minima of r(a) appear at +45'
with respect to the pulling direction].
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with our experimental setup are the transitions as a func-
tion of V, at fixed orientation. The transitions taking
place as a function of the crystal orientation at fixed V
have not been directly observed. We cannot be certain
that these transitions do not involve some as yet
unidentified intermediate types of pattern. In the dia-
grams below, the lines representing the transitions that
have been directly observed are drawn in continuous
lines, while those whose existence is only presumed are in
dashed lines. It must also be understood that these dia-
grams are sketches, with no claim to accuracy.

Consider a (001)[100]-oriented crystal and assume that
it can be rotated about the normal [001] to the plane of
the film (such experiments have actually been performed
by other authors [15,22,27]). The orientation variable is,
in this case, the angle ao of the [100] axis with the pulling
direction. The corresponding diagram is reproduced in
Fig. 26. The major transitions are those corresponding to
the appearance of dendritic doublons for orientations
near (001)[100]at high V and the dendrite-to-degenerate
transition near (001)[110] as ao is increased. Near this
orientation also reproduced are the degenerate-to-
dendrite and the dendrite-to-dendrite transitions as V in-
creases at fixed cxo.

Figure 27 shows the transitions occurring as the
misorientation from a (111)-oriented crystal increases.
Figure 27(a) corresponds to a rotation of the crystal lead-
ing to a standard {001] ( 100 ) orientation. As the
misorientation increases, a minimum of r(a) appears
along the pulling direction and grows in amplitude. In
this case, the noteworthy morphological transitions are
the seaweed-to-dendrite transition and, as in Fig. 26, the
appearance of dendritic doublons at high velocity near
the {001 ] ( 100 ) orientation.

Figure 27(b) corresponds to a rotation of the (111)-
oriented crystal leading to a degenerate {001]( 110)
orientation. In this case, two minima of r(a) appear at
+45' with respect to the pulling direction as the
misorientation increases. The transitions displayed are
the seaweed-to-degenerate and the degenerate-to-dendrite
transitions (for simplicity the dendrite-to-dendrite transi-
tion is not represented). The diagram takes into account
the fact that the seaweed-to-degenerate and the
degenerate-to-dendrite transitions are sometimes ob-
served to occur as V increases at fixed a (which we attri-
bute to kinetic effects).

IV. NUMERICAL RESULTS

A. Model and methods

For the simulation of 2D directional solidification, we
used the so-called one-sided diffusion model [2,3]

u(x, y, t)=DV u(x, y, t),Bt

u, = 1 —d(a)~—y —Vt

lu

(6)

{K+(1—K)u, ]u„= Dn Vu, —

where u (x,y, t) is the normalized concentration field (see

(10)

y„being the position of the foremost point (tip) of a lo-
cal structure. If the structure is stationary, the growth
velocity of this tip is equal to the pulling velocity V and 6
is therefore constant. As defined, 6=1 for the steady
planar front.

Let us first consider the transposition of the results al-
ready obtained in free growth [7,8] to the case of direc-
tional solidification. In the limit of large thermal length
l,h ))lz (or, equivalently, V » Vcs), the stationary struc-
tures obtained in directional solidification are approxi-
mately the same as in free growth, at least in the tip re-
gion. This is supported by numerical simulations by Sai-
to, Misbah, and Muller-Krumbhaar [23] showing that, in
directional solidification at I,h =15l&, dendrite tips fulfill
the same scaling relations as in free growth within a few
percent.

