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A potentially significant consequence of the dynamics due to particles interacting electromagnetically
with electromagnetic zero-point plus Planckian radiation is the prediction of a stochastic acceleration
mechanism. For particles without constraining forces or other collision mechanisms present, such as
due to the walls of a container or to interparticle collisions, this mechanism results in average speeds
that continue to increase with time. This secular acceleration effect has been proposed and analyzed in
the past by Rueda and others [A. Rueda, Space Sci. Rev. 53, 223 (1990)]for being a possible source for
cosmic-ray production; other possible astrophysical consequences have also been examined. However,
the thermodynamics of secular acceleration have presented conceptual problems, such as the apparent
source of continual average energy extraction and the possible violation of the second law of thermo-
dynamics. These concerns are examined in detail here, with the conclusion that secular acceleration
does not appear to violate these basic laws.

PACS number(s): 05.90.+m, 05.40.+j, 05.30.—d, 98.70.Sa

I. INTRODUCTION

Here the thermodynamic aspects are examined of a
rather surprising, but possibly quite significant, theoreti-
cally predicted consequence of the interaction of charged
particles with electromagnetic zero-point (ZP) radiation.
The charged particles are predicted to slowly, but steadi-
ly, increase their average kinetic energy over time, unless
collisions with other particles, or with macroscopic bod-
ies like the walls of a container, occur to dissipate the ris-
ing kinetic energy [1—10]. The same effect is predicted
for electrically neutral, but polarizable, particles as well,
although the kinetic energy growth is typically much
smaller. Moreover, the structure and other properties of
a particle, including whether the "particle" is an elemen-
tary one, a subatomic one, an atom, or even a molecule,
will very strongly dictate and, in most cases, quench the
magnitude of the growth. This predicted effect of the ZP
fields on particle motion will subsequently be referred to
as a secular acceleration mechanism [11].

This acceleration mechanism has its origin in work by
Einstein and Hopf [12], which involved classical atomic
systems interacting with classical electromagnetic
thermal radiation. The atoms were modeled as particles
with a mass m that contained a fluctuating classical elec-
tric dipole oscillator. Due to interactions with the radia-
tion, Einstein and Hopf recognized that atomic systems
must be subject to fluctuating impulses from the radia-
tion, as well as to a velocity-dependent "drag" force.
These two mechanisms then compete against each other
in terms of increasing and decreasing, respectively, the
kinetic energy of particles interacting electromagnetically
with thermal radiation.

Much later, Boyer [1] considered the same system as
did Einstein and Hopf, but he also investigated the effects

of classical electromagnetic ZP, as well as ZP plus
Planckian (ZPP) radiation. Due to the Lorentz invariant
nature of ZP radiation, the drag force is necessarily ab-
sent in the case of ZP radiation alone, thereby leaving the
effect of the Auctuating radiation impulses uncompensat-
ed. An average continual increase of velocity was then
predicted, unless collisions with other matter occur to
help dissipate the increased kinetic energy. Further work
on this system [2,4,5], including the quantum analog case
[9,10,13], has helped strengthen the evidence that this
effect is a real one.

This secular acceleration mechanism has been analyzed
in some detail by researchers [1—10]. The significance of
this mechanism is indicated by a number of astrophysical
phenomena that may partially, or perhaps even largely,
be explained by it. In intergalactic space, the necessary
conditions appear to exist to make the effects of this
mechanism most noticeable; namely, the particle densi-
ties and the radiation temperature are extremely low,
while the size of intergalactic regions is enormous. The
result is extremely long relaxation times for particles to
come to equilibrium, while allowing sufticiently long
times for the radiation to have a slow, but long, accumu-
lation eff'ect on increasing the kinetic energy of the parti-
cles.

Consequently, secular acceleration has been proposed
[2] and examined as being a viable source for cosmic-ray
production by Rueda and others, both classically
[2,3, 5 —10], as well as in the form of its quantum
mechanical counterpart [9,10,13]. (See Ref. [10] for a
general review on this work. ) Indeed, part of the x-ray
background observed in space may be due to this secular
acceleration mechanism [2,10,14]. Moreover, secular ac-
celeration has been proposed and analyzed for causing
the clumping of matter and the associated generation of
cosmic voids in very large regions in intergalactic space
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[2,10,11,15].
To date, the details of these predictions agree fairly

well with astrophysical observations [16], although cer-
tainly considerable further experimental and theoretical
work is needed before firmly concluding to what extent
secular acceleration is responsible for these phenomena,
as other possible causes and theories for these phenomena
presently also exist. However, these astrophysical phe-
nomena are mentioned here to emphasize that secular ac-
celeration should have a number of observable conse-
quences in nature, with the ones just mentioned being the
most significant candidates at this time.

Since the physical dynamic issues about secular ac-
celeration have already been analyzed in considerable de-
tail by past researchers [1—10, 12, 13], starting from the
very early work by Einstein and Hopf [12], it does not
seem necessary to reconsider these issues here. However,
an important aspect of secular acceleration has largely
not been treated to date, namely, basic thermodynamic
issues. That task will be undertaken here.

Undoubtedly, secular acceleration seems, at first, to be
counterintuitive, if not in direct opposition to the laws of
thermodynamics. In particular, the mechanism appears
to enable "something to be acquired from nothing, " since
a source of free energy appears to be available that en-
ables unrestrained matter to continually acquire higher
energies, in opposition to the first law of thermodynam-
ics. Moreover, since in a large region of space ZPP radia-
tion should supposedly represent, effectively, a heat bath
at temperature T, secular acceleration certainly has the
appearance of enabling energy to be extracted from a
heat reservoir, thereby possibly violating the second law
of thermodynamics.

These questions have been raised in the past and some
suggestions have been made to answer them [5,7,9,10].
Unfortunately, as discussed in Sec. V, these suggestions
[7,9,10] appear to be incorrect. Instead, here analysis will
be carried out by following the lines of some relatively re-
cent work involving the thermodynamics of classical elec-
trodynamic systems [17—22]. In keeping with this previ-
ous work, the present analysis will examine the thermo-
dynamics of this secular mechanism within the context of
the classical physical theory of stochastic electrodynam-
ics (SED) [23—26, 10,21]. The same thermodynamic
questions arise in the quantum version of this mecha-
nism. However, as will be seen, one can quickly get to
the heart of the apparent paradoxes by discussing the
problem classically.

The outline of this article contains, first, a description
of the physical system to be analyzed here in Sec. II A,
followed by a discussion of the thermodynamic issues in
Sec. II B, and then a calculation of the change in caloric
entropy for this system in Sec. II C. Section III turns to
a numerical calculation on changes in thermodynamic
properties& to provide further detailed insight into the
thermodynamic behavior of this system. Section IV
briefly discusses specific changes that would need to be
made to carry out the same detailed analysis for situa-
tions where secular acceleration is expected to be a dom-
inant factor. Finally, Sec. V ends with a few concluding
remarks.

