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Population kinetics of lithiumlike ions in plasma
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For lithiumlike ions (oxygen and aluminum), characteristics of the population distribution over the ex-

cited levels and the population kinetics are examined in detail. In the high-density region, a simple ap-

proximate distribution function is derived for both the ionizing and recombining plasma components on

the basis of the multistep ladderlike excitation or deexcitation mechanism, combined with the thermo-

dynamic equilibrium distribution. As examples of applications, we present intensity ratios of emission

lines from impurity ions in hydrogen plasma, and the population inversion and gain for the x-ray recom-

bining plasma laser.

PACS number(s): 52.70.—m

I. INTRODUCTION

Population distribution among excited atoms and ions
in a plasma rejects the nature of the plasma concerned,
and is the subject of plasma spectroscopy through obser-
vation of the spectrum emitted by the these atoms and
ions. A wide variety of population characteristics, e.g. ,
thermodynamic equihbrium and population inversion,
could be realized depending on various collisional and ra-
diative processes in the plasma. A comprehensive inves-
tigation of the general characteristics of the population
and its kinetics was reported 15 years ago [1].

Reference [1] treats atomic hyderogen as a typical ex-
ample of atomic and ionic species. It divides an excited
level population into an ionizing plasma component and
a recombining plasma component. It then proposes a
classification scheme for the population distribution into
several categories: the corona phase and the ladderlike
excitation-ionization phase for the ionizing plasma com-
ponent, and the capture-radiative-cascade phase, local
thermodynamic equilibrium (LTE) phase and ladderlike
deexcitation phase for the recombining plasma com-
ponent. Depending on the particular condition of the
plasma in question, one of these phases, or two or even
three of them, would manifest itself in the observed spec-
trum.

The above treatment, however, is rather limited in
several respects. The first is the energy level structure of
hydrogen. The ionization potential of the ground state is
four times that of the first excited state, or the ground
state potential is rather deep. This feature is shared by
heliumlike ions, which have an even deeper ground state,
but is rather exceptional for many atomic and ionic
species which have shallow potentials. A second weak-
ness is that s,p, d, . . . states, or different l levels, are bun-
dled together, or that they are assumed to be populated
according to their statistical weights. This assumption
obviously breaks down in low-density plasmas in which
collisional population mixing among these levels is slower
than radiative decay. It is even not entirely clear whether
this assumption is valid in high-density ionizing plasmas,
since they are not in equilibrium in nature. In view of

these limitations and questions, it was decided to extend
the investigation of the population characteristics to
atoms and ions having a rather shallow potential, and
with the above assumption removed.

Lithiumlike ions have the next simpler energy level
structure to hydrogen, and it is feasible to construct a re-
liable collisional-radiative model with the different l levels
resolved. We can even resolve the fine structure com-
ponents. We have completed this attempt, and its details
are described in our previous paper [2].

In this paper, we investigate the characteristics and
kinetics of excited level populations in lithiurnlike ions
for both ionizing and recombining plasma components,
and examine how those established for hydrogen are val-
id, modified, or even replaced for the nonhydrogenic
case. We also show examples of our calculation which
are relevant to actual plasmas, i.e., tokamak plasma and
recombination plasma for x-ray laser.

II. POPULATION KINETICS

In the collisional-radiative model, the population of ex-
cited level p of the lithiumlike ion is given by

n (p) =Ro(p)n, nH, +R &(p)n, n L;', (1)

that is, the sum of the ionizing plasma component pro-
portional to the ground state density nL; and the recom-
bining plasma component proportional to the heliumlike
ion density nH, [1]. n, is the electron density. These
components are expressed by the population coeKcients
R, (p) and Ro(p). The validity of Eq. (1) has been dis-

cussed in [2]. In the following, we examine these com-
ponents separately.

A. Ionizing plasma component

We take the Ovt ion as an example. Figure 5 of [2]
shows the n, dependence of the population of some of the
excited levels. The electron temperature T, is assumed to
be 50 eV; this T, corresponds to that of tokamak plas-
mas, where the OvI ions in this ionization stage are
present predominantly.