Furthermore, provided that 6 is sufficiently small, it is
possible to define a transformation that gives the selec-
tion rules for any value of the segregation coefficient K,
knowing those valid for K=1. Let us focus on the case
of dendrites and define the Peclet number Pe as a func-
tion of 6 by the Ivantsov relation:

5=2&Pee ' J dx exp( —x ) . (11)
&Pe

The condition that 5 is small can be specified as
Pe (6)(1. As a first step, one approximates the fiux con-
dition (8) by

{K+(I —K)h] u„=—Dn. Vu, (12)

which should hold in the tip region since
u„.~=6, do/R„=b.—Peer =b„w—here o(e)=dou/
(2D Pe ) is of the order of 0.05. The small temperature
gradient ensures that 6 is almost constant over the tip re-

Fig. 5 for the definition of axes), which obeys the
diff'usion equation (6) for the solute in the liquid phase.
We are solving here the fully time-dependent diffusion
equation (i.e., without the quasistationary approximation
[28]), which allows us not only to find stable stationary
states, but also to follow the real-time dynamical evolu-
tion. It yields, for example, the possibility of identifying
oscillatory behaviors.

Equation (7), where x is the local curvature, is the
Gibbs-Thomson condition of local equilibrium. At
y = (x), one has u =0. The anisotropic capillary length d,
which is proportional to the surface stiffness r [see Eq.
(5)], is assumed here to have a fourfold symmetry as

d(a) =do {1 —E cos4(a —ao) ],
where c. and no have the same meaning as above. The
frame of reference is moving at the pulling velocity V,
which leads to the explicit time dependence in the bound-
ary condition (7). Equation 8, in which u„ is the normal
velocity and n the normal vector of the moving bound-
ary, is the conservation law for the solute at the interface.

For comparison with previous simulations, we define
the time-dependent tip undercooling 6
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gion like in free growth. Then the diffusion field u is res-
caled by

Q

K+(1+K)b, (13)

For this new field u, the boundary conditions for free
growth (with X= 1) are

do

U„=—Dn Vu

(14)

(15)

where the rescaled undercooling 5 and capillary length
do are defined as

IC+(1 IC)b, —
do

K+(1—K)b,

(16)

(17)

—4u" )l,J (18)

This is the desired transformation.
To solve numerically the Stefan problem defined by

Eqs. (6)—(8), we used the same method as the one previ-
ously used for free growth by one of the authors [7], ex-
cept for small differences in the boundary conditions (7)
and (8). The method is described in detail in Ref. [7] and
we shall only mention some basic features here.

First, the solid-liquid interface is handled explicitly,
i.e., the interface is discretized and represented by a set of
points. The two-dimensional diffusion field u is discre-
tized too on a simple square grid. After setting initial
values for the interface position as well as for the
diffusion field, a diffusion step is performed by means of
the discretized version of the diffusion equation (6):

n+1. n ~ n n n n
f j & j+ p ( ]+]j+ &' —] j+ ]j+]+ f j —]

with a small time step b, t ((Ax) l(4D), where b,x is the
lattice unit of the diffusional grid. Then the gradient of
the new diffusion field is determined at the interface and
each point of the discretized interface is advanced by the
distance v„bt according to Eq. (8). After that, the bound-
ary condition (7) has to be incorporated into the difFusion
field. The whole procedure is then repeated beginning
with the diffusion step and so on. The moving interface is
always kept approximately at the center of the lattice,
which allows us to follow the growth over any distance.
The distance between the moving front and the end of the
periodic channel far inside the liquid is at least five
diffusion lengths, in order to keep the growth unaffected
by boundary effects.

Since anisotropy is an important parameter for the
selection of dendrites, the artificial anisotropy introduced
by the square diffusional lattice has to be reduced. There-
fore, two or four independent diffusion lattices are used
that are rotated and shifted against each other. In each
time step, the diffusion equation is solved independently
on all lattices. %'e then locally advance the moving
boundary independently on all lattices and average the
resulting new boundary position over all lattices. For
free dendritic growth it was shown that this averaging is
crucial at small anisotropy. For example, at c.=0.05, if
this averaging is not applied, the velocity of the dendrites
is found to be artificially increased by a factor of 2.

