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Acoustic laser with dispersed particles as an analog of a free-electron laser
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{Received 29 July 1994)

The theoretical scheme of an acoustic laser is suggested. A liquid dielectric with dispersed particles is
considered as an active medium. Pumping is created by an oscillating electric field that deforms
dispersed particle volumes. Phase bunching of initially incoherent emitters is realized by acoustic radia-
tion forces. The time increment of the useful mode and the value of the starting pumping amplitude are
calculated. The suggested scheme is analogous to the free-electron laser.

PACS number{s): 41.60.Cr

I. INTRODUCTION

At the present time, there are many types of lasers.
Their operation is based on the stimulated emission (or
scattering) of light by an active medium that is in optical
resonance. Lasers are generators of coherent electromag-
netic waves in the range from ultraviolet to submillime-
ters. But acoustic analogs of such devices have not been
created up to now in spite of the progress in laser tech-
nology. There are a number of papers [1,2] in which
theoretical schemes of acoustic lasers were suggested.
The self-synchronization in a system of noncoherent
mechanical oscillators (monopoles) and the amplification
of an acoustic field was considered by Kobelev et al. [1].
In these papers nonlinear effects have been taken into ac-
count. Sound oscillations in the Helmholtz resonator
filled with supercooled vapor were investigated by Ko-
tusov and Nemtsov [2].

The purpose of this paper is to suggest a very simple
scheme of an acoustic laser which can easily be realized
experimentally. This scheme is analogous to that of the
free-electron laser (FEL). It is well known that in FEL
the electromagnetic emission is created by electron beams
moving through magnetic periodic systems. These sys-
tems are called ondulators or wigglers [3]. Undulators
play the role of pumping. Strong laser waves or some
electrostatic systems may be used as an alternative to the
undulators. Initially the emission of the electrons is not
coherent, but they become grouped due to their interac-
tion with the applied electromagnetic wave. As a result,
the emission becomes coherent. It leads to the
arnplification of the electromagnetic field.

Analogous results are obtained for the suggested
scheme of an acoustic laser, in which a liquid dielectric
with dispersed particles is an active medium and particles
are emitters. The pumping is created by an oscillating
electric field that deforms particle volumes. The phase
bunching of initially incoherent emitters is realized by
acoustic radiation forces.

II. SCHEME OF AN ACOUSTIC LASER

Consider an acoustic resonator with a liquid dielectric
containing dispersed particles as an active medium. For

example, we can use different types of oils or distilled wa-
ter as a liquid dielectric. It is well known that the dis-
tilled water has a high dielectric constant.

Static electric field acting on such a system results in
the deformation (electrostriction) of the dielectric [4] and,
hence, changes particle volumes. The value of the
effective pressure acting on the particle is equal to [4,5]

s,E (c, —c, ),hP=
Sm (2c,, +E )

Here, c& and c,
&

are the dielectric constants of the liquid
and particle, respectively, E is the electric intensity. For
example, for air bubbles in water (E~ = 1,st =81) and at
an electric intensity E =10 kV/cm the value of b,P is of
the order of 0.5 kpa. Let us suppose that E is a periodic
time function: E =Eo cos(Qt ). The electromagnetic
waves propagate through the medium with the velocity of
light (for this medium), which is much greater than the
velocity of sound. Consequently, the pumping pressure
wave may be considered as being independent on the spa-
tial coordinates,

P (t) =PF exp(i cot ) . (2)

Here, co=2Q is the angular frequency. The pressure am-
plitude of the pumping wave PE can easily be calculated
from (2). The constant term in (2) is omitted.

Under the action of the pumping wave, the particles
oscillate and emit sound waves. The initial distribution
of the particles is spatially homogeneous. As a result, the
waves created by particles are added with the different
phases. Consequently, the resulting pressure of the useful
wave is equal to zero.