II. THERMODYNAMIC ANALYSIS

A. System to be analyzed

Our analysis will involve the comparison of two pro-
cesses that begin and end in thermal equilibrium states;
one process will be carried out via a thermodynamic re-
versible process, while the other will be an irreversible
one. The contrast between reversible and irreversible
processes will offer detailed insight into the noncon-
troversial aspect of the second law of thermodynamics
[27], namely, where the process in question starts and
ends in a thermodynamic equilibrium state.

Let us begin with a qualitative discussion of an exam-
ple that illustrates the main points of this thermodynamic
analysis, then turn to a much more specific system that
can be more quantitatively analyzed. Consider a large
container with a single, neutral atom bouncing around in-
side, but also interacting with the infinite degrees of free-
dom of the Hohlraum of thermal radiation in the con-
tainer via the fluctuating electric dipole of the atom.

For this single-particle system, without a doubt some-
what regular fluctuations in properties will exist, such as
the speed of the particle as a function of time or the elec-
tromagnetic field values versus time at a fixed point x in
the container. These Auctuations are related to the in-
stantaneous position of the particle within the box and to
the size of the box; we expect the particle's average speed
to be different near the walls versus at the center of the
container [28], and we expect the fluctuating electric and
magnetic fields to be correlated with the position of the
particle in the box. Nevertheless, the existence of these
correlated Auctuations is certainly compatible with the
result that a stochastic process that is stationary in time
should result after a sufficiently long time of interaction
between the particle, radiation, and walls. Assuming the
equilibrium state is an ergodic one, then ensemble aver-
ages of quantities such as ( A(t)B(t+r)), where A and
B might be electromagnetic field components at different
points x& and x2 in the box and at times t and t+~, or the
velocity of the particles at these times, or other such
combinations, can also be approximated using time aver-
ages of the form

N —1—g A(t+nhr)B(r+nAr+r) .
jv

Here, the time duration Nht should include many, many
traversals of the particle across the box. The introduc-
tion of Planck's carbon speck [29], a small idealized car-
bon particle, will ensure that the resulting stochastic pro-
cess is representative of a thermal equilibrium state.

The irreversible thermodynamic operation that will be
discussed here is where the walls of the container are sud-
denly expanded to make the container many times its
original size. The secular acceleration mechanism will
then have a much longer time to act between collisions of
the atomic system with the walls. Upon impact with a
wall, the average kinetic energy of the atom will be larger
than it would have been if the walls had not been expand-
ed, resulting in larger amounts of energy to be radiated
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back into the thermal radiation bathing the system.
We will contrast this process with the following rever-

sible thermodynamic operation, namely, where the walls
are very slowly displaced from the original configuration
to the same final configuration of the irreversible process
just mentioned. The walls must be moved quasistatically,
so that the particle has a chance to bounce off the walls
many times between infinitesimal displacements of the
walls. Thus this process is similar to the reversible ther-
modynamic operation of slowly expanding a volume of
gas, while the above irreversible operation is more closely
related to the irreversible operation of a free expansion of
the gas.

A key point that we will use here when analyzing the
above irreversible operation is to consider only the
change in entropy between the initial state of the system
in thermal equilibrium, and the final state when the sys-
tem is again in near thermal equilibrium. This last state
will occur well after the expansion has been made and
when the particle has had a chance to hit the walls a
great number of times, so that the stochastic properties of
the system (fields and atom) will have settled down to ap-
proximate a stationary stochastic process in time. We
will not consider, or at least not directly consider, the
transient period during which the walls are suddenly ex-
panded, as we wish to investigate the unambiguous and
"noncontroversial nature of the second law" [27]. This
consideration will enable us to gain insight as to how this
secular acceleration mechanism can fit into normal ther-
modynamic concepts of systems.

The transient period when the walls have been expand-
ed, and before the first impact of the particle with the
walls has occurred, is analogous to the situation of parti-
cles in cosmic rays. These particles have acquired large
kinetic energies and have not yet impacted with other
matter; they do not yet exist in thermal equilibrium with
their surroundings. Due to the large separation distances
of the physical systems involved here, the corresponding
relaxation times should also be expected to be quite large.
If we were to imagine that the cosmic-ray particles were
to impact with the walls of an enormous container of
"galactic" size, then bounce back and forth between the
container s walls, a near thermodynamic equilibrium be-
tween radiation and matter would eventually arise. The
full change in entropy of the system could then be calcu-
lated; however, intermediate changes in entropy, before
thermodynamic equilibrium sets in, are not well defined.
Analyzing the thermodynamics of cosmic rays is quite
difficult if one restricts attention to this transient period,
but the problem becomes much more amenable by plac-
ing the process within a larger one that eventually ends in
a thermodynamic equilibrium state.

Now let us become more specific so as to enable a more
quantitative analysis. Figures 1(a) and 1(b) illustrate an
analogous irreversible and reversible thermodynamic
operation, respectively, for a more specific system. The
left-hand and right-hand sides of the figure represent the
equilibrium starting and ending points, respectively, at
times t; and tf, of both processes. The box shown is in-
tended to represent an idealized perfectly conducting
container that contains classical electromagnetic radia-
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FIG. 1. Examples of an irreversible (a) and a reversible (b)
thermodynamic operation on system 0, which represents an os-
cillator that can slide up and down on a rod. (a) The blocks in-

dicated by A, B, C, and D act as barriers to restrict the regions
accessible by 0. At time t;, B and C restrain 0 from moving
outside the inner region. Between times t; and tf, blocks B and
C are rapidly slid to the left, so that 0 is then free to move be-
tween A and D. (b) Here, a closely related reversible thermo-
dynamic operation is performed by infinitely slowly moving
blocks B and C apart on the rod while allowing 0 to repeatedly
bounce off them during this operation.

tion at some temperature T. For such a container,
thermal radiation cannot How out of the box, so opera-
tions performed on such a system must be adiabatic ones.
To consider other operations that are not adiabatic, let us
assume that, for example, stopcocks exist in the walls and
can be opened so that radiation energy can fIow either in
or out, and Planck's idealized carbon speck can be intro-
duced to ensure that thermal equilibrium is always
achieved [19,29].

Within the box is a small mechanical system, labeled
0, containing a classical, fluctuating electric dipole. As-
sume that the electric dipole is free to fluctuate in what-
ever direction is dictated by its interaction with the
thermal radiation, but that the mechanical system 0
housing the dipole must move only vertically up and
down along the rod shown. The electric dipole interacts
with the radiation bathing the system, resulting in im-
pulses that make 0 fluctuate in its movements. In turn,
accelerations and decelerations of 0 affect how the elec-
tric dipole radiates electromagnetic energy.