Nine simulations in directional solidification have been
performed. The corresponding parameters and some nu-
merical results are listed in Table IV. These simulations
did not include any kinetic coefficient or kinetic anisotro-
py, which in principle can be easily done [11,29], but
would introduce two additional unknown parameters.
Since the CPU time for one run is of the order of 5—15 h
on a Cray-YMP computer, a scanning through this pa-
rameter space seems not reasonable and we restricted
ourselves to the purely capillary case. In all the simula-

TABLE IV. Parameters and results of nine numerical simulations performed in directional
solidification. N, number of grids used; 8' width of the inner groove of doublons (see the text for the
de6nitions of the other symbols). Lengths are given in units of the grid spacing hx and velocities in
units of D/Ax (in these units, V/Vcs ——Vl,h ). For columns 3—9, the value of Ax in pm can be calculat-
ed knowing that do =0.054 pm (Table II). In columns 3—6, l,h =200 pm is somewhat smaller than in
Table II, but the difference falls into the experimental margin of error.

Parameter

K
dp

ao
lth

V
V/Vcs

L

R
8'

0.9
0.1237
0.1

0
419.4

0.0286
12

151
4
0.599

19.05

0.9
0.1237
0.1

0
419.4

0.047 68
20

151
4
0.613

15.10

0.75
0.135
0.12
0

500
0.0256

12.8
997

2
0.516

16.6

0.75
0.108
0.12
36'

400
0.032

12.8
635

2
0.571

12.0

0.75
0.135
0.12
45'

500
0.0256

12.8
997

2
0.60

0.75
0.0864
0
0

320
0.04

12.8
471

2
0.50

12.0
11.2

0.75
0.8
0
0

987.6
0.035

34.6
460

4
0.6671

31.2
19.7

0.75
0.8
0.1

0
987.6

0.043 75
43.2

460
4
0.6678

25
21.3

0.75
0.8
0.12
0

987.6
0.05

49.4
460

4
0.675

23.5
20.6
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tions, periodic boundary conditions at the sides of the
channel and mostly two di6'usional grids are used, rotated
by an angle of ~/4 against each other.

B. Results

Axial dendrites

In order to check our numerical code, we first attempt-
ed to reproduce the results obtained by Saito, Misbah,
and Muller-Krumbhaar [23] for directional dendritic
growth in a channel with a quasistationary Green's func-
tion method. The dimensionless parameters used there
were D = 1, l,z = 1 (entailing Vcs = 1 ), K =0.9,
do =0.000 295, and L =0.36, the resulting critical veloci-
ty and wavelength for the plane front instability being
V, = 1 . 136 and k, =0.5 14. The anisotropy of the capil-
lary length was c=0. 1. In the spacing units of the
di6'usional grid Ax, we chose I,b =4 19.44hx and rescaled
all other lengths (channel width L, diffusion length ld,
capillary length do ) with the same factor, the diffusion
constant D remaining equal to 1

As in Ref. [23], we performed two simulations
(columns 1 and 2 in Table IV) at V/Vzs = 12 and 20,
starting with an almost Rat interface slightly perturbed
by one period of a cosine and an exponential decaying
di6'usion field as initial conditions. In the first run, the
final stationary dendrite has a tip undercooling of
b, =0.599 and a tip radius R = 19.05 (in lattice units).
The corresponding values from the Green's function
simulation [30] are b, =0.584 and R = 17.33. In the
second run we measured b, =0.6 13 and R = 15 . 1, to be
compared with 6=0.573 and R = 12.2 obtained by the
Green's function method The two sets of results agree
within 20%.

Our fully dynamic method allows us to find that the in-
itial transient towards the stationary state consists of a
damped oscillatory behavior of the tip undercooling and
velocity (see also below). The damping of the oscillations
is strong —only two periods are visible —but we can esti-
mate the period to be 16.4~d in the first run and 20.77 d
in the second. Unlike in free growth, where this conver-
gence is poorly relaxational, dendrites in directional
solidification have to choose the right position in the
sample, i.e., the right tip undercooling, in order to be-
come stationary. Therefore we believe that this addition-
al constraint leads to this new time scale.

