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We study the two-dimensional classical scattering dynamics by a muffin-tin potential with three

Coulomb singularities.

A complete symbolic dynamics for the periodic orbits is derived. The

classical periodic trajectories are shown to be hyperbolic everywhere in phase space and to carry no
conjugate points. We further determine all quantities that are characteristic for a chaotic system

by the concept of the topological pressure.

PACS number(s): 05.45.+b, 34.80.—i, 72.10.—d

I. INTRODUCTION

In recent years the study of chaotic dynamical systems
has attracted a lot of attention [1]. However, there are
only a few models for which the dynamics is known to be
completely chaotic. Well defined properties like ergodic-
ity or complete hyperbolicity of the dynamics in phase
space is usually very hard to prove. Systems for which
a proof has been found are usually either Euclidean bil-
liards with nontrivial boundaries or motion on Riemann
surfaces endowed with a hyperbolic metric [1]. In con-
trast, for potentials there are hardly any examples for
which these properties can be shown rigorously.

A few years ago an outstanding work by Knauf and
Klein [2] gave an example of ergodicity in a potential
problem using rather sophisticated mathematical tools.
It treats the classical two-dimensional scattering by a
rather general potential, whose main features are n fixed
attractive Coulomb centers and a fast decay towards in-
finity. For n > 3 the system exhibits all the typical char-
acteristics of chaotic scattering. On the set of bounded
orbits the motion is proven to be ergodic (with respect
to a specified measure).

However, some open problems remain, of which we
would like to pick out the following two. For one, no-
body has actually calculated periodic orbits beyond the
proof of their existence as it turns out to be rather dif-
ficult. The periodic orbits yield a lot more insight into
the detailed properties of the classical system. Moreover,
there seems to be no path in sight to treat the quantum
mechanical problem in the general setting given by Knauf
and Klein, e.g., an exact way to determine resonances.

We study here a slightly different model in order to
discuss the two above mentioned open questions. The
classical part is the content of this paper. We derive a
different, much simpler symbolic dynamics at the price
of giving up the smoothness and generality of the poten-
tial. The quantum mechanical treatment as well as the
semiclassical analysis will be the subject of a forthcoming
presentation [3].

A similar model is discussed also by Gutzwiller in
Chapter 20 of his book [1]. Again, no explicit results
are known. In particular, the symbolic representation is
different from ours, because we concentrate on periodic
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orbits rather than scattering orbits which are the subject
in [1].

The paper is organized as follows. In Sec. II we discuss
the main features of the model. We show a way to find
periodic orbits in Sec. III. Moreover, we calculate all pe-
riodic orbits up to code length N = 17 and discuss some
of their statistical properties. These are, e.g., the topo-
logical entropy, the distribution around a code length,
and the nearest neighbor spacing. Section IV is devoted
to stability properties of periodic orbits. We present a
way to determine them for any given potential and will
specify it for our case by actual calculation. The mean
Lyapunov exponent and its spread around this value are
a subject of our study as well. In Sec. V we use the
topological pressure, known in the context of the ther-
modynamic formalism [4], to calculate various quantities
characterizing the chaotic dynamics. All quantities are
determined at different energies, since this is not a scal-
ing parameter of the potential. We shall finish with some
concluding remarks and an outlook on the quantum me-
chanical problem.

II. THE MODEL

The two-dimensional Hamiltonian system we consider
is a potential scattering process. One particle scatters on
a locally fixed potential which is defined in the following
way:

V() =

(1)

These are three distinct fixed Coulomb potentials located
on points §; in configuration space, each being cut off be-
yond a radius R;,? = 1,2,3. They do not overlap. The
strength Z; of each of the singularities is chosen to be
positive, such that the potential is purely attractive. The
constant terms }Zz—i added to each site lift the potential as
a whole and make it continuous. In a continuous poten-
tial, the momentum of the moving particle is continuous
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and thus the trajectory is a once differentiable curve in
configuration space. This is a typical muffin-tin (MT)
potential indicated by the dotted lines in Fig. 1. As we
shall be concerned with scattering, the energy is always
positive, E > 0. One can imagine this being an idealized
molecule, where an electron scatters off the protons. In
the calculation we have chosen values for the constants
such that the energy scale in the figures is of the order
of eV.