However, for the active medium in the resonator, an
acoustic mode can be excited. Then the particles can be
bunched due to the acoustic radiation forces. Moreover,
it is well known that the state of the medium with the
spatially homogeneous bubble distribution is unstable not
only for a standing but also for a traveling wave [6]. This
leads to self-synchronization of the oscillating particles
and the amplification of the mode. The theoretical
scheme of an acoustic laser is shown in Fig. 1.
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from Ro to Ro+dRo).
Let us suppose that at t =0 the distribution of the par-

ticles is spatially homogeneous, i.e.,

n(r, Ro 0)=no(Ro) . (6)

For sound pressure created by the external pumping, one
can obtain

b P' — (a+—ip)P'= (a+i p)PE exp(idiot ),l a'~'
2 Qt2

(7)

FIG. 1. Scheme of acoustic laser on "free" dispersed parti-
cles as an analog of FEL. 1—Acoustic resonator; 2—liquid
with dispersed particles; 3—acoustic mode; 4—electromagnetic
system which creates the periodic electric field; 5—sound emis-
sion.

where

a=a(r, t)= 4mR—ef An(r, Ro, t)dRo,
0

P=P(r, t)= —4~1m f An(r, Ro, t)dRo .
0

In the case of the liquid with gas bubbles, we have

Ro(1 —coo/to )
a=a(r, t)=4mf . n(r, Ro, t)dRo,

(1—coo/co ) +5

(10)
III. PRINCIPAL EQUATIONS

For simplifications of calculations, we shall suppose
that the dispersed particles have the form of a sphere.
Their pulsations have been investigated in numerous pa-
pers (see, for example, [6—9]). In a monopole approxima-
tion, the equation of particle radius pulsation is of the
form

R06
p=p(r, t)=4mf . n(r, Ro, t)dRo .

(1—coo/to ) +5

If the spatial distribution is invariable and homogene-
ous as time passes, then

R ) (t)= — [PE exp(idiot )+P'(r, t ) ] .
p(R 06)

(ao+ iPo)PE exP(idiot )
P'(r, t ) =P,'(t) =

k( —(ao+ iPo)
(12)

The right-hand side of this formula contains the result-
ing pressure acting on a particle: the first term corre-
sponds to the pumping wave (2), the second one describes
the pressure created by the oscillations of other particles;
2 is the scattering amplitude; r is the position vector of a
particle in the liquid; Ro is the mean particle radius; pI is
the liquid density.

The monopole approximation holds true at the condi-
tion k&Ro «I (k, is a wave number in liquid). In the
case of the liquid with gas bubbles, we have [7]

Ro

(coo/co) —I+ i5
(4)

where coo=too(Ro ) is the resonance frequency of the bub-
ble, 5 is the absorption constant.

The sound pressure wave P'(r, t) is described by the
well known equation [6]

1 BI"bP' — =p& f 4rrn(r, Ro, t)RoR&(t)dRo,
cI Bt Bt

where c& is the velocity of sound in the pure liquid
(without particles), n(r, Ro, t) is the function of particle
size distribution (n is equal to the number of the particles
per unit liquid volume the mean radii of which range

Here, ao=a(r, O), Po=P(r, O) are indePendent of r, and

k&
=co /c&. The resulting amplitude is also spatially

homogeneous,

Po(t) =PF exp(icot )+Po(t) = PE exp(idiot )

ao+ ipo

k

The appearance of the factor

ao+ipoF= 1— (14)

4~ ', ' 3dU
p + —,'ph Ro =F&+F2+D+F„+F~ . (15)

The left'part of this equation contains the usual mass of
particle m = 4' Ro (p i—s the density of particles) and

apparent mass mr =
—,'m p&R o (see, for example, [11]);

F,= 4n.(p + —,'pi)RoU(—dR, /dt) is the drag force due
to the particle volume oscillations (its time average
(F, ) =0); F2 is the buoyant force which is small for
small particles; D is the viscous drag force which for
small Reynolds number Re=2Ro Up&/p& (p& is the liquid

is caused by the presence of dispersed particles.
The translational motion of the particle is given by the

equation [10],
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viscosity) is given by Stokes' law,