The next step is now to introduce parameters corre-
sponding to the experiments in the simulations. Except
for c., the values used in the calculation are those given in
Tables I and II. The value c=0. 12 was chosen because,
using the theory of free dendrites [2,3], it gives the same
value of the tip radius of the steady dendrites as the one
measured in Sec. III A. Figure 28 shows the final steady
state of an array of five axial dendrites (ao = 0 ) corre-
sponding to 8 =0. 12, IC =0.75, and V/ Vcs = 1 3 (column
3 in Table IV). The channel width is L =997 and the
period of the initial sinusoidal perturbation is
A, = 199.4 ( =51d), imposing the primary spacing of the
five dendrites in the channel (the primary spacing corre-
sponds to 80 pm, which belongs to the stable experimen-
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0 200 400 600 800 1 000

FIG. 28. Steady state of an array of five axial dendrites at
c=0. 12. ld =39hx, corresponding to 15.6 pm in experiment
(see column 3 in Table IV). Here and in the following figures,
all lengths are given in units of the di8'usional grid Ax and all
times are measured in units of Ax /D.
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FICs. 29. Time evolution of the reduced tip undercooling
6&'p 1 (pt'p Vt ) /I&it for the dendrites of Fig. 28.

tal range of spacings). The tip radius of the dendrites is
16.6 internal units. This would correspond to 6.6 pm in
reality, which is quite close to the measured value of
7.0+0.5 pm in Table III.

The oscillatory relaxation of the tip undercooling to its
stationary state is again found (Fig. 29), with a period of
about 17.4~d . In our experiments, this initial oscillation
of the homogeneous pattern cannot be observed, being
hidden by the transient of instrumental origin described
in Sec. II ~ However, we observed a similar, strongly
damped oscillation of the tip of dendrites newly created
by a tail instability, with a period of about 107d, the am-
pl itude of the oscillation being highly grain dependent.
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2. Tilted dendrites and degenerate pattern

300-

200—

100-

0
200 400 600 800

FIG. 30. Final state of four tilted dendrites (see column 4 in
Table IV). Same conditions as in Fig. 28, except that the angle
between the fourfold symmetry axis and the pulling direction is
ao= 36 . The tilt of these dendrites is about 30 . ld =31.25hx.

Next, we investigated the case of an array of four tilted
dendrites. The physical parameters are the same as be-
fore except that the angle ao between the growth axis and
the (100) direction is different from zero (column 4 in
Table IV}. The initial condition is a small asymmetric
perturbation with four periods. The final steady state is
given in Fig. 30. We find that, at these values of the pa-
rameters, tilted dendrites are stable only if uo does not
exceed a„;,=36, and this, independently of the spacing
of the dendrites. The resulting tilt angle P of the
dendrites —measured here by means of the tilt of the
grooves between them —is always smaller than ao, like in
experiments (it is about 30' at ao= 36 ).

The instability of the dendrites for no) 36' is clearly
due to the competition between the tip of each dendrite
and the first sidebranch of its preceding neighbor. Figure
31 shows the spatiotemporal plot of the pattern obtained
in the case ao=45' (column 5 in Table IV). As an-
nounced in Sec. III D, this pattern is strikingly similar to
the degenerate pattern experimentally observed in nearly
[001] ( 110)-oriented crystals. It mainly consists of com-
peting right and left tilted finger, whose average tilt angle
is about 23', thus significantly smaller than the maximum
angle reached by the tilted dendrites ( =30' at ao = 36 ).
The average undercooling at the front in the degenerate
pattern is 5=0.6, noticeably higher than at the tips of
the dendrites (b.=O. 516).

Since, in the simulations, sidebranching appears to be
responsible for the instability of dendrites for ao )36, the
fact that, in the experiments, stable tilted dendrites are
observed for eo as large as 55' is certainly due to the
strong reduction of the amplitude of the sidebranches by
kinetic effects [11]. This, of course, suggests that the
degenerate-to-dendrite and dendrite-to-dendrite transi-
tions described in Sec. III D2 are manifestations of the
increasing importance of kinetic effects as V increases.
This, however, has not been proven yet.

