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We introduce a multiparticle biased diffusion limited aggregation model for dendritic growth. Its most
relevant feature is that it includes the overall effect of strong applied electric fields and therefore applies to
nonequilibrium situations. We compare simulations of a two species version of our model to actual experiments
on preparation of amorphous Co-P alloys with very good agreement: The model accurately reproduces the
dependence of composition, morphology, and growth time of the alloy on the current. We conclude with a
discussion of specific predictions and possible generalizations of the model.

PACS number(s): 68.70.+w, 82.20.Wt, 05.40+j, 61.50.Cj

In the last few years it has become clear from different
experiments that the same underlying mechanism governs
disparate growth processes like electrochemical deposition
(ECD), fluid-fluid displacement, growth of bacterial colo-
nies, or dielectric breakdown, to name a few [1,2]. It has also
been established that small variations of the parameters con-
trolling this mechanism, generally known as Laplacian
growth, give rise to a rich variety of patterns, ranging from
fractal to dendritic, open, or dense ones (see, e.g., the reprints
in [2]). Several generalizations of the diffusion limited ag-
gregation [3] and dielectric breakdown models [4] (see also
[5] and references therein) have been proposed to account for
those patterns with moderate success. In this regard, Erle-
bacher et al. [6] presented recently simulations of a model
that agrees qualitatively well with these experiments. How-
ever, no detailed quantitative comparisons between aggrega-
tion models and experiments have been carried out as far as
we know. It would be very interesting to have such studies to
gain insight on the complicated (and theoretically far from
understood) issue of nonequilibrium growth.

In this Rapid Communication, we present a multiparticle,
biased diffusion limited aggregation (MBDLA) model for far
from equilibrium growth phenomena and we apply it to re-
cent experiments on growth of amorphous cobalt-phosphorus
alloys by electrochemical deposition [7]. Amorphous Co-P
alloys have very many interesting applications and hence
have been widely studied in the literature [8]. On the other
hand, modeling of amorphous alloy growth has the advan-
tage that no (crystalline) order parameter is needed as in the
case of crystal growth. For this reason we believe this par-
ticular application of MBDLA can be of interest for many
researchers in this and related systems (NiP, NiPB, NiCoP,
etc.). However, MBDLA can be straightforwardly used to
describe other experimental situations: Thus, for comparison
with the Co-P system, MBDLA will include two compo-
nents, but it can be applied to either one or several compo-
nent processes as well. To date, to our knowledge, only Na-
gatani and Sagués [9] have studied a two-component
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multiparticle DLA [10] model from the theoretical viewpoint
without including comparison with experiments.

To make the paper more self-contained, we briefly sum-
marize the experimental results we try to recover from our
MBDLA model. The reader is referred to [7] for a more
detailed report. CoggP, amorphous alloys for use as soft
magnetic materials were produced by dendritic growth on
the edge of a Cu substrate by ECD with high density current.
The initial bath composition was 75% Co and 25% P ions;
slightly different compositions led essentially to the same
results. We note that all these experiments (i.e., all the ex-
perimental points plotted in Fig. 1 that we discuss below)
were carried out in constant current conditions, rather than
constant applied voltage, and a parallel geometry. It was ob-
served that when the current density J was increased the
cobalt fraction in the composition [11] of the alloys increased
as well, until it saturated at 88% Co atoms for J=4X10* A
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FIG. 1. Alloy composition vs experimental current density J and
Co bias p in simulation. Full circles are obtained from simulation
and empty ones from experiment. Leftmost experimental and simu-
lated points lie on top of each other. Lines are only a guide to the
eye.
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FIG. 2. Clusters obtained for different currents and times. Bot-
tom to top: J=2.5, 0.5, 0.1, and 0.02X10° A m™2 (equivalent
p=0.05, 0.01, 0.002, and 0.0004), whereas T),=2, 10, 50, and 60
min (equivalent Tg;,,=2.8, 14, 70, and 84X 107 time steps). Note
that the morphology becomes more open when increasing the cur-
rent, becoming quite planar for the smallest p value. The top aggre-
gate was grown with s four times the one it should have according
to the linear relationship, to make it visible here. With the proper s
value T), would be 300 min (equivalent to 350X 107 time steps).