Studying the solutions of the Hamiltonian system is
equivalent to studying the geodesic motion on a surface
with a metric defined via (¢,j = 1,2)

953 (F) = (1 - Kl(?ﬂ) dij, ¢))

changing the time to arc length [5]. The superscript ex-
presses the explicit energy dependence of the solutions,
which is a decisive difference from billiards, where the ac-
tion scales with the energy. The metric is not well defined
at the Coulomb centers §; as it is infinite there, but the
time a trajectory needs to hit the center is finite. The
most natural thing is thus to “regularize” these points
and to extend the geodesic flow to the singularities by
adding a backscattering orbit whenever there is a col-
lision with a center. By this construction one can use
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important results of differential geometry, e.g., we can
calculate the Gaussian curvature for this metric. It van-
ishes outside a MT and is strictly negative within,

Z;

.
2F — & (|f-§,~|+ETZ§;)

KE() = - ®)

This is a crucial property for the chaotic behavior as we
shall see later. Note that its limit, when approaching a
singularity, is finite.

The traditional way of studying scattering is to look at
quantities like the cross section or the time-delay func-
tion. A characteristic of irregular scattering is the self-
similar structure of singularities in these quantities [6].
These are consequences of the existence of a dense set
of hyperbolic periodic orbits in phase space, which are
therefore sometimes called the “skeleton” of phase space.
As they determine the main structure, we will directly
draw attention to these periodic geodesics instead of the
scattering orbits. The meaning of these orbits will be-
come clear in Sec. V in particular.

III. PERIODIC ORBITS

To find all periodic orbits systematically one usually
needs to have a symbolic dynamics. This provides a well
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FIG. 1. The periodic orbit corresponding to the code word (1231213) for an equilateral configuration of MT’s with (a) E = 8
and (b) E = 50. The inset in (a) is an enlargement of nucleus number 2 to show that the orbit does not collide. (c) shows the
same orbit in a slightly asymmetric setting (E = 50). The dashed lines encircle the regions of nonvanishing potential. In (d)
one can see how the action of this orbit changes with p, where p® = 2E.
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defined enumeration and a check for completeness. We
shall first present the code by which the periodic orbits
(PO’s) can be represented in a symbolic way. Then we
describe the algorithm that finds the exact positions of
the PO’s in phase space.

There are two restrictions to the method applied be-
low. (1) The code is valid for energies £ > ma.x(%;%) only.
This is due to the fact that it requires the Kepler trajec-
tories to be hyperbolas. (2) The centers §; have to be
arranged on the corners of a (convex) triangle, such that
the corridors on which trajectories can move between two
MT’s do not intersect. Examples are given below (see
Fig. 1). There are indications that this code can readily
be generalized to more than three centers as long as they
are placed on the corners of a convex polygon.

The code is in fact fairly simple. Giving each center
a number (1,2,3) a periodic orbit is uniquely represented
by its history in terms of the centers it passes during one
traversal. That is to say, all periodic sequences in the
space of words of the letters (1,2, 3), without repetition
and modulo cyclic permutation, represent symbolically
the set of all periodic orbits. When the Kepler trajecto-
ries are hyperbolas, a repetition of equal numbers cannot
occur, because an orbit has to touch another MT before
turning around the first one a second time. We shall now
show this one-to-one relation.

(i) For an orbit to be periodic, it has to turn around the
centers again and again. Hence, given a periodic orbit,
it has a well defined path through the MT’s and thus a
single code (modulo its cyclic permutations).