1200-

1000-

800-

400-

200-
I I I ( ) I

200 400 600 800 1000 1200

FIG. 31. Time sequence of the degenerate pattern. Same
conditions as in Fig. 28, except that ao=45 (see column 5 in
Table IV). The tilted fingers in this pattern have an average tilt
angle of about 23 . ld =39hx.

3. Doublons

Doublons at c.=0 have been already numerically inves-
tigated in free growth with K =1 (see Fig. 1) [7]. This in-
vestigation showed that, like dendrites, doublons obey
selection rules. The dependence of their velocity V and
the width of their inner groove 8' on undercooling at
E=O is shown in Figs. 32(a) and 32(b), respectively. With
the transformation defined in Eqs. (16) and (17) in hand,
these predictions can be compared to the experimental
measurements performed in [111]-oriented grains. Con-
cerning the dependence of 8' on V, the comparison is
done in Fig. 16. It can be seen that the calculated width
is about twice as large as the experimental data, which
can be considered as a satisfactory agreement between
simulations and experiments, knowing, in particular, that
the 3D deformations of experimental patterns are notice-
able (W is much smaller than the film thickness). Con-
cerning the value of 5, the agreement is satisfactory too
(see Sec. III B 1).

Let us now turn to the simulations in directional
solidification at E =0. Two runs at V/Vcs = 13Vcs and
35 Vcs are shown in Figs. 33 and 34, respectively
(columns 6 and 7 in Table IV; for efficiency purposes, the
run at 35Vcs is performed with a much smaller l,h value
than in the experiments). The structure obtained at
35 Vcs clearly consists of quasisteady doublons. At
13Vcs, the differentiation between wide and narrow
grooves is less pronounced, but asymmetric fingers, asso-
ciated in pairs, can nevertheless be seen. The tip under-
cooling at this velocity is 6=0.5, which is consistent
with the selection rules for doublons reproduced in Fig.
32 (according to Eq. (13}, X=0.57; similarly, the re-
duced values of V and IV are V = Vdo /D [K
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+(1—K)b, ]=0.00395 and W= W[K+(1 I—C)b, ]/do
=113). So, like in the experiments in t111]-oriented
crystals, the growth patterns at c.=0 essentially consist of
doublons. Moreover, like in the experiments, no hint of
stationarity is observed in the simulations. On the other
hand, the correspondence between the experimental and
numerical velocity scales is not perfect. The numerical
pattern at 13Vcs resembles the experimental pattern at
5Vcs [Fig. 10(a)]. There are several possible origins of
this discrepancy: the above-mentioned 30 effects, a possi-
ble remnant anisotropy in the I 111]planes of the crystal,
the possible kinetic nature of the latter, and the experi-
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FIG. 33. Time evolution of a system at c.=O and V=13Vcs.
The other physical parameters are the same as in Fig. 28 (see
column 6 in Table IV). Id =25hx corresponding to 15.6 pm.
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mental uncertainty on the value of the physical parame-
ters of the material. Which of these effects is relevant can
only be determined by further numerical simulations.

Finally, we looked for the doublon structure at strong
anisotropy. According to theory, this should be possible
in free growth at very high undercooling 5=0.8, thus, in
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200—
1200-

1000-

160—
800-

120— 600-

80— 400-

40—
200-

I
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X

FIG. 32. (a) Normalized velocity of doublons vs undercool-
ing obtained in free growth simulations at c=0 in an extended
system [7]. (b) Width of the inner groove of doublons in units of
the capillary length do.

FIG. 34. Doublons at V=35Vcs and c, =O (see column 7 in
Table IV). For numerical eKciency the physical parameters
correspond here to an unrealistic experiment with a very high
velocity (259 pm s ') and a small thermal length
(l,h =66.7 pm). ld =1.93 pm, corresponding to 28.6hx. Note
that, contrary to previous figures, two periods of the structure
are plotted (L =460).
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directional solidification, at a high pulling velocity. For c
values of 0.1 and 0.12, we found stable doublons for
V=43.2Vcs and 49.4Vcs (columns 8 and 9 in Table IV).
The shape of these "finite-c" doublons, quite similar to
that of "zero-c," doublons, is not reproduced here. The
transition from dendrites to doublons at large velocity in
strongly anisotropic crystals is also observed experimen-
tally, as explained in Sec. III C. The difference of shape
between finite-c. and zero-c. doublons noted in the experi-
ments is not reproduced numerically and can again be at-
tributed to kinetic anisotropy.