D= —6vrptRoUf (16)

a(r, t)=ap+a'(r, t)=ap —4~Re f An'(r, Ro, t)dRo,
0

(24)

F„=— (R (t)VP(r, t))f„, (17)

where R (t)=Rp+R, (t) is the current particle radius,
P(r, t ) is the resulting pressure acting on the particle, the
numerical factor f„has the form as follows:

where f is the correcting factor which is given f = 1 for
solid particles and f =—', for gas bubbles [ll]; F„ is the
time-average acoustic radiation force. The expression for
F„ is very complicated but in the case being considered it
can be represented as (see Appendix A)

/3( r, t ) =/3o+/3'( r, t ) =/3o 4v—r Im f An '( r, R p, t )dR p .
0

(25)

After the substitution of (19) into (21) and the lineari-
zation in '0(r, t) and n'(r, Rp, t) of Eqs. (21) and (7), we
can obtain the self-consistent set of two equations:

1 —(ap+i/3p) 'P(r, t )

= (a'+i/3')FP& exp(i cot ), (26)

2 2
p

3
p

PI PI cI
(18)

a
y —no[(ao i/3o)Po b4+(ao+i/3o)Pod'0 ]=0 .

at

(27)

pt

F~ is the so-called secondary Bjerkness force [12] which
is due to the interaction between a given particle and oth-
ers (this force is created by the secondary radiation of the
particles and is usually smaller as compared with F„}.

Substitution of all these terms into (15) and the time
averaging give the following equation:

4(r, t ) = — ' exp(icot ) .BZ(r, t )

at
(28)

We take the spatial dependence of Z(r, t ) and
n '(r, R p, t ) on z in the form of a standing wave,

We restrict our consideration to the simplest case when
%(r, t) and n'(r, Ro, t) are functions of one spatial coordi-
nate only, z, for example. In order to solve Eqs. (26) and
(27), we use the substitution

yU= aV ~P ~

+i—/3(P*VP PVP*) . — (19) Z(r, t ) -sin(k, oz ), n '(r, R o, t ) -sin(k, zz ),

n(r, R p, t ) =N(r, t )5(Rp —Ro), (20)

Equations (7) and (19) must be supplemented with the
balance equation (we shall neglect the coagulation of par-
ticles).

Bn +div(n U) =0
at

(21)

Here, the functions a and /3 are given by the formulas (8)
and (9), respectively, y =12vrp&R pp&co Nf, If„, where
N(r, t ) is the full number of bubbles per unit volume of
the liquid at the point r. To simplify the calculations, all
particles are assumed to be equal in radius, i.e.,

where the efFective wave number is

k,~=+ki —ap .

As a result, we have a differential equation of the third
order for Z:

+2lco +l pcp
dt dt

FPEc& k a
(ap+i/3p) [(ap —i/3 )Fp*Z

+(ap+i/3p)FZ*] . (29)

IV. ANALYSIS OF EQUATIONS

The resulting pressure is

P(rt)= P(tp) +(Iri, t) (23)

[correspondingly, P ( r, t ) =Po ( t ) +4( r, t ) ], where 4( r, t )

is the useful acoustic wave which is much less than Po(t).
The values of Po(t) and Pp(t) are given by formulas (12)
and (13).

The functions a( r, t ) and /3( r, t ) take the form

We shall study the initial stage of the particle bunching
when the deviation n (r, Rp, t) of the distribution func-
tion from the equilibrium value of no(R p } is small,

n(r, Ro, t)=no(Rp)+n'(r, Ro, t) .

2a2+ 2 tp2
2co pcsdt3 dt2 ' dt

+2nd +/3
d =0.

t dt o I d

a,
(30)

We will seek a solution to these equations as
a, b-exp(Gt), where G is the time increment of the use-
ful mode. Then one can obtain

For the following analysis, we suggest some
simplifications. Let us assume that the particle content is
small, i.e., ~ao~ &&ki, and the particles are far from the
resonance. Then, /3o « ~ap~ k s ki.

