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We investigate the statistical mechanics of a one-dimensional model with nearest-neighbor inter-
actions and a substrate potential that exhibits an entropy-driven transition. Approximate analytical
results obtained with the second-order self-consistent phonons method are presented. Two different
numerical methods are used to derive exact numerical results for the thermodynamical functions.
Finally, we discuss the important features of the Hamiltonian, which are responsible for this phase

transition.
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I. INTRODUCTION

Although the theory of phase transitions has been at
the heart of statistical physics studies for several decades,
there are still many unsolved questions, particularly for
first-order phase transitions. Recently there has been a
renewal of interest in such transitions that has been initi-
ated by new models of structural phase transitions, espe-
cially martensitic transitions in metallurgy [1-5]. These
transitions do not show a soft-mode behavior and their
physics is characterized by intrinsic nonlinear features
and quasiharmonic concepts are not applicable.

First-order temperature-driven transitions can be
found in systems where the bulk entropy changes at
the transition. They have been called entropy-driven
phase transitions [2,6] and they have been studied in
two-dimensional models by numerical simulations [7], by
mean-field theory [6], or through the exact results that
can be obtained from transfer-matrix calculations in lat-
tices that have a finite breadth in one direction [4,8].

In order to understand the mechanism of entropy-
driven transitions and the conditions that a system
must fulfill to exhibit such a transition, it would be
very interesting to have a simple model, such as a one-
dimensional model. The absence of phase transitions in
one-dimensional systems with finite-range interactions is
so often quoted that it may seem impossible to develop
such a model. However, there are counterexamples to
this statement. Temperature-driven phase transitions in
one-dimensional systems are known in chains made of el-
ements having a finite number of states and for which the
partition function has a simple expression as a function
of the internal states of the elements [9,10]. For systems
of interacting particles in one dimension, Van Hove gave
a proof that there is no transition [11], but his calculation
uses the fact that the partition function can be written
in terms of difference of atomic coordinates. This is the
case when the potential energy is due only to interatomic
interactions, but it is no longer true in the presence of a
field or with an external potential applied to each parti-
cle. Moreover there are real quasi-one-dimensional sys-
tems that exhibit a phase transition. This is the case of
the “melting” transition of DNA, i.e., the thermal denat-
uration during which the two strands of the double helix
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separate from each other [12] when the molecule is heated
above about 340 K. In fact, this problem motivated one
of the work on quasi-one-dimensional systems having a
transition cited above [10]. In DNA models an “on-site”
potential occurs naturally due to the interaction between
the two strands [13] and the Van Hove calculation does
not apply.

Recently, we proposed [14] a model in which the coop-
erative effects, which had been introduced phenomeno-
logically in the Ising models of DNA denaturation, are
introduced at the microscopic level by an appropriate an-
harmonic stacking interaction potential that reflects the
change in the electronic distribution on the bases when
hydrogen bonds are broken. With this interaction the
system shows a very sharp melting transition. Besides its
interest for DNA, this model provides an interesting ez-
ample of entropy-driven transition in a one-dimensional
system. This paper is devoted to the study of this tran-
sition. Although we cannot claim that it is a true first-
order transition, it exhibits close similarities with such a
transition. Our aim here is to discuss the origin of this
particular behavior.

Our model can be considered as a simple extension
of the Ising models for DNA denaturation. Instead of
a two-state variable, the status of each base pair n is
described by a scalar variable y,, representing the trans-
verse stretching of the hydrogen bonds connecting the
two bases. The Hamiltonian is

1. .
H =Y |3mg%+D(e™™ = 1)* + W(un,yn-1)|- (1)

The first term is the kinetic energy term for bases of
mass m. The on-site Morse potential represents not only
the H bonds connecting two bases belonging to opposite
strands, but also the repulsive interactions of the phos-
phates and the surrounding solvent effects. This poten-
tial is due to the presence of two chains in DNA [13] and
has the same effects as an external field. The stacking
energy between two neighboring base pairs is described
by the anharmonic potential

K .
W(yna yn——l) = E (1 + pe (y"+yn~1)) (yn - yn—l)z.
2)
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This intersite coupling, replacing the simple harmonic
coupling of our first approaches [15,13], is the essential
feature of the model and it is responsible for its inter-
esting properties. The choice of this potential has been
motivated by the observation that the stacking energy is
not a property of individual bases, but a character of the
base pairs themselves [16]. With the W coupling term,
the effective coupling constant decreases from K(1 + p)
to K, when either one of the two interacting base pairs is
stretched, in qualitative agreement with the experimental
motivation of this work. The anharmonic coupling term
does not correspond to a renormalization of the Hamilto-
nian and, in the model, the parameter p and the coupling
constant K are not temperature dependent. We showed
in previously published work [17] how the mechanism of
discreteness-induced energy localization could appear in
a large variety of systems involving lattices. Numeri-
cal simulations of the model at constrained temperature
show [13] that, in the steady state, thermal energy tends
to localize itself around some sites. This process initi-
ates the formation of small amplitude breathing modes,
which grow by an energy exchange mechanism between
the nonlinear excitations and create the precursor events
of the transition.

The paper is organized as follows. Section II intro-
duces the statistical mechanics of the model. In Sec. III
a self-consistent phonon theory is used to derive analyti-
cal expressions of thermodynamical functions in the low
and high temperature range. We devote Sec. IV to a
detailed study of the phase transition and show first how
we can obtain the exact thermodynamical functions with
two differents methods; then we discuss the possible rea-
sons that give this phase transition in Sec. V.