In Figs. 1(a) and 1(b), at time t, , two blocks B and C act
as bumpers to initially constrain 0 to move only within
the region of the rod between B and C. In Fig. 1(a), an
irreversible operation is carried out by horizontally re-
moving B and C from the rod, thereby suddenly provid-
ing 0 access to the region between bumpers A and D.
The system is then no longer in thermal equilibrium; the
kinetic energy of the particle, the amount of energy radi-
ated upon colliding with a wall, and the electromagnetic
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energy density (dependent on position), will all undergo
time-dependent changes in their averages. However,
upon waiting for enough impacts to occur with bumpers
A and D and after introducing Planck's carbon particle,
at some time tf the system again returns to a new (ap-
proximately) thermal equilibrium state for t ~ tf. Assum-
ing negligible work is done in displacing B and C off the
rod, this example is analogous to a gas undergoing a free
expansion with little or no work being done.

In contrast, when passing from time t; to tf in Fig.
1(b), the inner blocks B and C are very slowly moved
apart on the rod. Essentially the same final mechanical
configuration exists at time tf for both Figs. 1(a) and 1(b);
yet, in Fig. 1(b), the final configuration was achieved by
allowing 0 to do work on the slowly moving blocks. This
reversible process can be used to calculate the change in
entropy in the irreversible operation in Fig. 1(a).

Unfortunately, even the simple system described here
is still extremely complicated, particularly when consid-
ering the collisions with the bumpers and in view of the
resulting radiated energy and the spectral radiation densi-
ty. Consequently, let us now consider an even simpler
system. Let system 0 be replaced with a single classical
charged particle of charge e and mass m. Let the particle
be constrained to move up and down in the vertical direc-
tion while being bound to the center point on the rod by a
simple harmonic oscillator (SHO) potential. For simplici-
ty of presentation, let us assume the particle motion to be
subrelativistic; this problem can then be solved in some
detail. A reversible operation analogous to the one in
Fig. 1(b) can be performed by very slowly reducing the
"spring constant" that binds the charged particle, there-
by reducing the binding force on the particle and allow-

ing it to traverse a greater distance from the center of the
rod. Likewise, an irreversible operation analogous to the
one in Fig. 1(a) can be accomplished by changing the
spring constant very quickly. We can now calculate the
changes in internal energy, work done, and changes in en-
tropy for this system.

Taking the ensemble average of the internal energy in
Eq. (31) in Ref. [21], following the nonrelativistic, reso-
nant harmonic oscillator limit in Refs. [17,20], and using
the thermal radiation internal energy expression in Refs.
[18,19] for a large volume, V, one can show that

U;„,= —,'m(x )+o'T V+C
=—,'~ h (co„T)+o'T V+C,

where C is a constant and cr'=n k~/(c fi 15). Here,
the thermal spectral energy density is p( co, T )
=co h (co, T)lc, while co, is the resonant frequency of
the oscillator. The above internal energy only considers
the kinetic and electromagnetic energy as the contribu-
tors, since the force due to the harmonic oscillator poten-
tial is treated as an externally applied force, as is typically
done for the pressure on the walls of a gas container [21].
The walls surrounding the volume V of the system are
assumed to be perfectly rejecting to the electromagnetic
radiation at all frequencies, so the system of particle plus
radiation may be considered to be closed, unless stop-
cocks are opened in the walls to allow nonadiabatic ther-
modynamic operations to be performed.

The ensemble average of the work done on the particle
when very slowly changing the spring constant K plc00,
between times t, and t», is

'rr trr
E t v t dt = Plcoa t x t x t dt

'r

f co0(t) (x (t) )dt = ——'m~h~(co, n, T„)+—,'vr~h2(co, „T,)+m2 f dt
2 tr dt 2 O»~ » 2 OI~ I t I dt

(2)

where F(t) is the harmonic restoring force and v(t) is the
velocity of the particle. Only x(t) varies stochastically—hence the third equality. In the last equality, an in-,
tegration by parts was done and the resonant result of
(x (t)) =sr h (coQ, T)/mco0 was used. The last term in
the last equality depends on how co, and T are slowly
changed with time, rather than just their values at t, and
t», thus this integral is path dependent, as should be ex-
pected for the thermodynamic work function. If the
spring constant is not changed, but only the temperature
is altered, then this last term equals zero. Nevertheless,
work is still done, just as happens when a balloon of gas is
heated and the balloon expands, in opposition to the out-
side atmospheric pressure.

Before proceeding with computing the change in entro-
py of the above system, we should note that a disadvan-
tage of carrying out the above analysis is that nonrela-

tivistic and dipole approximations are being invoked
when evaluating the ensemble averages of the internal en-
ergy and work done. These approximations make the
calculations much more tractable; however, the results of
the secular acceleration mechanism do then not directly
appear. Only if we went beyond these approximations, so
that the particle traversed larger distances from the
center of the restoring force, would this effect be evident.
The dipole approximation, in particular, would then be
invalid.

Nevertheless, the mechanism of secular acceleration,
and the increased kinetic energy that results, have been
analyzed in some detail in the past [1—10], so it is not
critically important that we further investigate these
points here. Instead, what is much more important is
that some key physical concepts be clarified so as to ex-
plain how the analytical and quantitative predictions al-
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ready made about this mechanism fit within our tradi-
tional concepts of physics and thermodynamics. The
simplified system described here will aid this understand-
ing.

B. Discussion on thermodynamic concerns

Consequently, a brief discussion is warranted on where
the additional kinetic energy caused by the ZPP radiation
must come from, including the amount above what we
just calculated if the small oscillator assumption is re-
moved. For the irreversible process of Fig. 1(a), the net
energy within the perfectly conducting container must be
a constant, provided that the atomic system does not hit
or exit through the walls [30]. The constant energy is a
singular quantity, since it includes ZPP radiation; howev-
er, changes in the total energy are the physically impor-
tant quantities. For physically realizable processes, the
changes must be finite and, in the present case, must
equal zero. Hence the increased kinetic energy between
impacts with the bumpers or, for example, between sub-
sequent midpoints of the particle's motion, over the ex-
ample we just calculated, must come from the total elec-
tromagnetic radiation energy within the container. This
energy must include that of the radiation bathing the par-
ticle, the energy radiated by the particle, and the elec-
tromagnetic energy cross terms [21]. Just as the shape,
size, and type of a material boundary can alter the result-
ing radiation density within a closed cavity, as occurs
when analyzing Casimir forces [19],having a chaotically
moving electrodynamic particle, or many such particles
as occurs in a gas, must result in the radiation density be-
ing modified.