V. CONCLUSION

We presented above a detailed experimental and nu-
merical investigation of the growth patterns in thin-film
directional solidification of the CBr4 —8 mol %%uo C2C16 al-

loy, as a function of the orientation of the crystal with
respect to the solidification setup. The following results
can be considered as firmly established thanks, in particu-
lar, to the good agreement between experimental observa-
tions and numerical simulations.

(i) When a [111]plane of the crystal is parallel to the
plane of the sample, the effective crystal anisotropy is
sufficiently low for the growth front to assume a nonden-
dritic unsteady pattern, which we identify as the seaweed
morphology consisting of doublons, recently revealed by
numerical simulations in free growth at zero and weak
anisotropy [7]. Spatiotemporal diagrams show that the
seaweed pattern is divided into quasistationary seaweed
cells (typically 5ld wide), separated by long liquid
grooves. These cells have an internal dynamics consist-
ing of a continual creation and elimination of doublons.
We thus confirm that the doublon is the basic building
block of this pattern and moreover show that its charac-
teristic dimensions and undercooling at the tip are well-
defined functions of growth velocity. The inner groove of
constant, small width (typically 0.21' ) acts as an identi-
fying feature for this morphology. On the other hand,
the growth direction of doublons is not selected, but
determined by initial conditions (as expected from the
fact that the stability of doublons does not arise from
crystal anisotropy).

(ii) Dendritic doublons (i.e., pairs of symmetry-broken
dendrites) exist at high pulling velocities ( V) 20V, ), in
crystals presenting a (100) axis nearly parallel to the
pulling axis, i.e., crystals with a strong effective anisotro-
py. These finite-c doublons coexist with dendrites. In
crystals very close to [001](100), they are created by
pairing of dendrites, which is compatible with previous
numerical simulations, showing that the stability of doub-
lons against unbinding into single dendrites weakens
when the anisotropy increases. In crystals with a rela-
tively large misorientation with respect to [001](100),
doublons are created by tip splitting.

(iii) In crystals presenting two ( 100) axes symmetrical-
ly arranged with respect to the pulling axis, we observe
an unsteady, nondendritic pattern of a different nature
from the seaweed pattern. This degenerate pattern is
essentially made of competing fingers tilted at about +23'
with respect to the pulling axis.

Other points of interest remain partly unclear.
(iv) There is little doubt that the instability of doublons

against tilting (or, in other words, the fact that their
growth direction is not selected) plays a major part in the
unsteadiness of the seaweed pattern. This, however, does
not explain (i) the fact that the transition from unstable
to stable doublons found in numerical simulations in free
growth [26] is not observed experimentally, (ii) the
robustness of the seaweed cells against the instability of
their internal structure, (iii) the values of the bounds of
the spacing distribution of the seaweed cells, and (iv) the
role played by transient multiplets. A study of the low-
velocity regimes in [111]-oriented crystals, currently in
progress, will probably cast more light on this subject.