II. STATISTICAL MECHANICS

Since the model is one dimensional and because the in-
teractions are restricted to nearest-neighbor interactions,
its statistical mechanics can be treated exactly, includ-
ing fully the nonlinearities, with the transfer operator
method [15]. This is one major interest of this system as
a model to study entropy-driven phase transitions.

For a chain containing IV units, the classical partition
function, given in terms of the Hamiltonian (1), may be
factored as

N
Z= / [ dvndpne=™ = 2, 2, (3)
n=1

The integral over the momenta p, = my, is a Gaussian
integral and gives the familiar kinetic factor for IV par-
ticles Z, = (27rmk3T)N/ 2. With a coupling limited to
nearest-neighbor interactions, Z, can be expressed in the
form

+oo0 N
H dyne B nyn-1) (4)

T n=1

Z, =

where f denotes the potential energy of the Hamiltonian
(1) relative to the nth site.
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Since it has been introduced to describe DNA thermal
denaturation, the model has been the subject of some
debate in the literature [18,19]. The problem is the defi-
niteness of the partition function because the on-site po-
tential V(y,) = D(e™*¥~ — 1)2 is bounded for y, — oco.
The integrand of Z, decays exponentially to zero for large
Y almost everywhere because the coupling term diverges
as y2. However, there is one trajectory in the phase space
for which this is not true. If all the y, tend to infinity
while staying always equal to each other, the coupling
term is identical to zero and the integrand of Z, does not
vanish. This is a familiar situation in physics because the
requirement that all y,, stay equal simply corresponds to
the translational mode of the system, which is known to
cause a divergence in the partition function of a trans-
lationally invariant system. Usually this mode is simply
excluded by removing the center of mass degree of free-
dom in the definition of the partition function [20]. In
our case, however, the situation is not exactly the same
because, due to the on-site Morse potential, the system is
not invariant with respect to a global translation along y.
The stability of the model is only obtained in the ther-
modynamic limit because the weight in the phase space
of the particular trajectory where all y are equal becomes
negligible. This can be understood by looking at small
systems. Consider first a single Morse oscillator in equi-
librium with a thermal bath. It escapes to infinity at
any temperature because the thermal fluctuations have
a nonvanishing probability to bring the oscillator on the
flat part of the potential. Then there is almost no restor-
ing force and the amplitude of the motion can diverge,
although the divergence is very slow for k7' < D. This
phenomenon can easily be tested by numerical simula-
tions. If we consider now a small number Ny of such os-
cillators that are harmonically coupled, the time required
for the divergence increases very fast with Ny because if
the fluctuations bring one oscillator on the flat part of the
Morse potential, the coupling with its neighbors tend to
bring it back, unless the neighbors are simultaneously on
the plateau of the potential. Therefore the probability to
actually follow the diverging trajectory decays very fast
with Ny and, in the thermodynamic limit, the system is
stable for an infinite time.

In order to avoid a possible technical problem with
the global translational mode and to make sure that we
work with a problem that is mathematically well posed,
we shall bound the variation of y by a constant A, i.e.,
we restrict the phase space to —oo < y,, < A. The intro-
duction of such a cutoff is also required in the numerical
calculation of the partition function, which is discussed
in Sec. IV. Then we shall study the properties of the sys-
tem as a function of A and show that the limit A — oo
is well defined. In addition, the analytical and the nu-
merical calculations will be done with periodic boundary
conditions.

III. SELF-CONSISTENT PHONONS METHOD

As the analytical calculations of the partition functions
are not tractable, before using numerical methods to cal-
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culate the partition function, let us use the self-consistent
phonons (SCP) method to obtain approximate analyti-
cal results in the low and high temperature regimes in
order to understand the denaturation mechanism better.
First, in the high temperature regime the whole system
is on the plateau of the Morse potential, with an effective
harmonic coupling constant K. Therefore, since the sys-
tem is equivalent to a harmonic chain, without substrate
potential we expect its free energy to be simply

_kBT N-1
2

ﬂkBT

Fy = n————r
Y 2K sin®(%2)

(5)

p=1

and the specific heat per particle in units of kg will be
equal to 1. Figures 1 and 6(b) show that, above the
transition, this picture is correct.

In the low temperature regime, introducing u,, = y, —
(y) = yn — n and two variational parameters Q2 and ¢,
we apply the SCP method [5,13] by considering the trial
harmonic Hamiltonian

1 .2 d) 2 QZ 2
Hy = Z 5MUn + E(u" —Uny1)® + 5 Un |- (6)

n

At first order, the free energy of the system is bounded
from above by [21]

F < —kpT1n 2o + (H — Ho)

27rkBT

I
2 = @ + 4¢ sin?(ZP)

+ F1, (7)

where Zj is the partition function for the trial Hamilto-
nian and the mean value is calculated with this approx-
imate Hamiltonian. Minimizing expression (7) with re-
spect to 7, (u?) = (u2), and (v2) = (unUn_1), we obtain
five equations, which have to be solved self-consistently:

2 kgT 1
Wh="x — Q2 + 44 sin’(%)’ ®
(0?) = kgT cos(q) )

pal U5 + 4¢sin®(2)’

¢ = K{1 + pe~2emte? (D +"N[1 _ o?((u?) — (v2))]},

(10)
02 = 2aD[2(a — a)e~2em+2e’ W)
+2a— ajemen ¥ )], a1
0 = aKp((u?) — (v2))e2om+e’ (uWh)+()
—aD [_e—Za'r]+2a2 <“2> + e—aﬂ+§(u2)] . (12)

This system has a solution only for T' < Ty, where Tj is a
characteristic temperature that appears as the transition
temperature for the SCP calculation. The resulting first-
order expression for the free energy is
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Fi1 = (H — Hy)
= D 4 De—on+% () [(a2 + aa)(u?) — aa(v?) — 2]
+De~2an+2a%(u?) [—(aa + 2a%){u?) + aa(v?) + 1].
(13)