Thus the first objection to ZPP radiation giving rise to
secular acceleration is easily overcome. Something is not
acquired from nothing. As in other cases involving ZP
radiation, such as with Casimir forces [19] or van der
Waals forces [17,18], energy is still conserved despite the
singular nature of the energies and forces involved. If
secular acceleration is indeed the main contributor to
cosmic rays, then the apparent free energy that has been
acquired by these very high velocity particles is due to a
finite change in the enormous amount of electromagnetic
energy available in space.

To further emphasize this point, Ref. [21] showed in
detail how the change in energy within any volume V of
space must equal the net fiow of energy into V plus the
work done by external forces on the particles within V,
where V contains N classical charged particles. Mass re-
normalization, as well as the existence of the singular
ZPP radiation, was taken into account. When applying
these results to specific systems of dipole oscillators
[17,18,20] and blackbody radiation [19], finite and
measurable physical properties were predicted for pres-
sures, forces, and specific heats, despite the singular ener-
gy of the ZPP radiation. In the case of movable conduct-
ing walls, the change in the blackbody radiation energy
as a function of position within the container walls is due
to the walls imposing boundary conditions on the radia-
tion at points in space that change as the walls are dis-
placed [19]. Rapidly fiuctuating currents exist in the

walls to impose these boundary conditions. Except at
T=0, the temperature of the radiation as well as the cav-
ity walls will change as the cavity is slowly expanded or
contracted, thereby emphasizing the interplay of energy
that must result between particles and radiation, despite
the net singular energy possessed by the radiation. A
very similar situation must hold for the case of Fig. 1.

We can now turn to the second thermodynamic con-
cern involving secular acceleration, which, on the sur-
face, undoubtedly appears more troublesome. This ac-
celeration of classical charged particles, which is predict-
ed to occur even at T=0, appears to be extracting energy
from a heat reservoir, thereby possibly violating the
second law of thermodynamics [31]. In particular, the
Clausius statement of the second law is [32], "No process
is possible whose sole result is the transfer of heat from a
cooler to a hotter body. " This law appears to invalidate
the prediction that the acceleration mechanism will en-
able a charged particle to increase its kinetic energy at
the expense of the ZPP radiation energy. After all, Refs.
[1,2,4] predict that, as a result of the secular acceleration
mechanism, the particle s kinetic energy will continue to
grow, on the average, until the particle hits a wall; upon
impact, some energy will be radiated o6' and the process
will begin anew. Until the impact with the wall, this
scenario has the appearance of heat being transferred
from a cooler body (the ZPP radiation) to a hotter body
(the charged particle). Hence the dilemma.

This initial dilemma (we will propose another one
shortly) can be addressed fairly quickly. The above pro-
cess does not violate Clausius's statement of the second
law, because the statement implicitly assumes that the in-
itial and final states being compared are both states of
thermal equilibrium. Indeed, the unambiguous nature of
the second law of thermodynamics requires this stipula-
tion [27]. Examining the period of time after a collision
with a wall and before the next collision, or, from an en-
semble point of view, taking an ensemble of particles
bouncing back and forth between walls, and comparing
only the subensemble of particles shortly after a collision
with the subensemble of particles that exist right before a
collision, is, strictly speaking, not what the second law in-
volves. Neither of these subensembles represents a
thermal equilibrium state.

Of course, we can readily understand why one might
naturally think of comparing these two situations. In
particular, when the walls are very far apart, as in the re-
lated case of charged particles traveling through space
and between collisions with celestial bodies, one might
naturally suppose that a quasithermal state should exist
some time after a collision, but well before the next col-
lision. After all, for a large colloidal particle in a liquid
at some temperature T, the particle will quickly reach an
equilibrium state after hitting a wall or after being agitat-
ed by, for example, a spoon. After interaction with the
spoon, the kinetic energy of the colloidal particle again
settles down to a steady, average value.

Although the same idea might intuitively seem reason-
able to hold for charged or polarizable particles in large
regions of space, the theoretical prediction of the secular
acceleration mechanism [1,2,4] and the observance of
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phenomena that appear to frt this description (e.g., cos-
mic rays [10]) indicate that a portion of the motion of
charged particles in "free Aight, " or between collisions
with walls or other particles, is not appropriate to consid-
er when discussing thermal equilibrium; rather, the entire
motion is essential. Although a charged particle may be
in thermal equilibrium with the container walls and with
thermal radiation, its kinetic energy is predicted to be
quite different before, after, and partway between col-
lisions with the walls. Only the full motion of the parti-
cle, as averaged over trajectories involving many col-
lisions, is truly representative of the thermal equilibrium
state.

Hence, this initial dilemma is readily resolved. Howev-
er, a more complicated dilemma exists that does involve
the full motion. Consider the average kinetic energy of
the particle over many traversals of the box by the parti-
cle, both before and well after the box has been (greatly)
expanded. Now we are safe because we are indeed con-
sidering states of thermal equilibrium. Roughly speak-
ing, additional kinetic energy that is picked up by a parti-
cle upon traversing the box, due to interaction with the
radiation, will be radiated off upon impact with the walls.
Consequently, the average kinetic energy of a particle,
over many traversals of the box, should be an approxi-
mately constant, steady value, so here this is nothing
mysterious happening. However, provided the box is
large enough, the average kinetic energy should be larger
after the expansion of the box due to the additional time
for the acceleration mechanism to act between wall im-
pacts. Again, the appearance is that of heat being
transferred from the ZPP radiation to the particle; hence
the new dilernrna.

Nevertheless, this problem can also be readily resolved.
The process of enlarging the volume does not violate
Clausius's statement because this statement specifies a
process "...whose sole result is the transfer of heat ... ."
However, "heat" transfer is not the sole result in the pro-
cess we are presently discussing because an important pa-
rameter specifying the state of the system is also changed,
namely, the volume containing the particle. Consequent-
ly, a charged particle acquiring kinetic energy from the
vacuum does not represent a violation of the second law
of thermodynamics any more than the following situa-
tion: namely, two neutral conducting plates held apart,
then released. The two plates will move together and ac-
quire kinetic energy as a result of the Casimir force, due
to the vacuum, acting upon them [22]. In both this case,
as well as the former one, a macroscopic parameter was
changed, i.e., the volume in the first case and the con-
straint on the plate separation in the second case.