In the low-density region of n, (10' cm [71(10
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cm; g is the reduced or equivalent density for neutral
isoelectronic species and is defined as rl=n, /(z —2),
where z is the nuclear charge], the populations of low-
lying excited levels with n ~10 are proportional to n, ;
these levels are in the corona phase, as explained below
and the magnitude of the populations of the different I
levels per unit statistical weight is in the order s, p, d, . . .
for the n =3, 4, and 5 levels. For higher-lying excited
levels with n & 10, deviation from the linear relation has
already taken place. In the region of 10'
cm &n, &10' cm (10' cm &g&10' cm ), a de-
viation from the linear relation occurs for the low-lying

levels. At the same time, the populations in the different
I levels tend to be proportional to their statistical weights.
In the high-density region, n, & 10' cm (g ) 10'
cm ), all populations reach their high-density limit
values.

%'e examine the n, -dependent populations in more de-
tail. We take the 4 P level as an example: Figs. 1(a) and
1(b) show the magnitude of the population fiows into and
out of this 4 P level. For convenience, the population
Aow has been divided by n„and the values in the high-
density limit are given by numbers. In the low-density re-
gion, the dominant How into this level is the direct excita-
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tion from the ground state 2 S, and a contribution from
cascade from higher-lying levels is about 20%. This
value is typical for low-density ionizing plasmas, as Ap-
pendix A shows. The dominant flow out of 4 P is the ra-
diative decay, 80% of which is the transition to the
ground state. This is consistent with the linear relation-
ship in Fig. 5 of [2] in this region and the nomenclature
of the corona phase. At about n, =10' cm, the contri-
bution from the excitation from 2 P begins to be substan-
tial. At the same time, the l-changing transitions by pro-
ton collisions become substantial. These additional con-
tributions result in the slight upward deviation of the
population from the linear relation in Fig. 5 of [2]. [See
also in Fig. 1(b) the slight increase in the radiative decay
flow which is proportional to the population. ] In
n, ) 10' cm, the population of the 2 P level becomes
almost equal to or even larger than that of the 2 S state.
[Remember that the population in Fig. 5 of [2] has been
divided by the statistical weight; g (2 S)=2, g(2 P ) =6.]
The population flow from 2 P into 4 P becomes larger
than that from the ground state 2 S. In such a situation,
the 2 S and 2 P levels altogether may be regarded as the
ground level.

In this higher density region n, ) 10' cm, the dom-
inant flows both into and out of 4 P are l-changing col-
lisions 4 S=:4 P and 4 P= =4 D (see Table I of [2]). It
might be assumed that, in the high-density limit, the pop-
ulations of 4 S, 4 P, 4 D, and 4 I are jn thermodynamic
equilibrium, or almost equivalently determined by their
statistical weights. In Figs. 1(a) and 1(b), the population
flow from 4 S to 4 P is larger than the inverse flow by

4%, and the flow from 4 P to 4 D is larger than the in-
verse flow by 3%. This means that there exists a small
but substantial net upward flow of
4 S -4 P =-4 D -4 F, so that these levels are never
in thermodynamic equilibrium. This flow may be called
the generalized ladderlike excitation-ionization estab-
lished among the difFerent I levels with the same n. The
population flows of n =3~n =4 and n =4~n =5 is
about one order of magnitude smaller than the individual
l changing flow, but is larger than the net I-changing
flow. Figure 2 shows the population distribution at the
high-density limit or n, =10 cm . The abscissa is the
effective principal quantum number p* of the levels in a
logarithmic scale. The ordinate is the reduced popula-
tion coefficient r, (p) which is related to the population
coe%cient as