As shown in Fig. 1, the agreement with the exact
transfer-integral (TI) result is poor except at very low
temperature because, given the even parity of Hp, the
first-order expression of F averages out all the odd terms
of the Morse potential. Although the calculation is te-
dious, the second-order correction to the free energy
[21,5]

Fy = = HoP) 1 B »

can be calculated analytically exactly for our model (see
the Appendix). Then, we have an explicit analytical ap-
proximate expression of the second-order correction to
the free energy. Figure 1 shows that it significantly im-
proves the agreement with the exact results. However,
the SCP calculations still fails in the vicinity of the melt-
ing transition, emphasizing the fundamental role of the
nonlinear effects in the denaturation: they cannot be de-
scribed, even approximately, by a harmonic trial Hamil-
tonian with temperature dependent coefficients.

We have also developed a mean field theory for this
model [22]. We used the modificated and extended theory
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FIG. 1. Variation of the free energy vs temperature. The
solid line corresponds to the exact free energy calculated with
the transfer integral operator, the dashed line corresponds to
first-order SCP result Fo + F1, the dash-dotted line corre-
sponds to the second-order SCP result Fo + F; + F2, and the
dash-triple-dotted line corresponds to the high-temperature
harmonic approximation. The parameters are a = 0.35,
D =003eV,a =45A"" K = 0.06 eV/&, p =1, and
m = 300 amu.
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introduced by Kerr and Rave [6], which assumes that the
particles move independently and that the single-particle
probability distribution for the displacements is a Gaus-
sian function. We can then obtain two parameters, the
average displacement and its mean square fluctuation.
Then we can compute the averaged free energy per par-
ticle and finally, minimizing the free energy versus the
two parameters, we derive the solution of the mean field
theory. It qualitatively agrees with the exact numerical
technique, presented in the next section, but provides
neither an exact result nor an additional qualitative un-
derstanding of the transition.

IV. PHASE TRANSITION
A. Transfer integral operator
1. Standard technique

As the approximate analytical calculations using the
SCP method and the mean field theory are not sufficient
to describe the transition, we will exactly evaluate the
integral (4) in the thermodynamic limit of a large system
(N — o0) using the eigenfunctions and eigenvalues of the
transfer integral operator [23-25,4]

/dyn—l exp[—ﬂ (W(yn, Yn—1)

5 [V 1) + V(a)]) [ dilr) = e <4 i(un),

(15)

where, as discussed in Sec. II, all integrations are per-
formed in the domain —oc0 < y, < A. The calculation is
similar to the one performed by Krumhansl and Schrieffer
[24] for the statistical mechanics of the ¢* field. It yields
Z, = exp(—Npeg) , where g is the lowest eigenvalue of
the operator. The lattice effects in this case go certainly
beyond perturbation corrections [26] and standard ana-
lytical methods cannot be used. Therefore we have solved
numerically without approximations the eigenvalue equa-
tion of the transfer operator [27]. We used two different
and independent methods to reach this goal.

First, we can symmetrize the transfer integral operator
and replace the integral by sums of discrete increments,
using summation formulas at different orders. The prob-
lem is then equivalent to finding the eigenvalues and the
eigenvectors of a symmetric matrix.

Using Eq. (15) and the orthonormalization property

/ $n(¥)¢m(y) dy = bnm (16)

we obtain an expression with a structure similar to that
of the eigenvalue problem

DD Mibib; = A, (17)
j

%

if we replace the integrals by sums of discrete increments.
For practical purposes, the summation is restricted to a
finite number of points, chosen so that the eigenvalue
is sufficiently accurate. We used the following different
methods to discretize the integral: the trapezoidal rule,
the Simpson rule, and Bode’s integration rules of order
6 and 10. The last one gives the best accuracy. We are
using 1441 1441 matrices.

2. Kellog’s method

However, since we are interested in just the three first
eigenvalues, faster algorithms are more appropriate in
our case. The simplest one is the Kellog’s method for
solving symmetric integral equations [28]. Starting with
an arbitrary normalized function ¢o(s) we determine the
normalized functions ¢, (s) and the numbers A, from the
relation

0v11(5) = Avsa / K(s,t) o (t) dt. (18)

The passage to the limit can be carried out and leads
to an eigenvalue Ao, = %% and associated normalized
eigenfunction po, = ¢o of the kernel. Practically, we de-
fine a convergence criterion to test the accuracy of the
eigenvalue. Once the lowest eigenvalue £9 has been ob-
tained, it is possible to construct a new kernel K;, or-
thogonal to K and still symmetric:

Ki(s,t) = K(s,t) — €% ¢o(s)gho(t). (19)

Then, we derive the lowest eigenvalue of this kernel,
which corresponds to the first excited eigenvalue of the
original kernel K. Of course, we can apply this tech-
nique several times to obtain successively the eigenvalues
in increasing order.

Practically, we have to choose trial eigenfunctions, in
order to initiate the iterative process. As we expect one
localized eigenfunction for the fundamental eigenstate
and delocalized functions for the two first excited states,
we have chosen a Gaussian around y = 0 for the first
one and cosine functions for the two others. With this
choice, we check that the system converges quite rapidly
toward the exact eigenfunctions. We checked that the re-
sults do not depend upon this choice as predicted by the
convergence of the process. For instance, the localized
solution is also found if we start from a nonlocalized si-
nusoidal trial function, at the expense of a larger number
of convergence steps. The eigenfunctions obtained are
then used as initial conditions for the iterative process
corresponding to the next temperature step.