Another example that illustrates the same point
perhaps even more clearly is when a relatively large col-
loidal particle is in a hot liquid bath, but the particle is at
first attached to the side of the container. If one releases
the particle, it will then acquire an average kinetic energy
as a result of the Brownian motion induced by the bom-
bardment of the rapidly moving smaller molecules in the
liquid. The acquired kinetic energy comes from the inter-
nal energy of the heat reservoir of the liquid, just as the
cosmic-ray particles may acquire their energy from the

C. Calculation of change in entropy

Returning to the earlier computational problem, let us
now calculate the change in caloric entropy for the ir-
reversible process of Fig. 1(a). Of particular interest here
will be whether our detailed calculations yield that the
caloric entropy increases for this irreversible process, as
predicted by the second law of thermodynamics [33].
From Eqs. (1) and (2), the heat, Q=EU;„,—8', in the
form of electromagnetic radiation that Aows into the box
due to a small change 5T in temperature and 6~, in reso-
nant frequency equals

Bh
Q —

5COO 17
Bco

hz 20h+5T 4o''T V+rr
aT

(3)

We note that for an isothermal reversible process, with
5T=O, we again find that only one spectrum will yield no
heat flow, namely, the zero-point spectrum described by
h =xco, in agreement with the thermodynamic definition
of T=O [17—20]. A connection can also be made for this
spectrum to the adiabatic invariants in classical mechan-
ics [34]. Just as no heat is predicted to fiow for this sim-
ple system at T=O, so also must no heat Aow even for a
system of galactic size, should it hypothetically be in
thermal equilibrium at T=O, and should we, also hy-
pothetically, be able to change its state via a quasistatic,
isothermal operation. As demanded by the thermo-
dynamic definition of T=O [17], this result should occur
even though the kinetic energies of particles may change
enormously during their motion from one wall of the
container to the next one [35].

The change in the caloric entropy is given by
5S„r=Q/T. Requiring that S„r be a function of state
results in equating two expressions from Eq. (3) for
r)~S„r/BT Bcoo, thereby enabling one to deduce that the
frequency-temperature version of the generalized Wien's
displacement law must hold [19,36], or
h (co, T)=c cof(co/T). The caloric entropy can then be
found by integrating 5S„r=Q /T. One obtains, with
Q" —co /T,

S r(~orr Trr) S r(~or Tr)

3 2 OII II d„~=c rr dOO " +4cr'(T —T )V .
co I /TI de

Upon substituting the ZPP spectrum [1]of

heat reservoir of ZPP radiation. The change in the state
of the colloidal particle, i.e., the removal of the
confinement of the particle, and thereby the excitation of
previously quenched translational degrees of freedom, en-
ables the particle to absorb energy from the heat bath.
Likewise, expanding the volume of the box containing a
particle bouncing around inside should enable the parti-
cle to acquire from the ZPP radiation a higher average
kinetic energy, due to the relaxation of the confinement
of the constraining walls. In return, a finite change in the
average radiation density must result.
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p(co, T)= coth
co A %co

2& C B

into Eq. (4), with p = co h /c = co f(co/T ), one obtains

AS„)= %coo %co

2T 2k~ T
Ado—kz ln sinh

2 g T

+—', o.'(T,', —T,')V . (6)

Equation (6) is explicitly expressed in terms of the ini-
tial and final values of T and m, of the thermal equilibri-
um states connected by the thermodynamic process of in-
terest. In Fig. 1(a), we are interested in a rapid "free re-
laxation" of the spring constant from co„ to co,f, thereby
mimicking the free expansion of a gas in a container
where the volume is suddenly increased. Let us degne an
irreversible free relaxation of the oscillator system by
whatever irreversible change to the spring constant, from
co„ to cu,f, results in AU;„, equaling zero upon carrying
out this operation and then waiting for the system to
again relax to thermal equilibrium, when the entire pro-
cess is carried out adiabatically so that no stopcocks are
open in the walls of the perfectly conducting container.
Then Q =b, U;„,=0, so W =0 as well, in close analogy
with the situation for a free expansion of a gas. We can
deduce Tf from the constraint that b, U;„,=0; Eqs. (1)
and (5) then enable Tf to be found in terms of T;, co„.,
and co f.

For this irreversible process, we can now show that
b,S„&&0, as well as that Tf & T;. (The first point is cer-
tainly the more critical one, as AS„& &0 should always
occur for an irreversible process, while the temperature
need not always increase for such an operation. ) To
prove ES„i& 0, one can first readily show that
BU;„,/Bco, &0 and BU;„,/BT&0 4 T&0 and co, &0,
where 8 U;„,/8 T=0 only when T~0. Hence, U;„,
monotonically increases (decreases) when T is held fixed
and co, is increased (decreased), or when co, is held fixed
and T is increased (decreased). Since in our example
co f ( cc) ', to have 6U;« =0 we must have that Tf & T;;
hence, the temperature increases for this irreversible pro-
cess.

Using this result to show that AS„& & 0, first let

S'= —8 coth
2 2k~

—k~ ln sinh
2k~

(7)

where 8=co, /T. Then,

AS'
—2

Hence, BS'/B8 + 0 V 6 + 0, and S' =0 only when 8~ ~ .
Hence, when m, /T decreases, as in our example, S' in-

creases. Incorporating this information with the addi-
tional term of (~4o'T V) in Eq. (6), we see that when

Q) f c co and Tf & T; then AS„& & 0. Since hS„&
represents the net change in caloric entropy during this
adiabatic irreversible process for the radiation and oscil-

lator system within V, as well as the surrounding
universe, we have verified that the second law of thermo-
dynamics does hold here.

III. EXAMPLE OF AN EXPLICIT
NUMERICAL CALCULATION

To gain more insight into the typical thermodynamic
behavior that results in T and S„&both increasing for this
irreversible process, we now turn to a numerical example
worked out in detail. Let T; =100 K, co„=2.0X10'
sec ', and co,f =2.0X10' sec '. Hence, co, is assumed
here to have been rapidly decreased by a factor of 10, to
correspond with the idea of rapidly expanding the region
accessible to the oscillator. Let the conducting box en-
closing the one-dimensional oscillator be a cube with
sides of length 188 pm. [This size was chosen to allow
the use of the continuum thermal radiation energy ex-
pression of h(a'T V ).] As a guide for selecting a
sufficiently large size to allow this approximation, the cri-
terion of d =A, /2, where A, =2mc /co, is the wavelength at
the resonant frequency of the oscillator and d is the
length of the side of the cavity, was used as a gauge for
the point at which taking discrete radiation modes into
account in the analysis is known to become important
[37,38]. If d is much larger than A, /2, then the continu-
um approximation should be adequate. In the present
case, with co„=2.0 X 10' sec ' and co,f =2.0 X 10'
sec ', I,/2 equals 4.7 and 47.0 pm, respectively. Since
the cutoff for needing discrete mode analysis is fairly
abrupt [37,38], choosing the side of the cavity to be four
times the largest of these quantities (i.e., we let d =4X47
pm) should be quite reasonable.