(v) Some discrepancies of limited importance between
experiments and simulations are attributable to 3D defor-
mations of the growth front and polygonization during
growth. A more essential source of discrepancy is the
presence, in the CBr4-C2C16 system, of a marked kinetic-
coefficient anisotropy (not taken into account in the simu-
lations), which is revealed by the triangular shape of the
dendrite tips and the reduced amplitude of the side-
branches in nearly [001]( 100 )-oriented crystals. In
crystals oriented close to the degenerate [001](110)
orientation, a transition from the degenerate pattern to a
tilted dendritic pattern (of tilt angle close to 45') is ob-
served at V=7Vcs and another transition from the latter
to the other possible tilted dendritic pattern (tilted at
about 45' in the other direction) is found at V=17Vcs.
These transitions cannot be reproduced by simulations
without kinetic effects since, in the latter, dendrites tilted
to an angle higher than about 30' are unstable, being des-
troyed by their interaction with the sidebranches of their
neighbors. The stability of such dendrites in the experi-
mental system is thus likely to be due to the suppression
of the sidebranches by kinetic effects. This is a necessary,
but not sufficient, condition for the occurrence of the
degenerate-to-dendrite and dendrite-to-dendrite transi-
tions at high velocities. We hope to report more precise-
ly on the role played by kinetic anisotropy in such transi-
tions in the near future.
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APPENDIX

It is common practice to expand the functions invari-
ant with respect to the symmetries of the cube in cubic
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y(a) =yo ~ 1+ — [5P2cos2(a —ao —a2)

+cos4(a —ao)] ', (Al)

r(a) =~o[1—E[P2cos2(o. —ao —a2)

+cos4(a —ao) ]], (A2)

In these expressions, 7 p s P2, and a2 are functions of the
orientation of z (normal to the thin film) relative to the
crystal, while ao is a function of the orientation of y (the
pulling axis). The z dependence of ro is negligible if
EM &(1. If z=(001), E takes its maximum value E~.

spherical harmonics of increasing order (II„).This ex-
pansion is the analog, for two angular variables, of a
Fourier series for one variable. The first nonconstant
term is the fourth-order harmonic, which is, up to a con-
stant, proportional to the function f4(n) defined in Eq.
(2). It is easily verified that a Wulff' plot described by
f4(n) has its maxima and minima in the (100) and
(111) directions, respectively, and saddle points in the
(110) directions. Its cross sections by the I 111] planes
are circles. In other words, y(n) as given by Eq. (3) is the
same for all the orientations of n belonging to the I 1 1 1]
planes. This can be directly checked by a simple calcula-
tion (f4—:0.5 if ~n, ~+ n2 + n3~ =0) or deduced from a
general symmetry argument (the threefold symmetry in a
[ 111] plane can only be ensured by powers of ' the n, 's

multiple of 3). To a higher order, the cross sections of
the Wulff plot by the I I 1 1] planes would not be circular,
but present a modulation with a sixfold symmetry.

In the absence of direct knowledge of the physical
properties of the solid-liquid interface, it is natural to
take f4(n) as a tentative description of their orientation
dependence [31]. Assuming that y(n) varies as f4(n), it
is a matter of elementary geometry to calculate the func-
tions y(a) and r(a) for any orientation of the crystal
with respect to the solidification setup. In general, the
Fourier series of these functions contain terms in cos(2a)
and cos(4a ). It is convenient to put the expansions in the
form

I ' I

111

1.0-
0.8-

& 0.6-
0.4-

0.2-
I

0 20 40 60 80 100 120 140
rotation angle (deg)

For a given orientation, the quantity of interest is not
r(a) itself, but its normalized anisotropic component
defined as

i.(a) —
~o

[P2cos2( ct —ao —
a 2 ) +cos4( a —ao )],

EM

(A3)

which is equal to cos(4a) in the (001)[100] orientation.
The dependence of I3z and E/EM on the orientation of

the normal to the thin film is represented in Fig. 35. It
can be seen that /3z is small compared to 1 in the vicinity
of the (001)[100]orientation. In this region of the orien-
tation space, it is admissible to neglect the term in
cos(2a). This leads to Eq. (5) in the text. It is also worth
noting that E/EM is of order 1 for all orientations, except
for those very close to (111), in agreement with the ob-
served fact that the seaweed pattern is only observed for
misorientations from the perfect (111)orientation smaller
than a few degrees.

FIG. 35. Parameters E/Est and P2, defined in Eq. (A3),
describing the 2D anisotropy as a function of the orientation of
the normal to the plane of the thin film (z) with respect to the
crystal. Inset: trajectory of z represented in stereographic pro-
jection.
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