m ™~ 2. Three regions with different types of electrolytic
growth were found (see Fig. 1). For small (0<J<10*
A m ~2) J values, the growth was planar and the Co concen-
tration increased with J. Typical grown samples had a size of
a few tens of micrometers. Intermediate J values (10*
A m~2<J<4x10* A m~?) gave rise to dendritic mor-
phologies, and again to an increase of Co concentration with
J. The typical size of the dendrites was in the range of a few
milimeters (for a picture, see Fig. 2 in [7]). Finally, for
J=4%x10* A m~2, the growth remained dendritic but the
composition reached a constant value independent of J. In
this regime, deposits were always homogeneous, even if
large current density fluctuations occurred. This was checked
by preparing samples with different deposit times (from 10
to 60 min). Another interesting remark on the alloy morphol-
ogy is that the larger J is, the more and the greater the empty
spaces in the obtained dendritic sample are. Finally, an in-
verse linear relation between the time T, needed to grow a
given mass M of alloy and the current used to prepare it was
found, i.e., Tp,~J .

We now turn to the aggregation model we propose to
reproduce this phenomenology, which is that of a two-
component diffusion (Laplacian) problem with a perturbation
term due to the electric field, plus another extra term coming
from the interaction between the two species during the
deposition process ( induced codeposition, see below, see
also [12]). Our algorithm starts from a number of random
walkers (“ions”) randomly placed on a square lattice, with
the same composition with respect to the bath as the experi-
mental one (~10% sites occupied), and in the same relative
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compositional ratio (three times more Co than P). Bidimen-
sional lattices were chosen to avoid large computational
times while keeping a significant number of walkers. The
lattice boundary was rectangular (similar to the experimental
one), and we took its lower side to be the cathode. Boundary
conditions were periodic in the direction parallel to the cath-
ode and reflective in the perpendicular one (with the possi-
bility to stick to the cathode, of course). Simulations were
done on a 300X 400 lattice; different sizes did not modify the
results. The initial condition evolves in time according to the
following rule. Every time step, a walker is chosen at ran-
dom (all of them with equal probability), and one of its four
nearest neighbors is chosen to be its destination site. This is
done according to the following probability: 0.5 to move
horizontally, i.e., parallel to the cathode, 0.25+p to move
vertically downwards (towards the cathode), and 0.25—p to
move vertically upwards. We hereafter call p the Co bias for
reasons that will become clear in the next paragraph. After
choosing a site to move to, motion actually takes place if
there is no other walker at that precise node. In case the
chosen site belongs to the growing aggregate (in the first
time step, the lower layer of the lattice), the walker's preced-
ing position is added to the aggregate with probability s,
otherwise the walker stays there (and can move in future
time steps) with probability 1—s. We term s the sticking
probability (often called noise reduction parameter) and
again postpone its discussion to the next paragraph. If the
walker is added to the aggregate, a new one is created at a
random site, of the same nature as the one that has clung to
the cluster [13]. This completes a time step, and the defini-
tion of the algorithm.