(ii) Given a code one needs to show that there is only
one PO. We shall exclude for a moment the orbits col-
liding with a singularity. Since the points §; are then
excluded, two orbits cannot be transformed continuously
into each other, i.e., they are not homotopic, when they
turn around the same center in a different orientation at
least once during their traversal of the orbit. As the code
is fixed, we know which centers the PO passes during the
traversal. Any other orbit with this code is either (a)
homotopic to the first one or (b) topologically different,
which means that it runs around one of the MT’s in a
different orientation.

We can already exclude (a), since we know that the
Gaussian curvature is nonpositive, which allows only one
geodesic per homotopy class (see, e.g., [13]). To exclude
(b) we split up the code into smaller parts and find three
different types of pieces a periodic code can consist of.

(1) ...abc..., where a,b,c € {1,2,3} and a # c
Whether the orbit turns around b clockwise or anticlock-
wise (see Fig. 1) is fixed by the explicit numbers, because
the Kepler orbit being a hyperbola does not allow self-
crossing after one turn. Hence given a sequence like the
one above in a code the orbit has a well defined orienta-
tion.

(2) ...cabab...ababe... in the familiar notation. On the
pendulumlike motion between a and b the scattering an-
gle spreads or decreases constantly because of the hyper-
bolas at each center. Thus it will not change the orienta-
tion in between, when it comes out the same way it went
in. This is the case in (2), since the last three letters are
just a cyclic permutation of the first three.
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(3) ...cababd...abac... . In this case the orientation has
to change, as it comes out of the pendular motion the
opposite way it went in. But as a result of the avoided
self-crossing the turn around will happen exactly in the
middle of the term. The pattern looks like a squeezed
ancient Greek meander.

Finally, the orbits colliding with a center have to have a
mirror symmetry in their code because of their backscat-
tering nature. In fact, every code with this symmetry is
a colliding one, which is then unique.

Given a one-to-one code with an appealing geometrical
interpretation, we can construct each periodic orbit by an
algorithm. The PO consists of pieces of free motion and
Kepler trajectories. Passing the MT with number ¢ in
the code word, the orbit sweeps over an angle given by a
Kepler hyperbola. The scattering angle therefore is given
by conversion of the famous parametrization of a Kepler
trajectory [thus the index in Eq. (4)] plus an additional
piece coming from the impact parameter %, when it hits
the boundary:

(62 = Oy = sgn(t) {2 avceos [ (2 =) 2] =)

&

) (4

It is a function of the incoming relative angular momen-
tum /;. Here 0; is the direction of the momentum before
the ith center and P; and ¢; are the parameters of the

_Ziy2
Z(LZ_’;-‘—)I—’ . Inall

+ arcsin (

2
Kepler trajectory { P; = izf:,g? =1+

calculations we have set the mass to 1. Note in the defi-
nition of the parameter ¢; that the energy is reduced here
by —Izﬁ as a consequence of lifting the potential in the be-
ginning. p is the absolute value of the momentum of the
free motion.

On the other hand, the relative angular momenta (rel-
ative to the appropriate MT) transform into each other
by geometrical arguments

liy1 =l 4+ |5i — §i1a| p sin(@ii41 — 0it1), (5)

a; ;11 being the angle of the vector §; — 5;41 with respect
to the z axis in a Cartesian coordinate system (see Fig.
1). Taking the inverse, we arrive at an additional, purely
geometrical condition for two consecutive scattering an-
gles as a function of the angular momentum

. li+1 lz
(6i+1 — 0i)geo = @4 i41 — @;_1; — |arcsin | 5—————
|Si — &iy1|p

— arcsin (—————f‘ — b )] : (6)
|85i—1 — 8| p

For periodic orbits (and for each index ¢) the functions
in (4) and (6) have to be equal. Thus the problem of
determining PO’s is reduced to finding the zeros of the
difference of (4) and (6) in N-dimensional angular space
as a function on the N-dimensional angular momentum