B. Results

With these methods, we were able to compute the three
lowest eigenvalues of the transfer integral operator and
therefore all the consequent thermodynamical functions.
The two methods are numerical, but completely indepen-
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dent, and gave the same results. The parameters of the
model are a dissociation energy D = 0.03 eV, a spatial

scale factor of the Morse potential a = 4.5 A_l, a cou-

pling constant K = 0.06 eV/AZ, and a mass m = 300
amu. We used an accuracy criterion fixed to 10~8.

In this section we will first show the fundamental dif-
ference of behavior in the harmonic case (o = 0) and
in the anharmonic case (e = 0.35). Indeed, as pointed
out in a previous paper [13], although it goes far beyond
the Ising model in its ability to describe the dynamics of
the DNA denaturation, the harmonic model is still not
sufficient because it predicts a denaturation that occurs
at a too high temperature and in addition extends over
a too large temperature region. This remark motivated

HARMONIC CASE
go[TT LARARRRAR LAARRARARA T y \ALARBARARAS

MEAN VALUE <y> (A)

400 500

0.030
0.025f
0.020 3

0.015f

EIGENVALUES €

0.0107

0.005

0.000L
200

400 700

500
TEMPERATURE (K)

300 600

ENTROPY-DRIVEN TRANSITION IN A ONE-DIMENSIONAL SYSTEM

EIGENVALUES €

4031

the modification of the model to introduce cooperativ-
ity effects in terms of a nonlinear contribution to the
base-pair stacking interaction; this results in a dramatic
change of the mean value (y) versus temperature. Fig-
ures 2(a) and 2(b) show the evolution of (y) in both cases.
We note that, if (y) goes slowly toward infinity in the
harmonic case, the anharmonic case gives rise to an ex-
tremely sharp transition [29], reminiscent of a first-order
phase transition.

One major point is to check that the results are in-
dependent of the limits of the integral. The exponential
increase of the Morse potential for negative value of y al-
lows us to take a rather small value for the lower limit of
the interval because the function that we integrate decays
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FIG. 2. Comparison of the harmonic case and the anharmonic case. (a) and (c) correspond to the harmonic case (a = 0),
whereas (b) and (d) correspond to the anharmonic case (c = 0.35). (a) and (b) present the evolution of the mean value (y) vs
temperature. (c) and (d) present the evolution of the three lowest eigenvalues of the transfer integral operator vs temperature.
The asterisk corresponds to o, the diamond to €;, and the triangle to 2. The parameters are D = 0.03 eV, a = 4.5 A_l,

K =0.06 eV/A, p =1, and m = 300 amu.
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extremely fast for y < 0. To determine the upper limit,
we study the value of the critical temperature versus the
upper limit of integration A. When A is small (for in-
stance, A = 20 A), the transition is not as sharp as it is
for the cases shown in Fig. 2(b), but it generates a peak in
the specific heat. The temperature corresponding to this
peak is taken as the critical temperature. The calcula-
tions are made in the anharmonic case, where the peak is
well defined and not broad as it is in the harmonic case.
Given the domain of integration, we chose the number
of increments to work with a constant numerical reso-
lution. In order to have a better extrapolation for an
infinite value of A, it is convenient to introduce a fitting
parameter ¢ in order to obtain a straight line: therefore
we plot T, versus A% on Fig. 3. The value 2.2 for § is
appropriate. We note that the value of the critical tem-
perature converges, rather rapidly, toward a finite value
(here T, = 277.5) when the upper limit of integration is
A ~ 100. The spatial domain of resolution that we chose
for all the calculations presented below is [—5 A,+195 A]
divided into 1440 steps.

The transition appears also in the spectrum of the
transfer integral operator (see Fig. 4). Below T, the
operator has a discrete eigenvalue ¢(T") separated from
a continuum, while above T, the discrete eigenvalue has
disappeared. On the figure the continuum appears as a
set of discrete values that extends above a lower limit
€c(T) because of the limited resolution of the numerical
integration (in our calculation the “continuum” contains
1440 values ranging from &, to +00).

What is important in our model is the way the dis-
crete eigenvalue disappears. As shown on Fig. 4, the
curve £o(T) penetrates abruptly in the continuum, which
means that, at T = T, the transfer integral operator has

305 T e e

300 -

T (K)

290
2851

280

[ 1
2751 o o R
0.000 0.005 0.010

1/A°

FIG. 3. Value of the critical temperature (defined by the
peak of the specific heat) versus 1 /A‘s, where A is the upper
bound of the integral. The five different points correspond to
A = 195,95,45,20,10, and 7.5. The fitting parameter § is 2.
The parameters are o = 0.35, D = 0.03 eV, a = 4.5 A",
K =0.06 eV/A, p =1.0, and m = 300 amu.
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FIG. 4. Spectrum of the transfer integral operator as a
function ofltempera.ture. The parameters are D = 0.03 eV,
a=45A"", K=0.06eV/A, p=1, and m = 300 amu.

degenerate eigenvalues. The degeneracy is not only at-
tested by the sharpness of the crossing between the curves
eo(T) and .(T'), but also because the penetration of the
curves £o(T') inside the continuum leaves in the contin-
uum part of the spectrum a “footprint” that can be ob-
served on Fig. 4 as a local increase in the density of states
along the direction that the curve 4(T") was following at
T<Te..

The differences between the harmonic and the anhar-
monic case can be understood more clearly by plotting
on Figs. 2(c) and 2(d) the three lowest eigenvalues of
the TT operator, computed numerically when a = 0 and
a = 0.35. Contrary to the anharmonic case discussed
above where £¢(T") has a sharp intersection with the lower
limit of the continuum [Fig. 2(d)], in the harmonic case
€o(T') tends smoothly to the lower band edge [Fig. 2(c)].
The transition shows up also in the shape of the eigen-
functions of the transfer operator. The functions ¢¢ cor-
responding to the lowest eigenvalue is particularly im-
portant because |¢o(y)|? gives the probability density for
the calculation of (y).