R, (P)g(1) E (p)
g(p) kT,

(2)

where E(p) is the energy of level p measured from the
ground state. In the case of the ground state 2 S,
ri(2 S) is set equal to l. If thermal equilibrium were es-
tablished among a group of levels, r, (p) for these levels
would be equal. On the contrary, for n =2, 3, 4, and 5
levels, the different l levels have different r, 's, being con-
sistent with the above statement. Therefore, for hydro-
gen or hydrogenlike ions, the question is still open wheth-
er different l levels with same n are populated according
to their statistical weights or not under the high-density
conditions [3].
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starting from r, (2 S ) = 1.
The p* dependence was first shown theoretically for

neutral hydrogen [1,4], and verified experimentally for
neutral argon [5] and for helium [6]. This dependence is
the result of the establishment of the ladderlike
excitation-ionization process together with the charac-
teristic that the approximate relationship of the excita-
tion rate coeflicients C(p,p+1)~p, where p is under-
stood to denote the principal quantum number. It is in-
teresting also to find here a similar relation in the case of
a highly charged ion. The slight failure of Eq. (3) be-
tween n =2 and 3 is the result of the failure of the above
approximation of the excitation rate coefIIcients. The
different I levels show a slope intermediate between Eq.
(3) and thermodynamic equilibrium.

The relationship expressed by Eq. (3) suggests a
method of estimating the excited-level populations in ion-
izing high-density plasmas; i.e., if we know a low-lying
level population or even the ground-state population, we
can derive approximate populations of the excited levels
from Eq. (3).

Figure 3 shows the photon emission ratio of transitions
2 S—3 P to 2 P —3 S and that of 2 P —3 D to 2 P —3 S
of C Iv, N v, and 0 vI ions against electron temperature.
We assume a hydrogen plasma with n, =10' cm
which is typical for a tokamak plasma where these ions
are present. In such a low-density plasma, there is no
significant density effect on the n =3 level populations.
The two sets of results correspond to the two different
cross section data for 2 S—3 P, as shown in Fig. 2 in [2].
A similar calculation result by Zastrow et al. [7] is also
given. The slight difference between the two calculations

2.0

2P-3D/2P-3S ~ ~ ~
~ ~ ~

~ ~ ~ ~ ~

~ ~ ~

0
~ ~~ \

~ ~ ~ ~

O

La

1.50

EI
c 10
0
CL

0.5

0.0— I

50

----- CIV, NV, OVI (Mann)
- - Zastrow et al. (5eV-100eV)

I

100 150

electron temperature (eV)

ZOO

FIG. 3. Photon emission ratios from lithiumlike carbon, ni-
trogen and oxygen ions for the transitions of 2 P —3 D to
2 P —3 S and 2 S—3 P to 2 P—3 S. The electron density is as-
sumed to be n, = 10' cm . We compare the calculation results
for the two different 2 S—3 P excitation cross sections in [2].

Figure 2 shows that ri(p) has a monotonic p depen-
dence and is given approximately by

(3)

could be explained as due to the cascade contribution
from the n +6 levels, which is neglected by Zastrow
et al.

B. Recombining plasma component

1/2
(z —2) R

p

where R is 1 Ry (13.6 eV) and kT, is the temperature in
eV. For levels with principal quantum number p lying
above this, the collisional excitation to the p +1 level is
more frequent than deexcitation to the p —1 level, and
for levels below that the relation is reversed. Under these

(4)

We take Al XI ion as an example. The n, dependence
of the populations of the n =3, 4, and 5 levels are shown
in Fig. 6 in [2]. In Figs. 4(a) and 4(b) we show the n,
dependence of the magnitude of the population flows di-
vided by n, for the 4 P level. In lower density regions
than n, =10' cm (i1 &10 cm ), these excited levels in
Fig. 6 in [2] are in the capture-radiative-cascade phase, in
which they are populated predominantly by the direct ra-
diative recombination plus cascade, and depopulated
through the radiative decay. It may be interesting to
remember that, in the case of hydrogen, the contributions
from the direct recombination and the cascade are ap-
proximately 2:1 [1]. As Fig. 6 in [2] shows, the n S level
has the largest population per unit statistical weight
among the different l levels for n =3, 4, and 5. At this
temperature, the radiative recombination rate coeKcient
into the s, p, and d levels are approximately proportional
to their statistical weights (that for s is slightly smaller)
and those for f and especially g are much smaller. The
n S level has the smallest decay probability, resulting in
the largest population. The n D level has the largest ra-
diative decay probability among the same n levels, result-
ing in the smallest population per unit statistical weight.
In the intermediate density region 10' cm (n, (10'
cm (10 cm & il & 10' cm ), the populations of the
levels with the same n converge with each other by the l-