space, when the length of the code is N.
In general, the problem of finding a root in an N-
dimensional system of transcendental equations can be
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rather difficult numerically, depending on the explicit
function. In this case, however, we find that it works
very well. We only have to keep track of the variables /;
staying in their domain and give a good first guess for the
root. The latter can easily be constructed by the code.
This guarantees fast convergence. But even for start-
‘ing values far away from the solution, we always find a
single solution, as it should be from the above proof for
the uniqueness of the code. As an intuitive argument
one can imagine the good convergence coming from the
monotonicity of the arc functions. We have tested this up
to code length 17, which corresponds to 16 510 primitive
orbits, i.e., orbits that are traversed only once. There are
107 more when one includes multiple traversals. N = 17
is not a limit of this method, but a practical (prelimi-
nary) one, as the CPU time increases exponentially with
the code length. Figure 1 shows a typical orbit, this one
belonging to the code word (1231213). In Figs. 1(a) and
1(b) the MT’s are located on an equilateral triangle and
only the energy is changed from E = 8 to E = 50, respec-
tively. As the solutions do not scale with the energy, be-
cause the potential contains internal scales like the radius
of each MT and the distances between them, the periodic
orbits vary with the energy. However, the topologically
different orbits become geometrically very similar as the
energy rises. This gives rise to a number of nongeneric
features in quantities we shall look at in the following.
The effect of the high symmetry of the equilateral trian-
gle on the classical dynamics has been studied intensively
in the works on three disks [7]. Instead of reducing our
system to the fundamental domain to extinguish the non-
generic symmetries, we vary the positions of the MT’s.
In Fig. 1(c) the angles of the triangle are slightly changed
to be 50°, 60°, 70°, again representing the same orbit.
The number of periodic orbits N(T') with periods
below a certain period T proliferates exponentially in
chaotic systems. The topological entropy = determines
the rate of increase. That is to say that asymptotically

N(T)z% as T — oo. (7

In our case this is strongly linked to the exponential in-
crease of the number of code words. If Z(IN) denotes the
number of all primitive periodic codes of length N, it is
given by the recursion relation

Z(N)=]—:tr— N+ ()2 =S mzm) |,  (@®)

m|N

where the sum runs over all divisors m of N. To un-
derstand this formula, one starts by noticing that there
are 2V possibilities to create a code word (without rep-
etitions) of length N out of three letters. Implement-
ing the periodicity condition, subtracting all multiples of
smaller code words, and dividing by the number of per-
mutations IV, one arrives at Eq. (8). Thus the number
of code words increases exponentially with a rate of In 2
(sometimes this is also called topological entropy of the
number of code words). At high energies the period be-
comes essentially a multiple of the free parts of the orbit
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as shown in Fig. 2. As one can see from Eq. (2) or (3)
the metric becomes nearly flat as we go to very high en-
ergies. The pronounced staircase behavior washes out
only as one gets to longer PO’s, which is a difficult re-
gion to reach numerically, or to lower energies as in Fig.
2(b). To eliminate the nongeneric staircase we destroy
the high symmetry by changing the equilateral triangle
as above. The effect on N(T') can be seen in Fig. 2(c).

To determine the topological entropy, we fit an expo-
nential to the staircase function. As we only know the
asymptotic behavior, there is a freedom in choosing the
fitting function, as long as the asymptotic behavior re-
mains the same. Experience with a lot of systems has
shown that the exponential integral Ei(z) usually leads
to a much better fit. It is defined as the principal value
of [ <XPtdt Figures 2(a)-2(c) confirm how well this
function resembles the mean behavior, keeping in mind
that we concentrate on the asymptotic behavior.