Figures 5(a)-5(c) are very helpful to understand the
behavior of the system. For a = 0.35, they show the three
eigenfunctions, corresponding to the three lowest eigen-
values. Because of the finite domain, we note first that
the eigenfunctions vanish outside of the interval [—5,195].
But the eigenfunctions are qualitatively different. Below
the denaturation temperature 7,, the first eigenfunction
¢o has a sharp peak around y = 0; it is a localized func-
tion, whereas the two first excited eigenfunctions are de-
localized and agree with the standard shape of eigenfunc-
tions in a quantum mechanical problem. The existence
of a localized eigenfunction that decays exponentially for
large y is important because it confirms the stability of
the model in the low temperature range as discussed in
Sec. II. As this function is the weighting factor for the
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calculation of (y), its shape indicates that (y) must be fi-
nite. Furthermore, because it decays very fast for large y,
its determination is not affected by the upper bound of
the integral of the transfer operator. This result com-
pletes and confirms the results of Fig. 3. Above T.,
the three eigenfunctions associated with the lowest eigen-
value have taken the sinusoidal shape expected for func-
tions belonging to the continuum. They have in addition

#(y)

—-0.05F \ L

I \ / N
\
-0.10+ AN 7/ X / —
- - N ]
Cw v e N A ] .
o] 50 100 150 200
y (A)

FIG. 5. Eigenfunctions corresponding to the three lowest
eigenvalues of the transfer integral operator, before and af-
ter the transition. (a) corresponds to T' = 277 K, (b) to
T = 282 K, and (c) to T = 290 K. The solid line corresponds
to ¢o, the dashed line to ¢1, and the dash-dotted line to ¢,.
The parameters are o = 0.35, D = 0.03 eV, a = 4.5 A},
K =0.06 eV/A, p =1, and m = 300 amu.

a small extra peak around y = 0, which is a “memory”
of the localized state that exists for T < T..

V. ENTROPY-DRIVEN TRANSITION

In this section we will analyze the process leading to
the transition. Our calculations were done in the canon-
ical ensemble, where it is straightforward to derive ex-
plicitly the thermodynamical functions, starting from the
partition function. For the free energy, it reads

k
F = —kpTIn(Z,2,) = - 2BT In(2rmksT) + Neo.
(20)
We can also derive the energy per site
U 1 860
S T 2
Nkpg T(2 T 3T> (21)
and the specific heat
o2
CV 1 T o €9 (22)

Nkz 2 kg oT?’

Figure 6(c) presents the results for the specific heat ver-
sus temperature given by the transfer-integral calcula-
tions. One notes an extremely sharp peak at T' = 278 K.

It corresponds to the penetration of the lowest eigen-
value ¢¢ in the continuum band, which is associated with
a sharp knee in the variation versus T of the lowest eigen-
value of the transfer operator, as attested by Fig. 6(a).
In fact, the amplitude of this peak seems to be essentially
limited by the temperature step used in the calculation.
Finally, in Fig. 6(b), we show how the energy per site
varies with temperature. The most striking feature con-
veyed by Fig. 6(b) is the sudden rise in U. The steeply
rising coexistence segment of the curve in Fig. 6(c) is not
strictly vertical because of the numerical method to com-
pute the lowest eigenvalues (one can note that it is not a
finite size effect because the eigenvalues and therefore all
thermodynamic functions are obtained in the thermody-
namic limit).

In addition, we made some numerical simulation
of this system using molecular dynamics simulation
at constrained temperature with the Nosé-Hoover
method [30-34,13] on a Connection Machine 5 with
16 384 units. It is possible then to study the histogram
of the value of the different site y,, for different tempera-
tures. The simulation were first integrated during 20 000
time units in order to reach an equilibrium state and then
we continued to integrate the equations, saving the posi-
tion of all the sites with a regular time interval. On the
Fig. 7 we plot the fraction of units that have a value of y
exceeding a threshold 1.5 A. The transition is extremely
rapid in comparison with the harmonic case [13]. These
values are then used to make the histogram of the differ-
ent available positions. We plot the results on Fig. 8. One
sees that at low temperature the histogram has a sharp
peak around the value zero, which means that the chain
is in the well of the Morse potential. For higher values of
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FIG. 6. (a) The three lowest eigenvalues of the transfer in-
tegral operator. The asterisk corresponds to €o, the diamond
to €1, and the triangle to 2. (b) The evolution of the en-
ergy versus T. (c) The evolution of the specific heat on the
same interval of temperature. The parameters are a = 0.35,
D =003eV,a =454, K =0.06 eV/A, p = 1.0, and
m = 300 amu.
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FIG. 7. Variation of the fraction of cells that are denat-
urated fy4 vs temperature. fj is calculated by counting the
number of base pairs that have a mean stretching exceeding
a threshold of 1.5 A. The parameters are a = 0.35, D = 0.03
eV,a=45A1"" K =0.06 eV/A, p =1, and m = 300 amu.

the temperature, all the particles are on the plateau. For
an intermediate range of temperature, parts of the par-
ticles are still in the well, as attested by the small peak
of the dashed line around zero, although other parts are
on the plateau. This is also reminiscent of a phase coex-
istence phenomenon.

