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The partial structure factors and the pair correlation functions in a degenerate multicomponent sys-
tem of charged fermions are considered. The long-range behavior of the particle density correlations are
specifically analyzed by extending to multicomponent fermionic systems the known properties of the de-
generate electron gas (jelhum}, particularly the long-wavelength limit of the first-moment sum (f-sum}.

By assuming that this limit is dominated by collective modes, namely, plasmons and phonons, explicit
expressions for the leader terms in the correlations are obtained. Based on this dominant asymptotic
behavior, we propose effective pair potentials that allow us to incorporate the main quantum effects into
a pseudoclassical description of the multicomponent plasma.

PACS number(s): 05.30.Fk, 61.20.Gy

I. IIV i.RODUc:r iON

The Sommerfeld free electron model ('jellium) has
proved to be very useful in describing many of the elec-
tronic properties of metallic solids. In the model, the
conduction electrons are represented as a zero tempera-
ture ensemble of point charged fermions moving against
a rigid uniform neutralizing background, that plays the
role of the ionic lattice.

The equilibrium behavior of this system has been wide-
ly studied through quantal Monte Carlo simulations [1]
and also from a variety of many-body theories [2—6].
Many of them center on the electrons density correla-
tions [7]. In particular, the short-range and the long-
range correlations have received special attention [8—14]
because in those limits physics becomes more transparent
than in the intermediate region, where the sum of equally
important effects of very diverse origin can make
comprehension difBcult.

A simple analytical approach to the electron's density
correlations, first considered by Rajagopal, Kimball, and
Banerjee [14], consists of writing parametrized correla-
tion functions that interpolate between the asymptotic
extremes [15,16]. In this way, very simple formulas that
compare rather well with more laborious numerical cal-
culations can be obtained.

In particular, in Ref. [16], the electron-electron corre-
lations in jellium are considered by using an effective pair
potential to incorporate quantal effects into a pseudoclas-
sical description of the degenerate electron gas. Effective
pair potentials between simultaneous electron density
fluctuations and an effective temperature are built from
known asymptotic properties of the jellium, namely,
first-moment sum the plasmon (f-sum} rule [5], the
Kimball-Niklasson relation [8,9], and Yasuahra's value of
the electron pair correlation function at contact [10,12].
From these effective potentials and temperature, the
structure factors for the electrons can be obtained using
classical liquid state theory. In particular, if the Debye-
Hiickel approximation is used, then a full analytical ex-

pression is found [16].
In this work we study, along these lines, the pair corre-

lation function and the partial structure factors for a sys-
tem composed of several species of point charged fer-
mions moving against a neutralizing background. In the
binary case, this model can be used to describe semicon-
ductors as electron-hole mixtures. It also serves to model
hypothetical electron-positron mixtures at low tempera-
tures.

Some of the many-body theories used to describe the
one-component jellium have been extended to degenerate
mixtures of charged fermions, particularly to binary mix-
tures. The theory of electron correlation of Singwi et al.
[17]was generalized to binary systems of degenerate elec-
trons and a few positrons by Sjolander and Stott [18]and
by Bhattacharyya and Singwi [19]. This extended theory
was also applied to describe electron-hole liquids [20].
Also, Lantto, after having applied the Fermi
hypernetted-chain (FHNC) method of Fantoni and Rosa-
ti [21] to the one-component jellium [22], used it to de-
scribe low temperature electron-positron plasmas [23].

The asymptotic behavior of the correlations in degen-
erate multicomponent systems has been comparatively
less studied than it has been in the one-component case.
The short-range behavior of correlation functions was an-
alyzed by Pastore, Senatore, and Tosi [24], who general-
ized to many components the Kimball-Niklasson relation
for the logarithmic derivative, at contact, of the pair
correlation functions [8,9]. Very recently, we have ex-
tended [25] the Yasuhara formula [10—12] to mixtures
with arbitrary charge, mass, and relative densities.

Here, we study the long-range behavior of the correla-
tion functions; that is, the long-wavelength limit of the
partial structure factors for multicomponent plasmas.
We obtain dominant terms of the structure factors in that
limit by assuming that the small-q limit of the partial
structure factors is dominated by collective modes,
whereas single-particle and multiparticle excitations play
a less important role. %'e also mention the construction
of effective potentials that, in a classical description, give
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partial structure factors and pair distribution functions
that conserve the asymptotic properties.

%=%(r,R, r, , . . . , rM),

r=r, —rz, R= —,'(r, +rz) . (6)

II. DEGENERATE MULTICOMPONENT PLASMA

A. Model

We consider an ensemble of N species of charged fer-
mions moving against a neutralizing background. The
system is assumed to have a volume V and a temperature
T =0. The number of particles of the species i
(i =1,2, . . . , N) is denoted N, , so that n; =N, lV is the
corresponding number density. In our model, the parti-
cles of type i are represented as points of mass m; and
charge Z;e, where e is the electron charge.

Electroneutrality implies that eg, n, Z, =pb, where pb
is the background density. First we will suppose a very
general system with arbitrary n; and Z;, so that pb can be
nonzero. Later we will restrict the model to electroneu-
tral mixtures of fermions with charges of the same magni-
tude but opposite sign.