In the case of billiards one can define an energy inde-
pendent entropy in units of the geometric length of the
periodic orbits. Here there is no such simple ezact re-
lationship and we have to calculate it for each energy
separately (see Table I). Nevertheless, in the high en-
ergy region, as the geometry of the orbits hardly changes
any further, the classical action scales with v/2E approx-
imately. As an example, Fig. 1(d) displays the energy
dependence of the classical action of a typical orbit. This
will have an effect especially in the semiclassical analysis

[3]-

Another interesting plot is the probability distribution
pn(T) of periods for a given code length N. Thus we
collect all orbits to a given code length N and determine
the probability for different periods to appear. This has
already been studied in the hyperbola billiard [8]. If one
finds this distribution to approach a smooth Gaussian
for large code length (and an overlap for different code
lengths), there cannot be a minimal time AT of which
all periodic orbits are just multiples. This in turn would
prove a system [as long as it is an axiom A system (for
a definition, see [9])] to be weakly mixing and to have
the mentioned exponential asymptotic behavior of N(T')
[10,2]. Our numerical tests indicate this behavior (Fig.
2), although numerics in this context has to be viewed
with much care. For one, the statistics is rather poor to
overcome the strong geometric influence of the MT set-
ting and we do not reach a Gaussian by far. Furthermore,
the numerical spreading might as well be a consequence
of larger multiples of a few basic lengths as has been
pointed out by Knauf [11].

The nearest neighbor spacing (NNS) of energy levels
in chaotic systems has been the subject of many discus-
sions in the literature (see, e.g., [1]). By the semiclassical
trace formula there is an interesting duality between the
energy spectrum on the quantum mechanical side and the
length spectrum of periodic orbits on the classical side.
Thus it seems to be natural to ask whether the NNS
statistics of the length spectrum reveals any character-
istic features [8]. In our system we find the number of
orbits to be not enough to give stable statistics. As one
includes more and more orbits, it seems to approach a
Poissonian rather than, e.g., a distribution of a spectrum
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FIG. 2. N(T) for the symmetric configuration at energies (a) E = 10.125 and (b) E = 50. The asymmetric case is shown in
(c) (E = 50). The dashed lines show the fit to the function Ei(rT) for which the values of 7 are given in Table 1. (d) displays
the distribution of lengths for code lengths 14,15,16, and 17 in the asymmetric system at energy 10.125 (full, dashed, dotted,

and dashed-dotted, respectively).

due to an underlying ensemble of Gaussian orthogonal
random matrices. This would agree with an observation
made for other chaotic systems as well [8,12].

IV. STABILITY AND CONJUGATE POINTS

Given a periodic orbit or any other trajectory one can
calculate its stability, i.e., the linear approximation of
the motion in its vicinity. In practice one needs to find
an orthogonal (local) coordinate system, which splits the
motion into a direction parallel and a direction transver-
sal to the flow. This is, in general, not a perfectly obvious
procedure. In this case a particular problem comes about
by the Coulomb singularities, such that the results ob-
tained may easily be absurd, if one is not careful enough.

The most elegant way is to return to the geodesic mo-
tion generated by gﬁ [2,13]. We know from differen-
tial geometry on two-dimensional surfaces that orthogo-
nal coordinates always exist, called geodesic coordinates.
The second variation of the Lagrangian on the surface
leads to the Jacobi equation for the transversal compo-
nent y of a vector field along the geodesic,

i+ KF(7(s))y =0, 9)

with the Gaussian curvature in (3) given in terms of the

arclength s in this metric. The dot denotes the derivative
with respect to s. To calculate the stability in phase
space we need to extend this to the 2 x 2 stability matrix
M(s) which is obtained as a solution of

Mi(s) = (-10<iE (1)) Mi(s) with M;(0) = ((1) ‘1’>

(10)

The index ¢ labels the corresponding MT. By the negativ-
ity of the curvature, a solution of this equation is strictly
positive, which is a manifestation of the hyperbolicity of
the orbits. Note that a solution of a differential equation
of this type has a constant determinant, which reflects

TABLE 1. Values for 7 and X at various energies.

p=+V2E Config. T A
4.5 sym. 1.48 2.19

asym. 1.27 2.02

10 sym. 3.09 4.74

asym. 2.69 4.28

30 sym. 8.72 12.47

asym. 7.65 11.28
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the Liouville theorem on the conservation of volume un-
der the flow in phase space.