Naturally at this step, because the model remains short
ranged, the question arises whether it is a real first-order
transition because of the sharpness of the peak in the
specific heat. At first sight this seems to contradict the

HISTOGRAM

L2 L

POSITION

FIG. 8. Histogram of the open sites for two different tem-
peratures. The solid curve corresponds to a temperature of
300 K and the dashed line corresponds to 310 K. The param-
eters are a = 0.35, D = 0.03 eV, a = 4.5 A7, K = 0.06
eV/A, p=1.0, and m = 300 amu.
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well-known result that there are no phase transitions in
one-dimensional (1D) systems, with short-range interac-
tions [35]. One can easily illustrate this theorem with the
oft-repeated example of the linear chain Ising model (see,
for example, Ref. [36]). Let us assume that an ordered
state exists below T. > 0 and that there exists a phase
transition at temperature T.. Then for T < T, let us
flip half the chain to assume an opposite polarity, which
clearly increases the enthalpy by an amount 2J, which is
the enthalpy required to change the relative polarity of a
nearest-neighbor pair of spins. However, since it can be
carried out in N ways (according to which of the N bonds
is flipped) there will be a resultant increase in entropy
of order (In N) and the Gibbs potential G = U — TS
will decrease rather than increase. Thus the system is
unstable against such flips and we conclude that for an
infinite system an ordered phase for T' > 0 cannot exist.
Therefore, no spontaneous magnetization can appear in
a linear Ising model. The preceding derivation clearly
breaks down in the presence of an external field since the
two states do not correspond anymore to the same energy
level. In that case, the energy increases with /N and not
with In V.

Theoretical questions related to the phase-transition
problem in a double polymer chain (such as the DNA
molecule) have been discussed many times in the liter-
ature [37-39]. The process of splitting of a long double
molecule into individual filaments is under certain condi-
tions [37] indeed a phase transition. Using a simple model
and only nearest-neighbor interaction, one can exhibit ex-
amples [38,40] that demonstrate that a phase transition
is not forbidden in a 1D system since, to our knowledge,
the demonstration of the theorem is only valid for poten-
tial using differences of the positions [11].

VI. DISCUSSION AND CONCLUSION

To elucidate the reason of this transition, we can per-
form the same type of calculations with other similar
Hamiltonians. Our results show that the transition re-
quires simultaneously two properties of the model. One is
a property of the coupling along the chain and the other
one is a characteristic of the on-site potential. Let us
discuss the coupling first.

As already explained, when a = 0 (the coupling inter-
action is then harmonic) the spectrum of the TI opera-
tor shows a smooth evolution of the lowest eigenvalue to-
ward the continuum; simultaneously the eigenfunction ¢¢
shows a smooth evolution toward delocalization by form-
ing a side maximum that grows. The transition is clearly
not a first-order transition [see Figs. 2(a) and 2(c)].

To show that the behavior of the model is sensitive
to the type of dependence upon y, of the effective cou-
pling constant, we studied the model with the following
coupling potential:

K oy —
Wi(yn, Yn—1) = Y (1 + pelvn ”"“') (Yn — Yn—1)2.

(23)
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Figure 9(a) shows the specific heat versus the tempera-
ture. The curve corresponds to a broad peak, due to a
1D Schottky anomaly. We note then that the plus sign
is of importance in the exponential. In a mean field ap-
proximation, with a minus sign, the coupling constant is
not a function of the mean stretching, contrary to our
Hamiltonian.
We studied also the coupling potential

K —a
W2 (Yns Yn—1) = 7(1+p—pe (y"+y""’)
X(Yn = Yn-1)*. (24)

That case has the plus sign in the exponential, but the
prefactor of the quadratic term (y, — yn—1)? increases
from ;K to 1K (1 + p), when either or both base pair
are stretched. Therefore, a base pair that is in the vicin-
ity of an open site has greater vibrational frequencies,
which increases its contribution to the free energy since
the free energy of a single classical harmonic oscillator is
F = —kgTIn[2nkpT/w]. Figure 9(b) shows that with
the W5 coupling there is only an extremely smooth max-
imum of specific heat. On the other hand, the coupling
potential (2) allows a lower coupling along the strands
when the base pair are stretched and so gives the bases
more freedom to move independently from each other,
causing an entropy increase, which drives the transition.

The second essential point is the coexistence of a
plateau in the Morse potential. One could think of a
model where the two possible states are both confined
states. This would be the case, for instance, for a double
well on-site potential such as the well-known ¢* potential

Vi(y) = D(y* — 1)? (25)

instead of the Morse potential. This model has no tran-
sition and this appears again on the specific heat, which
has simply a small peak [Fig. 9(c)]. One could think of
coming closer to the case of the Morse potential by us-
ing a potential that has two equilibrium positions with
different energies such that the asymmetric ¢* potential

Viy) = DB~ 1) + 3] (26)

Again there is no sharp transition as shown in Fig. 9(d)
[41]. These two cases suggest that the plateau of the
Morse potential is really required and this is supported
by two arguments.

(i) In a previous study of an entropy-driven transition
with an on-site potential having a ¢® shape (with only
minima confined by a potential energy increasing to in-
finity for y — +00), Morris and Gooding did not find
a transition in the limit of a one-dimensional model [5].
They analyzed their results by showing that instead of
a crossing of two eigenvalues of the transfer integral op-
erator leading to degeneracy they had only an avoided
crossing as shown in Fig. 10(a). With a potential un-
bounded for y — 400, the transfer integral operator has
only a set of discrete eigenvalues that depend on T and
the avoided crossing can be repeated to avoid any degen-
eracy of eigenvalues as shown in Fig. 10(b). But with a
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potential having a plateau, there is a qualitative change
because the transfer operator has a continuum part in
its spectrum. As shown in Fig. 10(c), if a discrete eigen-
value tends to penetrate into the continuum, the crossing
cannot be avoided unless one digs a “channel” in the con-
tinuum to allow the curve &o(T') to pass through without
intersecting with the continuum. This is of course not
a mathematical proof of the existence of the transition
because we cannot, from such a topological argument,
definitely exclude a sharp bend of €¢(T") before it reaches
the continuum as shown in Fig. 10(d). But, if it were the
case it would be difficult to explain the anomaly in the
density of states that appears in the continuum in our
Fig. 4 along the continuation of the &o(T") curve.