The physics underlying MBDLA is the following. First of
all, multiparticle DLA [10] is needed to include the conse-
quences of having a finite concentration of two components
simultaneously. Second, we have to introduce the large elec-
tric current. This we do by means of p, the fundamental
parameter of the model. It seems reasonable that the larger
the current density in the experiment, the larger p must be in
the model to reproduce it. Moreover, p allows one to account
for the above mentioned induced codeposition [12] as we
describe now. We have two ions, Co (positive) and P (nega-
tive) in the solution, with two forces making them move:
diffusion and electric force. In the case of Co, both drag the
ion to the cathode. However, in the case of P, the electric
force goes towards the anode. Therefore, as P deposits in the
cathode (and it is well known that P alone would not deposit
there), it has to be due to diffusive forces, i.e., the accumu-
lation of Co ions near the cathode induces electroconvective
effects on P ions. The simplest way to take all these pro-
cesses into account is to relate the bias for Co walkers to the
bias for P walkers, in the form pc,=p,pp= ap; in this fash-
ion, Co ions will drag P ones towards the cathode with a
strength proportional to their one attraction to the negative
electrode. The « parameter is the adjustable one and will be
determined below from the experimental results. The remain-
ing physicochemical complicated processes, difficult to
quantify, are included in the parameter s. In particular, notice
that s is related to the activation energy of the deposition
process itself, and that it should be easier for faster ions to
deposit. Hence s must certainly be related in some way to the
current, i.e., to p, and moreover, s should grow with p [14].
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FIG. 3. Alloy composition as a function of the aggregate coor-
dinate perpendicular to the cathode. Fluctuations at high values
come from the the fact that there are very few particles near the tips.
This aggregate was grown withJ =2X10° Am ™2 (p=0.04) during
2.5 min (3.5% 107 time steps).

We adopted this hypothesis and we consequently did not
choose s independently but, rather, established a relationship
between both parameters. Since the exact relationship is of
course unknown, we took s in the interval 0<<s<1 for each
value of p. We found that the resulting concentration value
was rather insensitive to the precise value chosen for s (see
further discussion of this parameter below). This is very im-
portant, because otherwise the model would not be of much
interest as this relation would have to be determined for ev-
ery particular case. Thus, to summarize, we want to stress
that the main model control parameter is p (hence the name
MBDLA), and the adjustable one is a.

We have performed a detailed simulation program of the
above model. For simplicity, we started by fixing «=0, i.e.,
Co ions were biased random walkers whereas P ones were
pure random walkers. Physically, «=0 means that concen-
tration gradients (due to induced codeposition) forces are ex-
actly balanced by the electrical force. With this choice, we
reproduced the composition saturation and the homogeneity
of the samples, but the saturation value of the dendritic al-
loys was wrong, around 92% Co atoms. We therefore gave
up the (otherwise unrealistic) hypothesis of exact force bal-
ance and modified « to get quantitative agreement with the
experiments. It turned out that «=0.3 gave rise to the same
composition of the alloys as in the experiment, 88% Co at-
oms. It is important to notice that this implies that P negative
ions move towards the negative electrode, and this can only
come from the concentration gradient originated by the in-
duced codeposition influence, as we mentioned above.

The simulation outcome (with @=0.3) is summarized in
Figs. 1-3. Figure 1 plots the dependence of the composition
of the alloys on the current density, showing very good
agreement between MBDLA and experiments. It is most re-
markable that with an adjustable parameter, a, we recover
the behavior of the concentration in the whole range of cur-
rents. An important conclusion that must be drawn from this
plot is that there is a direct relationship between the current
density in the experiments and the value of p. The exact
prefactor will depend on the type and the size of the lattice,
but for the lattice we are dealing with here, J=pXxX5x10° A
m ~2. After we have determined the p values that correspond
to physical J values from the saturation curve, we are not
free to modify p anymore. Hence the p values obtained from
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this relationship must also reproduce the features of the ag-
gregates grown with different J if our model is correct. Be-
sides, we have to fix the relationship between the parameter
s and p. After trying several functional forms we chose a
simple linear dependence (s=~20p in the range
0=<p=0.05) because it already gave a very good agreement
with the aggregate morphology. Other dependences we tried
were parabolic and hyperbolic tangent, in different ranges of
p. The obtained morphologies are similar to the linear one,
so it is enough to assume a smooth increasing dependence
which we thus exemplify by the linear one. These morpholo-
gies can be seen in Fig. 2. The aggregates in this figure were
obtained in the following form: A number of actual experi-
mental values of J and the corresponding T, were taken.
From J, the values of p to be used in the simulations were
computed through the above relationship. We then simulated
the largest of them, p=0.05, for a certain number of time
steps. This allowed us to obtain an equivalence between
simulated and actual time: We took the number of time steps
in the simulation to be proportional to the growth time for
J=25%10° A m~2 (ie., p=0.05), which was 2 min. By
this procedure, we found that 1 min =1.4X 10 simulation
time steps. Finally, we simulated the rest of the cases stop-
ping the simulation at a number of time steps equivalent to
the experimental, physical time. The agreement was fully
satisfactory, and in all cases a number of particles of the
order of 12 000 was obtained.