changing collisions, and they approach the high-density
limit values.

In the high-density limit, there is a different charac-
teristic from the ionizing plasma case; as seen in Fig. 4
the net upward or downward flow for 4 S= =4 P~4 D is
less than 0.1% of the individual flow. This is consistent
with the near Boltzmann distribution of these levels as
shown in Fig. 2: the same slope of these populations to
the Saha-Boltzmann distribution. A similar feature is
seen for 4 P~n ~5 levels (0.5%%uo is the net liow). For
4 P~n=2 and 3, however, the net downward popula-
tion flow is substantial. This suggests that thermal equi-
librium would be established for the n ~4 levels but not
with the n =2 and 3 levels. This is actually the case, as
seen in Fig. 2.

The overall population distribution in Fig. 2 is inter-
preted. We introduce Byron's boundary in high-density
plasma [1,8]; this gives the boundary between the levels
in LTE and those for which the ladderlike deexcitation
mechanism is established. This boundary is given ap-
proximately by
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plasma conditions, pz
———4.2. The population distribution

in the ladderlike deexcitation mechanism for p pz has
been shown for hydrogen to be given approximately by
n(p*)/g(p") ~p* . This is based on characteristics of
the deexcitation rate coefticient similar to that for the ex-
citation rate coefficient mentioned above. Appendix B
shows that, in Fig. 2, the curve representing the Saha-
Boltzmann distribution (SB) has slope —6 at p'=ps.
The overall population distribution is therefore given by
the curve SB for p* +pz, and by its linear extrapolation
for p ~pz with the slope —6. In Fig. 2, populations of
the levels p ~ 3 are well approximated by this simple rela-
tionship. The gross deviation of n(2 P) from this line is
the result of the failure of the approximation for the

deexcitation rate coefficients from this level, E(2 P, 2 S ).
An important application of the recombining plasma is

the x-ray laser of the recombining plasma scheme. In the
following we ignore the two factors important in the ac-
tual situation but outside the scope of the present study,
i.e., the radiation trapping and the transitions involving
doubly excited berylliumlike ions [9]. Figure 6 in [2]
shows that in the region of n, ~ 2 X 10' cm, the popu-
lation inversion is established between the 3 P or 3 D
levels and n =4 or 5 levels. The heliumlike aluminum
ion density has been assumed to be 10% of n„and the
ion temperature to be equal to T, . We assume the
thermal Doppler broadening and the absolute
arnplification gain is given as
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where p and q are the upper and lower levels, respective-
ly, and M, A (p, q), and A, are the mass of the ion,
Einstein's A coefficient and the wavelength of the transi-
tion line, respectively. We resolve the levels into fine
structure components. Hyperfine structure (nuclear spin
of aluminum is I=—', ) is neglected. We take the strongest
line among the fine structure component levels in our cal-
culation of the gain.

Figure 5 shows the n, dependence of the gain for
32D 42F 52F 42P 52P 32P 42D 52D
—4 S, and 3 P —5 S 1jnes of Al XI jons. Although pop-
ulation inversion is realized between many pairs of levels
in the low-density regions of n, ~ 10' cm, the
arnplification gain for many of them is very small. Only
the two transjtjons 3 D —4 F and 3 P —4 D show sub-
stantial gain at about n, =10' cm . Carillon et al. [10]
measured the gain in a laser-produced aluminum plasma.
They found that four transitions 3 D —4 F, —5 F,
3 P —4 D, and —5 D had significant gain; gains of the
3 D 5 Fy 3 P 4 Dp and 3 P 5 D transitjons
about equal, and that of' the 3 D —4 F transition was
about as twice as large as those of the other three transi-
tions.