(ii) The transition is only possible if an entropy in-
crease can balance the energy increase shown in Fig. 6(b)
in order to reduce sufficiently the free energy of the de-
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naturated phase for T' > T,.. As discussed above, the
special nonlinear coupling, which gives the particle more
freedom to move in the denaturated state, tends to fa-
vor an entropy increase. But the plateau of the Morse
potential is also crucial because when the whole atomic
chain is on the plateau, the absence of confining potential
(contrary to the ¢* or the ¢® potential) allows them to
explore almost freely a very large domain in the phase
space. In fact, although we are working with a one-
dimensional model because the on-site variable can be
labeled by only one index (along the particle chain), in
the denaturated state, the chain of particles evolves actu-
ally in a two-dimensional space as illustrated in Fig. 11.
This fact was recognized earlier by Kosevich et al. [38]
when they studied a one-dimensional DNA model made
of segments having a finite number of possible orienta-
tions. The calculation of the number of configurations
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FIG. 9. Specific heat in kp unit versus the temperature. (a) and (b) present the cases with the coupling potentials (24)
and (23), respectively, (c) presents the case with the ¢* potential and the anharmonic potential (2), and (d) presents the case
with the asymmetric ¢* potential and the anharmonic potential (2).
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(a)

T T

(©)

T T

m

FIG. 10. Qualitative pictures showing how a degeneracy
could be avoided in the eigenvalues of the transfer operator
when they vary versus T: (a) avoided crossing of two dis-
crete states, (b) sequence of avoided crossing when an isolated
eigenvalue penetrates into a domain that contains many dis-
crete eigenvalues, (c) penetration of an isolated eigenvalue in
a continuum, and (d) avoided crossing by abrupt bending of
the variation of an isolated eigenvalue approaching a contin-
uum.

of the model to get the partition function lead them to
consider random walks in two or three dimensions.

In summary, we showed that the cooperativity effects
that we introduced previously [14] in the model of DNA
denaturation through purely nearest-neighbor coupling
terms can change dramatically the transition. With

FIG. 11. Schematic view showing how the chain of par-
ticles (represented here by the heavy line) can explore a
two-dimensional space in the denaturated state when the
on-site potential has a plateau.
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this interaction, the system presents an extremely sharp
entropy-driven transition. The self-consistent phonons
calculations can be performed analytically up to second
order. The fact that even at this order the SCP calcu-
lation cannot describe correctly the transition shows the
essential role of the nonlinear effects in the vicinity of
the transition. With the use of two different methods,
we are able to obtain exact numerical values of the ther-
modynamical functions. The transition is related to two
main features of the Hamiltonian: on the one hand, it is
necessary to introduce a nonlinear coupling constant that
decreases in the denaturated phase to provide a large en-
tropy; on the other hand, the on-site potential must be
bounded with a plateau. The approach that we presented
here agrees with recent views on structural phase transi-
tion in elastic media that stress that intrinsic nonlinear
features characterize the physics of these transformations
and extend the standard soft mode picture [1,7].

The statistical mechanics results show that it is possi-
ble to design a simple one-dimensional model that pro-
vides a good description of the DNA denaturation tran-
sition as it is observed experimentally on short chains.
From the point of view of the physical motivations of
this work, the next part is to study the effects of the dis-
order (the sequence for the DNA model) on the denatu-
ration. Indeed, to investigate the activation mechanism
it is crucial to take into account the nonuniformity be-
cause the transcription is induced by promoter regions.
This is a very sensitive test of the model because it is
well documented experimentally and the cooperativity
of the transition has been shown experimentally to de-
pend drastically on the sequence and the ionic content of
the solution. At this point numerical simulation is ab-
solutely crucial since very little is known on disordered
nonlinear systems. Experimentally the thin details of the
denaturation curves result from statistics on the millions
of molecules present in the vessel. We can only test our
model against these results if we can generate numerically
very accurate denaturation curves, i.e., if we can obtain
extremely good statistics in the thermalized numerical
simulations. Only studies of many, sufficiently large, in-
dependent samples over a long time can provide signif-
icant results. Preliminary studies show that the model
can exhibit a fine structure in the denaturation curve
that is similar to the structure observed experimentally.

This study should give us the elements to define the
role of the base sequence (i.e., the genetic code) in the
localization phenomenon. Our guess is that the combi-
nation of the nonlinearity and the disorder will give us
the opportunity to understand the main features of the
denaturation process. We expect this connection to play
an important role in the mechanism of genetic activation,
where the specificity is crucial for both the binding of spe-
cific proteins to DNA and the transport of such proteins
from the promoter to the fragments corresponding to the
genes. Work in this direction is currently in progress.
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APPENDIX: CALCULATION OF THE MEAN
VALUES FOR THE SCP METHOD

In this appendix we present only the main results, use-
ful to obtain the expression of the mean value of the
J

A= ((u — ul+1)2(uk - Uk+1)23

/ T dui(wr = w0)? (un — wis1)exp (—ﬂ > M juu;

%J

perturbative potential (Vpert). The calculations are par-
ticularly tedious. We introduce the matrix M, with
2 . .
M;; = (& + ¢)8i; — $(8ij+1 + 6ij—1) as we did in
the harmonic case [13].
Let us define the quadratic form

Q= ZM,:J’LL,‘UJ‘ - Z hi(us — uiy1) + Z ciu; (A1)

%3

with ¢; = 0, except ¢; = /B ifi=k,k+1,{,£+ 1. We
have then

—a(uh+uk+1+ul+ul+1)> (A2)

— a(ug + U1 +ur + ul+1))

/ H du;exp (—ﬁ z Mi,juiuj)

1 ot /
= du;e P
B2Z(0,0) [ahﬁahf 1:[ }

h=0

(A3)

(A4)

We introduce then the variable v; = u; — a;, where a is chosen so that the linear term of the quadratic form vanishes.