The stability matrix for a periodic orbit is often called
the monodromy matrix. In our case it is a product of
those matrices that correspond to the pieces the orbit
traverses. The part for a free motion reads

1 tfree
Mfree = ( 0 fl ) .

Here tgee is the time the orbit spends between two MT’s.
The eigenvalues of the monodromy matrix now determine
the spreading of orbits. Since the determinant of the
monodromy matrix is equal to 1, their eigenvalues are
inverse to each other. As they are both positive, we can
write them as exponentials and remain with the stability
exponent as the only parameter, which is defined by

u(T) = In (%|TrM(T)| + /[IEM(T) 2 —4) . (12)

(11)

and

A(T) := E(TT—) (13)

determines the celebrated Lyapunov exponent. T is the
period of the periodic orbit. These are strictly positive,
because the solution of (10) is always positive and hence
the orbits are hyperbolic.

The different features of energy dependence in the
length spectrum manifest themselves in a similar man-
ner in the Lyapunov or stability exponents. Figure 3(a)
shows that the stability exponent becomes to a good ap-
proximation energy independent for large energies. It
depends almost linearly on the period, where the spread
around the mean widens as the energy decreases or the
symmetry is destroyed [Fig. 3(b)]. Figure 3(c) displays
the distribution of Lyapunov exponents around their
mean in the most generic case, which is the asymmet-
ric configuration at low energies. The arithmetical mean
of the Lyapunov exponents Ay is always larger than the
topological entropy as can be seen in Table I, a typical
feature for scattering systems. This plays an important
role for the question of convergence of the semiclassical
trace formula [14]. The index NN states that we have
taken the mean over all Lyapunov exponents up to code
length N and X := limy_00 AN.

Not quite as vital for the classical discussion, but es-
sential in the context of semiclassics, are the so called
conjugate points. The number of conjugate points along
a periodic orbit determines (if there are no further reflec-
tions on hard walls) the Maslov indices in the Gutzwiller
trace formula [15].

Conjugate points can be understood in many ways.
Further on we are going to sketch a proof for the fact
that in this system there are no conjugate points along
periodic orbits. For this purpose we present a picture of
conjugate points that is closely linked to the reasoning
of the proof. Imagine you are sitting on a trajectory in
configuration space and start with various directions of
the initial momenta. This fan of trajectories then spans
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a volume element in phase space. Whenever the dimen-
sion of this volume element shrinks on the trip through
the trajectory, you have hit a point conjugate to your
starting point. This is called a conjugate point. In some
direction of phase space you have crossed a trajectory
that has started at the same point, but in a different di-
rection. Now we return to the more technical definition
and demonstrate the absence of conjugate points in our
MT model. :

Let c(s,v) be a geodesic parametrized by arclength s

20
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FIG. 3. Stability exponents (a) as a function of the momen-
tum and (b) plotted against the period length (for E = 10.125

in the asymmetric case). (c) shows the distribution of Lya-
punov exponents around their mean for the same setting.
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and let v be a variation, such that for all values of v
¢(s,v) is a geodesic. Running v spans a whole family of
geodesics. A Jacobi field Y is a vector field along c(s,v)
generated by

Y(s):= %c(s,v). (14)

Taking geodesic coordinates and the dual basis in tan-
gent space, one gets for the transversal component of
the Jacobi field, let us call it y(s), the Jacobi equation
Eq. (9). As long as c(s,v) is differentiable with respect
to s, y(s) is differentiable as well. Since the curvature
KF < 0, the solution of the Jacobi equation is either
only convex or only concave [depending on the initial
condition y(0)]. But then it is impossible to find a non-
vanishing, differentiable solution of the Jacobi equation
with y(0) = y(s1) = 0,51 > 0. So there are no conjugate
points.

This is a slight extension of the proof found in [13] for
nonsmooth ¢(s,v). Note that ¢(s,v) has to be continuous.