Our results for the gain of 3 D —4 F and 3 P —4 D are
smaller than those of the experimental result [10] by a
factor of 2, and the gain of 3 P —5 D and 3 D —5 F are
more than ten times smaller. The calculation by Klisnick
et al. [11]is in accordance with our result. If we assume
the calculated populations for the n =3 levels, in order
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FIG. 6. Optimum temperature is shown as functions of
effective nuclear charge z,&, where z,&=z —2 for lithiumlike
ions, and z,&=z for hydrogenic ions.
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for our calculated gain to be consistent with experiment
the 4 D population should be larger by 20% and the 5 D
and 5 F populations by an order. As shown in Fig. 6 in
[2] and Fig. 2, under experimental conditions the n =5
levels are almost in LTE, and the n =4 levels are close to
that. Therefore, larger populations, especially in the
n =5 levels, are unlikely.

ionizing plasma component [1].
We now discuss the relative contributions for the lithi-

umlike ions. We first limit our discussion to the low-
density and high temperature cases, but low enough so
that dielectric recombination can be neglected. Equation
(6) reduces to

C. Ionization balance, ionizing, and recombining plasmas

Ionization balance (IB) is defined as

eff enLi eff e He (6)

S(2 S)n, n„;=QP(p)n, nH, ,
P

where S and P mean the ionization rate coefficient and
the radiative recombination rate coeKcient, respectively.
The population ratio between the ionizing and recombin-
ing plasma components is approximately given by

where the effective ionization and recombination rate
coefficients a,s. and S,s are defined in Eq. (3) in [2]. The
temperature at which Eq. (6) leads to nH, =nL; is called
the optimum temperature T&B or O&B= T, /z, ff. Figure 6
shows the z ff dependence of the optimum temperature
for a low density of g=10 cm, and the corresponding
temperature for hydrogenic ions [1]. The optimum tem-
peratures for lithiumlike ions are about a factor 5 lower
than those for the hydrogenic ions.

It has been shown that, for hydrogen atoms and hydro-
genic ions in low-density plasma, the recombining plasma
component in Eq. (1) is of the order of O. l of that of the

nH, p(p) S(2 2S)

nL;C(2 S,p)
P(p)

p( )
C(2 Syp )

S(2 S) C(2 S,3) P(p)
C(2 $, 3) c(2 S,p)

p

where 3 is the principal quantum number. In Eq. (8), in
the case of the Ovt ions, S(2 S)/C(2 S,3)=0.2 for
'E, =50 eV. The last factor may be approximated by
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P(p)/g P(p) =p /0. 2. C(2 S,3)/C(2 Sp ) is ap-
proximated by 3.5 X 3 /p for high-lying levels
(n )7). The population ratio would be about 3.5X3
(=0.13) for these levels.

Figure 7 shows the calculated population ratios in ion-
ization balance. n, is assumed to be 10 cm . In the
case of 0 VI (0=1.4 eV), the ratio is nH, /nL; =49. It is
concluded that, for the condition of nH, /nL; (10 (i.e.,
the ionizing plasma), the ionizing plasma component in
Eq. (1) predominates over the recombining plasma com-
ponent by more than a factor 10 for all the excited levels.
For recombining plasma of nH, /nL;) 5X10, the situa-
tion is reversed. For ionization balance plasma in the
high-density limit, it has been shown [1] that, in Eq. (1),
both components together constitute the LTE population
(the Saha-Boltzmann distribution against nH, and the
Boltzmann distribution against nL;, in the present case).
Figure 2 thus shows the relative contribution from the
ionizing plasma component, i.e., r, (p), and that from the
recombining plasma component is given by [1—r, (p)]. It
is straightforward to estimate for plasmas out of ioniza-
tion balance the relative magnitude of both the contribu-
tions.