It gives
t
1 923 'aMa
gt ;hzahz (43
k l h=0
= {2(2(ukut) — (urtgs1) — (wguets))? [1 — 202 ((up41ue) — (ukuz+1>)2]
+[2(<u2> _ (1)2>) + a2(<uk+1u€> _ <ukul+1))2:|2}ea2(2(142)+2(u2)+2(ukut>+(uh+1’uz)+<uz+1uk)). (AG)
If o = 0, it reads
(= i) (e — ue1)?) = 2[2((u?) = ) + (2(urre) = (wruess) - (ueuia))?]. (A7)
[
Using the same quadratic form, but ¢; = 0, except where 0 = ((ur — uk+1)2e_a“‘e_°‘(“"+""“)) (A11)
Ck = Ck41 = %, we obtain
1 2P taMa
I = ((ur — Uk+1)2(ue - u£+1)26_a(u"+u"+l)) (A8) = ﬁT (A12)
1 %P taMa *
= 5o (49) =) — () + @ (i aue) — (upue))?]

= 2[(2(urue) — (urtey1) — (weury1))?

+2((u?) — (v?))2]e>” WD+, (A10)

Using the same quadratic form, but ¢; = 0, except where
Ckp = Cht1 = %, cp = %, it reads

e (W) ")+ % (u?)+2a((urue) H(ursaus)) | (A13)

The two particular cases @ = 0 and a = 0 are useful
for the calculation. Using the same quadratic form, but
c; = 0, except where ¢ = cpy1 = %, cp = g—, it reads



51 ENTROPY-DRIVEN TRANSITION IN A ONE-DIMENSIONAL SYSTEM 4039

E = ((uk — uks1)2ufe ourtuiir)) (A14)
t
1 §4eB ‘aMa
=51 gz (A15)
Bg* ohic?

= 2{ (un ) — (awa))? + ((0) ~ (02)
X [(uz) + o ((ugur) + (ueuk+1))2] }6“2((1‘2)4-(112)).

(A16)
When a = 0, it reads

((ur = urs1)?uf
= 2[(wrue) = (unsrue))? + (@) () = (03))]-
(A17)

(Vpert) _ ((H — Ho)?)
N N

Finally, introducing the expressions

K
Y= __pe—2cx7],

A= De 29" §=2De",

o =aD [2(a — )22t ) 4 (20 — a)e—an+%<u’>]

to simplify the cé,lculation, we can then obtain the mean
value of the square of the perturbative potential

o2
= N[crz(uz)2 - 2/\a(u2)62”2(“2) + 250(u2)eT<1‘2)]

+ 37 (207 [202) — (02))* + (2upe) — (untiesn) — (wennin))?]
k

+’72{2(2(UkW> — (urtigsr) — (wpur+1))? — 40® (2(urue) — (urtters) — (wetns1)) ((ursrtue) — (uruers))?

2
+[2((u2) - ('Uz>) + a2(<uk+1u£) - (uku£+1>)2] }e"‘2(z<“2>+2(”2>+2<Uk“z>+(uk+1m)+(uz+1uk>)

5a2

-+-/\2e4“2 (u?) ga” (uiue) + §22° (u?) ga® (urue) + 202(ukuz)2 — 2)de 5 (w?)g2a% (urue) _ 8/\aa262“2<"2>(ulcu1:)2

02
+260.a267(u2)<ukue>2 + 4py [(2<ukut> _ (uku£+1> _ <u£uk+1>)2 + 2((11.2) _ <v2>)2}e°‘2(<u2>+(v2>)

+4uA[(u?) = (02) + @ ((wnrae) — (weue))® + a2 ((uesrun) — (wrug))?] e

—ud [4((1/,2) — (%)) + a® ((urs1ue) — (urue))® + a®((wgp1ur) — (uku[»z]e%(ug)

2010 [(upte) — (uns1))? + ((une) — Cugsrmn))? +20u) (02) — (v2))]

(
+27A[(u2> — (v®) + 20® ((up41ue) — (ukul>)2]ea2(<u2>+<v2>)+2¢12<u2)+4aa((ukuz>+<uk+1“t))
(

+27,\[ u?) — (v®) + 2a® ((uppr1uk) — (ukul»z] e () +(v?))+2a% (u?)+4aa((urue) +(uer1u))

a2
-8 [2(<u2> — (v*)) + a®((urt1e) — <“kul>)2] 2 (W) )+ 5 (u?) +2aa((urue)+Hunrrue)

—8 [2(<u2> — (v*)) + a®((uesrux) — (ukue))z] £ () +(v?))+ 5 (u?)+2aa((une) +(uer1ur))

~290{ ((ur+1ue) — (weue))® + ((werrue) — (urue))?

+((u?) = (v*)) [2(u2> + o ((weur) + (weurt1))® + o ((ueur) + (ukulﬂ))z] }ea’(<u“>+<v”>)),

This expression allows us to compute the value of the second-order correction to the free energy (14).
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