Due to the relatively large volume chosen, the predict-
ed temperature variation will only be a fraction of a Kel-
vin, which is a small effect to be sure, but still large
enough to adequately show significant thermodynamic
changes. One should note that a much smaller volume
will yield dramatically larger temperature variations.
For example, if d=5 pm, thereby clearly placing this
problem within the regime of what has become known as
cavity quantum electrodynamics [37] (SED has been used
to study phenomena in this domain [38]), then a rough es-
timate indicates that the temperature variation over this
process would be several hundred Kelvin. Since our nu-
merical example here is only for illustrative purposes, we
merely note this fact and continue to proceed with the
less dramatic, but also much simpler to analyze, larger
volume domain.

Table I lists seven different thermodynamic operations
performed on the oscillator system. Plots involving tem-
perature, resonant frequency, internal energy, and caloric
entropy during these thermodynamic operations are
shown in Fig. 2. Figure 2(a) shows all the operations
versus resonant frequency and temperature, while Figs.
2(b), 2(d), and 2(f) show how U;„, and S„& vary with tem-
perature, and Figs. 2(c) and 2(e) show how U;„, and S„,
vary with co„ for these paths.

Path No. 1 in Table I represents the irreversible ther-
modynamic operation corresponding to Fig. 1(a); here the
spring constant of our one-dimensional oscillator has
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TABLE I. Thermodynamic operations performed on the oscillator system.

Path No. Thermodynamic path

a —+c

a~b

b —+c

e~c

d —+a

Description of process

Irreversibly "free relaxation"
of 670 ( Uint fixed)
Reversibly and adiabatically
decrease co, (S„& fixed)
Reversibly heat while holding
co, fixed (~, fixed)
Reversibly and isothermally
decrease co, (T fixed)

Reversibly and adiabatically
increase co, (S„& fixed)
Reversibly and adiabatically
increase co, (S„& fixed)
Reversibly cool while holding
co, fixed (co, fixed)
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been rapidly relaxed from co„ to co,f. The hatched lines
in each of the plots in Fig. 2 indicate this irreversible pro-
cess. Point c in these plots was deduced by requiring that
U;„, at point c equaled U;„, at point a, resulting in
T, =100.221 K and AT=+0. 221 K.

To correspond with Fig. 1(b), several reversible ther-
modynamic processes are indicated in Table I and Fig. 2
that connect states a and c. For example, during path
No. 2, the resonant frequency of the oscillator was slowly
decreased from m„ to co,f, while preventing any heat
from Aowing out of the containing box [the constant S„&
can be seen in Figs. 2(d) and 2(e) for path No. 2]. Hence
this path corresponds directly with Fig. 1(b). Since work
was essentially being done by the system during this adia-
batic resonant frequency relaxation, U;„, decreased [Figs.
2(b) and 2(c)], and the temperature decreased to
Tb =99.954 K.

To reversibly change the resulting state at b to the
same final state of the irreversible process at c, a second
path was chosen: path No. 3. Here, the resonant fre-
quency was held fixed, stopcocks were opened, and the
box and its contents were slowly heated until point c was
reached. As can be seen by path No. 3 in Figs. 2(a), 2(b),
and 2(d), the amount of heat needed was sufficiently
high to raise the final temperature of T, above T„as
predicted. Furthermore, S„& clearly rose so that
S„,, )S„,, =S„,b [Figs. 2(d) and 2(e)].

Other reversible thermodynamic processes that could
be chosen to connect states a and c were also plotted in
Fig. 2. For example, paths No. 4 and No. 5 represent
two sections of a Carnot cycle consisting of, respectively,
a reversible isothermal and a subsequent reversible adia-
batic process. Point e between these two paths resulted
in a significantly lower resonant frequency of 7.27X10"
sec ' to connect the two curves. Consequently, we
should emphasize that point e, and the part of the paths
near it, are calculated here with an inaccurate physical
description, since co, is certainly small enough here to re-
quire the discrete mode analysis mentioned above, rather
than continuing to treat the thermal radiation spectrum
as being continuous. Despite this deficiency, paths No. 4
and No. 5 are still included, simply to indicate the basic
path structure and to show what would happen if a con-
tinuum spectrum was used throughout.

The other paths in Fig. 2 are accurately calculated.
Paths No. 6 and No. 7 represent the reverse procedure of
paths No. 2 and No. 3. They connect states c —+d and
d~a, respectively, thereby forming a thermodynamic
cycle of alternating operations with paths No. 2 and No.
3.

The two diagonal curves in Fig. 2(d) represent curves
of constant co, for S„&vs T, whence„. =2X10' sec ' and
co,f =2X10' sec '. Figure 2(f) attempts to place 2(d) in

proper perspective by showing S„& vs T for a much larger
range of T. The diagonal curves in Fig. 2(d) are too close
together to be seen separately in Fig. 2(f); however, they
obey the structure of being wider apart for T & 0 than at
T=O, and joining together as T~O, thereby enabling the
system to satisfy the third law of thermodynamics (see,
for example, Ref. [32], Fig. 19—12(b) ).

An interesting feature to note is what happens to the
plots in Fig. 2 as T; —+0. As T; —+0, the adiabatic curves
merge with the isothermal curves. Thus, paths No. 2,
No. 5, and No. 6, which are all adiabatic ones, would be-
come increasingly horizontal in Fig. 2(a) as T; ~0, and
vertical in Fig. 2(b) (i.e., they become more like iso-
thermal curves as T, ~O). Although these paths would
remain horizontal in Figs. 2(d) and 2(e), since S„,=const
for these paths, the b T width of these curves in Fig. 2(d)
would decrease, in correspondence with the same curves
in Fig. 2(b) becoming more vertical. In the limit of
T; ~0, these curves in Fig. 2(d) would shrink to a point;
namely, the point at T=O where all constant m, curves in
Fig. 2(f) must converge.

Regarding Fig. 2(a), if T; ~0, then as mentioned above
path No. 2 would become a horizontal line, with Tb =0.
Path No. 3 (as well as No. 7) would remain a vertical line,
since this path simply involves heating the system. More-
over, the structure of path No. 1 would not be affected,
since irreversible processes can certainly occur at T=O
and raise the temperature to T, . However, as T,.~0,
point e would be pushed to the left in the direction of
cu, =O because path No. 5 would become increasingly
more horizontal. Eventually, as T,- is lowered, there ex-
ists some value T; that can in principle be readily calcu-
lated, where there may not exist a point e that will enable
an adiabatic path No. 5 to run between e and c, with
T, )0.