Figure 7 contains the ratios for low temperature (Al xI
T, =30 eV, 8=0.25 eV). The ratio is
nH, /nL;=2. 5X10 . Even for recombining plasma of
n H, /nL; & 2. 5 X 10, the ionizing plasma component
tends to persist especially for low-lying levels. For a
strongly recombining plasma with n H,

=n L;, for example,
the population n(2 P) is determined by the ionizing plas-
ma component as given in Fig. 5 in [2]. For ionization
balance plasma in the high-density limit, a similar argu-
ment to the above indicates that, in Fig. 2, the population
(the recombining plasma component) with respect to the

curve SB gives the relative contribution from the recom-
bining plasma component, and that from the ionizing
plasma component corresponds to the difference between
the curve and the actual population.

APPENDIX A: CONTRIBUTION FROM CASCADE

We assume hydrogenic ions for the purpose of simpli-
fying the argument. The excitation rate coei5cient from
the ground state is approximately given as

C( l, q) -=Coq (Al)

with a constant Co and the principal quantum number q.
The radiative decay rate from level q is expressed by us-
ing a constant H [=(2 /3v 3)me z R /h mc ]:

A(q, k)-=f'. . . dk
qk(q —k )

H (2q —l(q + 1)
ln =—Hqs (A2)

In the low-density ionizing plasma or in the corona
phase, the population of level q is approximately given as

n (q)=
C( l, q)n, n(1) Co q' n, n(l),
g A(q, k)
k(q

(A3)

where a cascade contribution has been neglected. The
cascading population Bow from levels q to p is

n (q)A(q, p)

and the total cascading flow from all the levels q ()p) is

1 —ln
2pv'ppa

V„„,d,
= f n (q) A (q,p)dq

p+1
Con, n (1)
&S 2 2~+' pq "(q'—p')

Con, n(1) +
p

a —&p 1 a+ —arctan
~+&a a ——&p+I

Con, n(1)

p 2v'p
2

&p +1
1 &p+1 —v'p—ln

2v'p v'p +1+&p
1 vp+1—arctan
p p

(A4)

By using Eqs. (Al) and (A4), we obtain the relative contribution g from the cascading to the population Sow into level

p~

ascade

C( l,p)n, n(1)+ V„„,d,

1+
2v'p

v'p + 1

2
v'p+1

1 v'p+1 —vp 1 vp+1—ln —arctan
2&p &p+1+v'p v'p v'p

1 v'p+1 —v'p 1 v'p+1—1n —arctan2' Vp + 1+v'p v'p v'p

(A5)
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The values of g for p =4, 6, and 10 is 0.187, 0.190, and
0.193, respectively. If we take into account the cascade
contribution in Eq. (A3), g would be slightly larger than
20%%uo.

APPENDIX B: POPULATION DISTRIBUTION
OF HIGH-DENSITY RECOMBINING PLASMA

The Saha-Boltzmann population for lithiumlike ions
with nuclear charge z is

3/2

exp( —2ta )

where

t =log, 10, a=log&op* .

We differentiate Eq. (B2) with a:

n(p) 1 h2
log )0 =log )o' g(p) '

2gH, 2~mkT,

1 (z —2) R
t kT,

(B2)

(B3)

„() gp( ) h

2gH, 2mmkT

3/2
(z —2) R /p*

P

d n(p) (z —2) R
da ' g(p) kT,

logic = —2 exp( 2ta—) . (B4)

(B1)

where p* is the effective principal quantum number and
R is 1 Ry. We express n (p) and p' in a common loga-
rithmic scale (see Fig. 2) and transform Eq. (Bl) to

At Byron's critical level pz, Eq. (4) is expressed as
1/2

(z —2) R =exp(ta) .
e

(B5)

Substitution of Eq. (BS) into Eq. (B4) yields a slope —6 at
P =Pg ~
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