V. TOPOLOGICAL PRESSURE

The central role of periodic orbits in dynamical sys-
tems — bounded as well as unbounded — becomes most
obvious in the context of the thermodynamic formalism
[4]. From this elaborate and abstract theory we shall
only concentrate on a small part, namely, the concept of
topological pressure P(3). This enables us in principle
to calculate various quantities that characterize a given
chaotic system from the single function P(83), such as
topological entropy, mean Lyapunov exponents, escape
rate, fractal dimensions, etc.

Starting with the classical time evolution operator (as
compared to the more familiar quantum operator), one
can define a Fredholm determinant that satisfies a sec-
ular equation for the determination of its eigenvalues
[16]. The spectrum consisting of the fundamental modes
of the system governs its dynamical evolution in time.
Whereas for integrable systems the spectrum is found to
be discrete, it is continuous for chaotic systems [9]. More
detailed information about chaotic systems, though, is
found in the structure of resonances found in complex
mode space [16]. These will not be of interest to us here.

The above determinant can be expanded in terms of
classical trajectories. It turns out that this leads to a
product of so called ¢ functions. The latter is a special
case of the Ruelle zeta function {g(s) [4]. In this particu-
lar case the factors in the infinite product over primitive
periodic orbits are weighted by the stability. To be more
precise, it is defined as

o(s) = [[ {1 —exp[~(s + BANTL]} T, (15)

Y

where « labels the primitive periodic orbits, A, denotes
the Lyapunov exponent, and T, is the corresponding time
of the periodic orbit. Its analyticity properties are well
established. The zeta function {g(s) is known to be an-
alytic in the half-plane Res > P(3) and has a pole at
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Res = P(8). Thus it determines the abscissa of conver-
gence of (g(s), which means more accurately

P(B) := inf {cr € R| Zexp [—(o + BA)T,] < oo} .

(16)

The resonances all lie below this boundary. As the Eu-
ler product does not converge there, one needs different
techniques for the analytical continuation to determine
these poles.

Since we are only interested in P(3), we simply have to
find the highest root of {3(s)~!, which we do by evalua-
tion of Eq. (15). The result is plotted in Fig. 4. As A and
T are energy dependent, we show the result for various
energies. The plots have been computed with the length
spectrum of the asymmetric configuration. Numerically
we have only a finite number of factors in (15), such that
we can only approximate the root. We studied the qual-
ity of the behavior of the approximation as we include
more and more orbits and finally extrapolate the root by
fitting with a rational function. We have tested this pro-
cedure on the Riemann ( function, where we know the
result [the topological pressure is exactly P(8) = 1 — 3]
and achieve an accuracy of at least two decimals. An
alternative method is to expand Eq. (15) into a Dirich-
let series. This procedure is not as fast but allows much
better accuracy (and gives consistent results) [16].

In Table II we have listed all quantities one can read
off the topological pressure. In the following we shall
explain them in more detail.

For B = 0 the Lyapunov exponents in Eq. (15) do not
contribute and we are left with the lengths of the periodic
orbits. The infinimum of real numbers ¢ that prevent the
sum in Eq. (16) from divergence has to be just the growth
rate of the number of prime periodic orbits. Thus we have
P(0) = 7, the topological entropy. Using this result, one
can prove for P((3) the more explicit form

P(B) =7 —BNg; (17)

P(B) 4|

-0.2 0 02 04 06 038

FIG. 4. The topological pressure at energies E = 10.125
(full), E = 50 (dashed), and E = 450 (dotted).
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TABLE II. Dynamical quantities read off from the topo-
logical pressure in Fig. 4, corresponding to the asymmetric
case.

p= 4.5 10 30
T 1.27 2.69 7.60
X 2.02 2.30 11.32
T 0.64 1.62 3.65
X 1.81 4.29 11.18

hxs 1.14 2.68 7.53

D 2.27 2.26 2.35

D; 2.25 2.25 2.35

where the average ()g is defined by

Z exp (—BA,Ty)

1 .. 1 T<T,<T+é
(A)g = _B lim —1In N(T + 9) = N(T)

T—ooo T

(18)

and the limit is said to be independent of § [17]. N(T)
is just the staircase function of Eq. (7). From this
representation one can see after some calculation that
P’(0) = —). Thus we have determined 7 and A by two
independent methods (cf. Secs. III and IV) and find very
good agreement by comparing the values in Tables I and
II.