IV. SECULAR ACCELERATION CONSIDERATIONS

The example of a SHO in a box served as a relatively
simple vehicle to illustrate thermodynamic effects involv-
ing finite changes in singular energies due to ZP and ZPP
radiation. We note, however, that this numerical exam-
ple did not directly involve secular acceleration. Never-
theless, the same basic procedures for analyzing the
SHO's thermodynamic behavior should still hold as the
effects of this mechanism become more dominant.

For example, suppose we significantly lowered the
spring constant, or resonant frequency, of the oscillator.
Now the particle would be able to oscillate over much
larger regions of space, thereby increasing the effects due
to secular acceleration. To adequately analyze the result-
ing physical behavior, we would need to go beyond the
approximations made here, such as the dipole, the subre-
lativistic, and (probably) the resonant approximations.
Moreover, since co, would be reduced to a much smaller
value than in the previous numerical example, we would
need to consider a much larger box size to remain outside
the region of cavity quantum electrodynamics
(d ) A, /2=m. c/co, ) and thus allow the continued use of
the continuum expression for the thermal radiation spec-
trurn.

In conjunction with secular acceleration becoming a
very significant factor in the behavior of the oscillator,
the average kinetic energy change of A{mc ([I—(x/c) ]

'~ )], rather than b.[—'m(x )], would need
to be calculated, since we should expect a greater range
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in speed between the turning points of the oscillating par-
ticle. The result should still be a function of co, and T, as
in Eq. (1), because these are the only controlling parame-
ters of the motion. The compensating change in the aver-
age thermal radiation energy would still be cr'Vb, (T ),
assuming of course that we are still investigating the
same irreversible process of path No. 1 in Fig. 2, where
U;„,=const.

If the box is not made sufficiently large so that quan-
tum electrodynamic cavity effects can be ignored, then
the spectral continuum approximation cannot be made
and image charge effects, plus spatially dependent elec-
tromagnetic energy density within the box, would need to
be taken into account. Also, one would need to check the
importance of the change in the electromagnetic energy
cross-term contributions, as discussed in Refs. [21,17,20].

Despite these complicating features, there seems little
here to indicate that the laws of thermodynamics would
be violated via the effects of this mechanism. We would
again analyze the effects of irreversible processes via fol-
lowing idealistic, reversible ones. As in the SHO example
shown here, we should still have no net heat How at T=O
during reversible, isothermal processes, due to the
definition of T=O, yet, as also shown here, we should still
be able to have irreversible processes leading to nonzero
temperature cases starting initially from T=O. More-
over, as illustrated in the SHO example, we should still
see (1) conservation of energy [21], (2) b,S„i)0 for ir-
reversible processes, and (3) ES„i~0 as T~O during re-
versible isothermal processes. The exact, specific shapes
of the curves in Fig. 2 would certainly change as secular
acceleration becomes more of a factor; however, general
features, such as the reversible, adiabatic paths beginning
to look more like reversible, isothermal paths as T~O,
and S„&,& S„&„as seen clearly by following paths No. 2
and No. 3 in Fig. 2(e), should remain the same.

V. CONCLUDING REMARKS

This article has concentrated on the conceptual ther-
modynamic aspects of secular acceleration, since previ-
ous work by others, starting with the early work of Ein-
stein and Hopf [12], has already studied the dynamics of
this mechanism in some detail. The thermodynamics ap-
pear to readily fit within conventional ideas, provided one
adequately considers the subtleties involved with very
large systems corning to equilibrium and with the inter-
play between electromagnetic particles and electromag-
netic thermal radiation.

Moreover, we find nothing obvious to suggest that the
laws of thermodynamics are violated if an electrornagnet-
ic particle in a very large container acquires, on the aver-
age, a higher speed as it approaches the walls of the con-
tainer, versus its speed at the center of the container.
The particle may pick up energy from the radiation in the
box, just as particles can acquire kinetic energy via much
different and more familiar mechanisms, such as that due
to image charge effects. The total energy of the entire
system will certainly be conserved in either case.

Furthermore, there appears nothing obvious to suggest
that such an increase in kinetic energy acts to violate the

noncontroversial view of the second law of thermo-
dynarnics involving the differences between two thermal
equilibrium states. A key point here is that comparing a
subensemble of particles just before colliding with the
walls, with a subensemble of particles in the center of the
container, does not represent two thermal equilibrium
states. A second key point is that increasing the space
within which an electromagnetic particle is free to move
can enable the particle to pick up additional energy from
thermal radiation, just as releasing a colloidal particle
adhered to the walls of a container will enable that parti-
cle to gain in kinetic energy due to the induced Brownian
motion from the heat bath of the liquid in which it is im-
mersed. In neither case are thermodynamic laws violated
by the particle in question gaining kinetic energy from
the corresponding heat bath.

The increase of kinetic energy of a charged particle,
due to ZP plus thermal radiation, when the particle
passes from one wall' to the next, then bounces off and
starts the same process over again, is not so drastically
different from the behavior of a charged particle in a
SHO potential with ZPP radiation present. A somewhat
analogous behavior occurs in both cases although, in the
former, the random-walk aspects that lead to increased
kinetic energy between wall bounces are the dominant
feature. For the SHO example, discussed classically in
some detail here, the higher kinetic energy that occurs on
the average at the equilibrium point of the SHO potential
is largely due to the energy exchanged between the kinet-
ic and potential energies of the system, with the random-
like behavior due to the radiation playing a less dom-
inant, but still important role. In both cases, reversible
thermodynamic processes can, in principle, be performed
on the system to analyze the changes, such as in entropy,
that occur in the actual irreversible processes in nature.

To conclude this article, some previously published
comments in the literature on this subject [7,9,10] appear
to need correction, as they are in convict with the work
presented here. First, Ref. [7] stated, "A free particle is
seen to accelerate spontaneously. This seems to violate
the first law, but indeed it does not, as the ZPF, when
taken as real, has an infinite amount of energy. " Actual-
ly, the huge amount of energy in the ZPF (zero-point
field) does not explain why the first law is not violated by
secular acceleration. As with Casimir forces, changes in
the total energy are the important entities, versus the to-
tal amount. As discussed here, the change in kinetic plus
electromagnetic energy in any given region of space is
certainly predicted to be in exact correspondence with
the energy that Aows into or out of the region, in agree-
ment with the first law of thermodynamics [21].