Morphologies are also very similar to the ones arising in
the experiment, the ones grown with larger s (which is pro-
portional to p) being more open as shown in Fig. 2. In the
limit when the current J is very close to 0, masses obtained
in actual experiments (by this and other groups) are rather
small. This is so because the deposit is not allowed to grow
for a long enough time as would be required by the relation
Ty ~J . This is shown in the top plot of Fig. 2, an aggre-
gate grown for the equivalent of 60 min which would have
needed twice that time to reach -~ 12000 particles
(s=0.04, greater than it should be to induce fast growth). In
this small J regime, the morphology of the aggregates be-
comes less dendritic and more compact, reproducing the
change reported in [7] from planar to dendritic shapes upon
increasing the current density. The fact that the parameter s
is responsible for the change in morphology can be seen by
comparing Fig. 2 to the results in the second paper in [10].
We see that the morphologies are very similar in both cases
for all values of s (aggregates are compact for small s, be-
coming more open as s increases), in spite of the fact that in
our model random walkers are biased. This means that s is
the parameter that controls compactness, as in nonbiased
multiparticle DLA, whereas p governs composition and
growth time. Note also that the associated change in the
number of particles is related to the experimental change of
scales, from micrometers to millimeters. Finally, Fig. 3
shows an example of the cluster composition as a function of
its height. The alloy bulk is fairly homogeneous, and fluctua-
tions arise only at the higher parts, where only the few par-
ticles at the growing tips contribute. The same degree of
homogeneity was seen for all J (equivalently p) values con-
sidered.

In summary, we have presented a simple model, MBDLA,
that reproduces Co-P growth by ECD in conditions very far
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from equilibrium. The main success of the model is that it
can be compared quantitatively to experiments, as the param-
eter p and the simulation time can be straightforwardly cor-
related to the physical J and growth time. The very good
agreement in every aggregate characteristic allows us to con-
clude that the model captures all the essential physics of the
growth process in a very simple way. We stress that this
model can be used to interpret other experiments as well as
to predict new effects that might arise when changing the
experimental conditions. For instance, MBDLA simulations
predict that in ECD experiments for low J, aggregates de-
velop dendritic shapes for long times (compact dendritic
morphology), thus decreasing the quality of the deposit for
applications. As regards generalizations, aside from the ob-
vious one to different numbers of species, the model can be
adapted to situations where crystalline deposits are obtained
by imposing constraints on the sticking probability depend-
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ing on the type of the neighbors and/or the number of them.
Finally, theoretical insight on MBDLA can be gained
through analytical techniques recently developed for cellular
automata (see [15] and references therein). These reasons
make us confident that MBDLA is a promising model to
achieve a deeper knowledge of the connection between ag-
gregation models and experiments. We hope this paper
stimulates further theoretical and experimental work to es-
tablish the validity limits of this model.
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FIG. 2. Clusters obtained for different currents and times. Bot-
tom to top: J=2.5, 0.5, 0.1, and 0.02X10° A m? (equivalent
p=0.05, 0.01, 0.002, and 0.0004), whereas T),=2, 10, 50, and 60
min (equivalent T, =2.8, 14, 70, and 84107 time steps). Note
that the morphology becomes more open when increasing the cur-
rent, becoming quite planar for the smallest p value. The top aggre-
gate was grown with s four times the one it should have according
to the linear relationship, to make it visible here. With the proper s
value Ty, would be 300 min (equivalent to 350 107 time steps).