A chaotic system produces information: Two initial
conditions that are practically indistinguishable separate
into two completely different states under the time evo-
lution of the system. This is a consequence of the ex-
ponential divergence of two neighboring trajectories. A
measure for this gain of information is the Kolmogorov-
Sinai entropy hks (for an exact definition, see [18]). For a
bounded system, it is linked to an average over Lyapunov
exponents by hxs = A, where A := —P’(1) [this average
is more complicated than the arithmetical mean as one
can see from the definition in Eq. (17)]. For an unbounded
system, one has to take into account the number of or-
bits leaving the interaction region. They are “lost” for
the growth of information. In chaotic systems the pro-
portion of particles n(T") that remain in the interaction
region after the time T decays exponentially, i.e.,

n(T) ~exp (-I'T) , (19)

and T is called the escape rate [7]. It is given here by
I' := —P(1). In this case the Kolmogorov-Sinai entropy
is determined by

hyxs = A —T. (20)

P(B) is monotonic and convex in general [4]. This
leads to inequalities of the form A < X and hgs < 7.
In our case the topological pressure is nearly linear, a
feature that has been observed for the three- and four-
disk system as well, such that A = X and hxs ~ 7.

Another interesting and often discussed quantity is the
fractal Hausdorff dimension Dg. It measures in a certain
sense the fraction of phase space occupied by the strange
repellor. We find it here via the root of the pressure,
P(dg) = 0, where Dy = 2dg + 1. In bounded chaotic
systems with two degrees of freedom, where the escape
rate I' = 0, such that dg = 1, the repellor fills the whole
phase space (Dyg = 3). In our case the repellor is re-
stricted to a fraction of the interaction region (see Ta-
ble II). A similar measure is the information dimension
Dy = 2d; + 1, which is given by df = %ﬁ From the
above inequalities we have Dy < Dpg as is confirmed in
Table II.

There is an obvious trend in the data of Table II from
lower to higher energies. The topological entropy rises
almost linearly with the momentum of the free parti-
cle. This is, however, somewhat misleading. The strong
proliferation of orbits does not reflect that the system
becomes “more chaotic.” The increase in energy leads
to shorter times of the periods, such that more orbits
have accumulated below a fixed time 7'. Similarly, the
escape rate reflects the fact that a particle escapes faster
at higher energies. Somewhat surprising is the behav-
ior of the Hausdorff dimension. There does not seem to
be an overall trend, although intuitively one might ex-
pect the fractal dimension to shrink as the orbits tighten
closer to the triangle of MT’s. But as it is a measure in
phase space, one needs to take into account the momen-
tum dimension, which increases as the trajectories get
closer to the centers of the MT’s, where the momenta
become large due to the Coulomb singularity.

VI. CONCLUSION

We have studied the classical scattering dynamics of a
MT potential consisting of three Coulomb singularities.
We find an exponential proliferation of hyperbolic peri-
odic orbits using a complete symbolic dynamics. The
rather old and well known analogy to differential geome-
try proves to be very handy in studying potential prob-
lems in general, especially for the calculation of the sta-
bility exponents. The geometry of the system has a large
effect on the length spectrum in the limit of high energies.
By calculating the topological pressure, we could deter-
mine all relevant quantities to characterize the classical
motion.

Although the nonscaling behavior of the potential com-
plicates the situation compared to a billiard at first sight,
the completely defocusing nature of the potential facil-
itates it in other respects, e.g., all Lyapunov exponents
are positive and there are no conjugate points. This will
have an impact on the semiclassical discussion, which is
our ultimate interest. The quantum mechanics and its
semiclassical approximation will be the subject of the
above mentioned forthcoming presentation [3].
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