Second, some ideas in Refs. [7] and [10] on the possible
nonviolation of the second law of thermodynamics need
correction. Quoting from p. 302 in Ref. [10]: "As the
ZPF of SED is the result of the accelerated motion of all
charges in the Universe, it follows that its nature is very
different from that of thermal radiation. From this and
the arguments above we conclude that no specific temper-
ature can be assigned in a proper manner to the ZPF.
There is then no violation of the second law by the ac-
celeration phenomenon as the ZPF is definitely not a
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reservoir at zero temperature but rather in some sense it
behaves as a reservoir at all temperatures. "

References [7] and [10] offered a number of ideas as to
why one might argue that no specific temperature can be
assigned to the ZPF. However, from the more recent
work of Refs. [17—22], we see that the ZPF can be as-
signed the temperature T=0, in correspondence with the
thermodynamic definition of T=O being that heat does
not Aow at T=O during isothermal, reversible thermo-
dynamic operations [17,19]. Moreover, whether the en-
tire universe could, hypothetically, be held at a tempera-
ture of T=O, as opposed to a nonzero, finite temperature,
the phenomena of secular acceleration would still be an
issue, due to the high velocity tail that is predicted to ex-
ist for particles situated in ZPP radiation as well as in ZP
radiation [4]. Indeed, one need not think of the ZPF as a
separate, special entity, but as having the same basic
properties of electromagnetic radiation at a nonzero tem-
perature. Our definition of T=O, as well as any other
nonzero temperature, can be based on the definition of
heat How during reversible, isothermal thermodynamic

operations on a particular system in question [32,18,21].
In closing, the secular acceleration mechanism be-

comes increasingly important as the region of space that
an electromagnetic particle can access without colliding
with other particles becomes larger. The detailed dynam-
ical mechanism for this behavior seems fairly clear
[1—10, 12]. However, in the past, there have been con-
cerns that this detailed physical process, involving im-
pulses from ZPP radiation creating a random-walk-like
behavior in velocity space for a free particle, somehow
appears to violate one or more of the thermodynamic
laws of nature. Our investigation of this phenomenon
does not reveal any such violation.

ACKNOWLEDGMENTS

I sincerely thank Professor Alfonso Rueda for en-
couraging me to examine the thermodynamic aspects of
the secular acceleration mechanism. I appreciate his
keen interest and his helpful comments on the present
work.

[1]T. H. Boyer, Phys. Rev. 182, 1374 (1969).
[2] A. Rueda, Nuovo Cimento A 48, 155 (1978).
[3] A. Rueda and A. Lecompte, Nuovo Cimento A 52, 265

(1979).
[4] T. H. Boyer, Phys. Rev. A 20, 1246 (1979).
[5] A. Rueda, Phys. Rev. A 23, 2020 (1981).
[6] A. Rueda and G. Cavalleri, Nuovo Cimento C 6, 239

(1983).
[7] A. Rueda, Nuovo Cimento C 6, 523 (1983).
[8] C. Diaz-Salamanca and A. Rueda, Phys. Rev. D 29, 648

(1984).
[9] A. Rueda, Phys. Rev. A 30, 2221 (1984).

[10]A. Rueda, Space Sci. Rev. 53, 223 (1990).
[11]A. Rueda, B. Haisch, and D. C. Cole, Astrophys. J. (to be

published). The terminology "secular acceleration" was
coined by B. Haisch and used in this article.

[12]A. Einstein and L. Hopf, Ann. Phys. (Leipzig) 33, 1096
(1910);33, 1105 (1910).

[13]A. Rueda, Nuovo Cimento B 96, 64 (1986).
[14] A. Rueda, in Proceedings of the IAU Symposium No. 139

on Galactic and Extragalactic Background Radiation, edit-
ed by S. Bowyer and Ch. Leinert (Kluwer, Dordrecht,
1989).

[15]A. Rueda, Phys. Lett. A 147, 423 (1990).
[16]For related recent data on cosmic rays, see, for example,

D. J. Bird et al. , Phys. Rev. Lett. 71, 3401 (1993).
[17]D. C. Cole, Phys. Rev. A 42, 1847 (1990).
[18]D. C. Cole, Phys. Rev. A 42, 7006 (1990).
[19]D. C. Cole, Phys. Rev. A 45, 8471 (1992).
[20] D. C. Cole, Phys. Rev. A 45, 8953 (1992).
[21] D. C. Cole, in Essays on Formal Aspects ofElectromagnetic

Theory, edited by A. Lakhtakia (World Scientific, Singa-
pore, 1993).

[22] D. C. Cole and H. E. Puthoff, Phys. Rev. E 48, 1562
(1993).

[23] T. H. Boyer, Phys. Rev. D 11, 790 (1975).
[24] L. de la Pe1(a, in Stochastic Processes Applied in Physics

and Other Related Fields, edited by B. Gomez et al.
(World Scientific, Singapore, 1983).

[25] T. H. Boyer, in Foundations of Radiation Theory and
Quantum Electrodynamics, edited by A. O. Barut (Ple-
num, New York, 1980), pp. 49—63.

[26] T. H. Bayer, Sci. Am. 253 (2), 70 (1985).
[27] The Second Law of Thermodynamics, edited by J. Kestin

(Dowden, Hutchinson and Ross, Stroudsburg, PA, 1976).
See the comments by J. Kestin in the preface (p. vii), the
Introduction (particularly, pp. 3 and 4), and on p. 312;
also, see the article by J. Meixner on p. 313.

[28] T. H. Boyer, Phys. Rev. 186, 1304 (1969).
[29] M. Planck, The Theory of Heat Radiation (Dover, New

York, 1959). This publication is an English translation of
the second edition of Planck's work entitled Waermes-
trahlung, published in 1913. A more recent republication
of this work is The History ofModern Physics and Astrono

my (AIP, New York, 1989), Vol. 11.
[30] For this reason we considered internal "bumpers" or other

constraining force mechanisms in the above thought ex-
periment, to keep the particle away from the perfectly
conducting walls [i.e., the outer box drawn in Figs. 1(a)
and 1(b)]. This means of devising the thought experiment
is certainly not essential; rather, it just seemed to simplify
the concerns. One can certainly also have an adiabatic re-
versible process without having perfectly conducting
walls. To do so, one needs to adjust the temperature of
the medium bathing the container as the reversible process
is slowly carried out, such that no heat flows into (out of)
the container, from (into) the surrounding medium.

[31] Indeed, this apparent behavior led others to suspect at one
time that the ZP spectrum does not represent a true heat
reservoir at T=O. See Ref. [10],p. 302. However, as dis-
cussed here, we see that ZPP radiation is acceptable as a
heat reservoir at temperature T, including the case of ZP
radiation at T=C„

[32] M. W. Zemansky and R. H. Dittman, Heat and Thermo
dynamics, 6th ed. (McCrraw-Hill, New York, 1981),p. 153.

[33]See, for example, Sec. 8.8 in Ref. [32].
[34] The total kinetic plus potential energy of the oscillator

equals, in the resonant limit,



1674 DANIEL C. COLE 51

Rewriting Eq. (3) in terms of 6, we see that for ST=0,

Q 6co~coo
a

a

For the SHO, the quantity of @/co, is significant since it is
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