We put Z=a+ib, where a and b are real functions.
This substitution allows us to obtain two equations for
the functions a and b as follows:
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2tzg22 ~2
G G— +(2cog+Poci ) =0 . (31)

For small G, the solution of this equation takes the form

Gi, 2

~2+2 ~2 —2a)Pocl +Q [(aoP~co /y ) 2c—oPoc( ] 4c—o (Poci )

(32)

Note that G& 2 ~0, if the condition

2Ci

CXp

F= —f pds
S(t)

aq

2ci

2

ds, (Al)

2C1

Red

is valid.
The quantity P„corresponds to the starting current in

FEI. [3]. It follows from (33) that P„-pI
~ and

P„-Po . The physical meaning of these dependences is
clear. The viscosity prevents us from dispersed particles
bunching. Therefore, the increase of the viscosity leads
to the increase of the quantity P„. The increase of Po re-
sults in the increase of the energy absorption. Corre-
spondingly, the starting pumping amplitude increases as
well.

For a liquid dielectric with gas bubbles at the limit
cu «cop, we can obtain

where S(t) is the position of the sphere surface, p is the
change of pressure, y is the velocity potential, V=Vqv is
the liquid velocity.

Using the equality

f ydS= f dS+ f Vy(V&p n)dS, (A2)

one obtains (with accuracy up to the second-order terms
in the amplitude of the pressure wave) the expression for
the acoustic radiation force as

(F&=—p, ( f Vy(& dS))
2

P~~ 2ct+2plp(co5 (34)
1

Bt dS), (A3)

In the case of air bubbles with the radii R p
= 15 pm in

water and at the frequency f= 1.5 kHz, one can obtain
P„=4 kPa (EO=30 kV/cm). Analogous values can be
found for solid dispersed particles with high compressi-
bility.

where Sp is the unperturbed surface.
The calculation of the acoustic radiation force reduces

to the problem of the scattering of sound wave by spheri-
cal particle [9]. As has been shown in [9], the radial pul-
sations of spherical particle may be represented as

V. CONCLUSIONS
k RpB

R, (t)= ——
3 co

(A4)

Thus, there is a strong analogy between FEL and the
suggested scheme of the acoustic laser with dispersed
particles. In both cases, we have the same integral parts,
such as an active medium, the phase bunching, and the
starting pressure (or current). But for the acoustic laser
in the case of the liquid with gas bubbles, we have an ad-
ditional problem of the bubble coalescence (under the ac-
tion of the second Bjerkness forces). However, as it is
shown in previous papers, [13—15] bubbles may not only
coalesce but also form bound states (in which the distance
between them is kept constant). Such bubble clusters
were previously observed experimentally by Kobelev, Os-
trovsky, and Sutin [16]. Moreover, as it has been shown
above, solid particles with high compressibility can be
used as an alternative to bubbles.

where

I+(ik, RO) /3
B =y(r, t)

p~/pi+(ik&RO) (I+ik~Ro) /3
(A5)

+—3 +2 Pp

pi

Here, k~ =co/c, y(r, t) is the velocity potential of the
external wave. The resulting acoustic radiation force can
be written as

2 2

(F ) = ', mpIR o kz 1+2——3 Re(BB )
pl pI Cl

APPENDIX A

The expression for the acoustic radiation force acting a
the small spherical particle is given by where

X Re(3B~B ' BB* )—
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Btp(r, t )

Bx

3pl

PI +2Pp

(ik, Ro) p, —p1+
3 Pl+2pp

1+
2ik&R o P PI

45 3p +2pI

(A8)

The external pressure is the sum (23). In the first ap-
proximation in 0'(r, t ), we can take into account only the
first term in (A6) because BPo IBx =B Po /Bx Bx&=0.

Using (A4) —(A7), one obtains

F„=—
4mRo (R, (t)VV(r, t ) )f„,

where f„ is given by (18). The last expression is analo-
gous to (17).
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