The Hamiltonian of the system is written in second
quantizations as

N8=+ g eidb&/

+ g g v,,(q}(iiqR' —8;.5,, ),
q ij

where e& denotes the kinetic energy for particles of type i
with momentum k and v,"(q) is the Coulomb interaction
between particles of type i and j, in momenta space:

whose diagonal elements give the pair correlation func-
tions

g J(r}=pJ(r, r) .

The function g, (r) is t"he probability density of finding

a particle of species i at a distance r from a particle of
type j. An equivalent structural information, in q space,
is given by the partial structure factors defined as

(e,'a&, )
(9)

1
Sv(q)= in(n;n }

The structure factors S,"(q} are directly related to the
scattered intensity in radiation scattering experiments.
The functions g; (r) and S,J(q. ) are related via three-
dimensional Fourier transforms

gj(r)=1+
d3

„,f, e"'[S;, (q)-&;, l.
(n, n )'n . (2n )3

(10}

III. LONG-RANGE CORRELATIONS

Here M denotes the total number of particles:
M= +;= iN;. A density matrix p;J(r, r ') is then defined,

for the various pairs of species, as

p J(r, r') = fg'(r, R, r3, . . . , r~)
M

X+(r', R, r3, . . . , rbr )d R g d r&, (7)
1=3

%2k 2
E'

2m,
' (2) A. Zeroth- and first-moment sum rules

v" (q) =
IJ

4~e Z;Z
(3)

q

In Eq. (1}, 8; =fi'q v indicates the particle number
operator for species i, and &' the particle density opera-
tor for particles of species i and momentum q,

The static partial structure factors can be expressed as
the integral over energy transfers of the dynamic struc-
ture factors S,"(q,co} [26],

S,,(q)= f S,, (q, tv} .

In turn, the fluctuation-dissipation theorem [27] links
the dynamic partial structure factors to the imaginary
part of the density response functions y," (q, co} according
to

Here 8z and &z are creation and annihilation operators,
respectively, for species i. (n;n )

Imp, j(q, co)= — (1—e )S,"(q,co) . (12)

B. Correlation functions and partial structure factors

Here we introduce the main objects we consider in this
work, namely, the pair correlation functions in r space
and the partial structure factors in momentum space.
These related functions are very appropriate for describ-
ing the structural behavior of the system under study.

In order to define the pair correlation function g,j(r}
for a particle of species i at a distance r = ~r, —r2~ from
another particle of species j, we write the system wave
function with the coordinates for those particles written
in center-of-mass coordinates

S; (q, co) =—,e(co}lmg;J(q, co},
2A'

(n, n, }'" (13)

where e denotes the Heaviside step functions. Thus the
zero-moment sum rule, Eq. (11},is written

S;,(q)=— 00

,n dco lmg, j(q, ra} .
~(n, n, )'"

(14)

Here kz denotes the Boltzmann constant and T is the ab-

solute temperature. At T =0, the degenerate plasma is in
the ground state and cannot transfer any energy to the
scattered particles. Hence,
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%e will also use the first-moment sum rule or f-sum
rule [28],

dN 1
co Im

oo &(q, ei)
2
p

where the mixture plasma frequency is

N n.Z2
a)~p =4ne' g.

m;

In terms of the response function, the longitudinal
dielectric function is written [7] as

4me Z;Z=1++
2 yj(qadi) (17)

eq,co; q

and hence the f-sum rule for the mixture reads

dd) n;Z;2

gZ;ZJ. f co lmg;~(q, ei) = —
q

ij i=1 i

Since the exact structure factors verify the above sum
rules, they can be used as a guide in constructing approx-
imate theories of multicomponent systems.

8. Plasmon-phonon model

In order to obtain explicit forms for the dominant
asymptotic terms of the partial structure factors at very
long wavelength, we assume that single-particle and mul-

tiparticle excitations are less important that collective
modes in that limit. Following the work of Tosi and
March on liquid metals [29], we assume the dominant
collective modes are plasmonlike and phononlike.
Hence, we approximate the partial response function as

Imp; (q, co)= ——(n;nj )'~ [a Jq [5(co—cop) —5(co—coi )+P,,q[5(co —qv, )
—5(co+qv, )]], (19)

where 5(x) is the Dirac delta function, co~ is the plasma
frequency [see Eq. (16)] and v, denotes the sound veloci-

ty.
By subsituting the expression (19) for the partial dissi-

pation functions into the zero-moment-sum rule Eq. (14),
we obtain the explicit long-wavelength asymptotic form
for the partial structure factors

C. Direct correlation functions

SJ(q)—5;, =cJ(q)+g[Sk(q) —5;k ]ckj(q) . (26)

Explicitly, we have

The direct correlation functions in momenta space,
c; (q},are defined by the Ornstein-Zernlike relations [30]

S;,(q) ——[P;,q+a;, qt] .
q~0 2

(20)

4ne g(n;n )'~ Z, Z a,"=1,
LJ

(21)

Also, using Eq. (19) for y; (q, co) in the f-sum rule, we

obtain a couple of relations that the coeScients a;~ and

P,J must verify

S (q)

D(q)
S+ (q)

D(q)
S (q}

D(q)

1 —c++(q)=

V'+ (q) =

1 —c (q)=

(27)

g(n;n )'~ Z;Z P; =0 . (22) where the denominator reads

n+n m+m
a;~. =(—1)'+J

coi,M (n.n. )'~' m, m,

where M=n+m++n m, and

P"=(n n. )' P

with

(23)

In what follows, we will consider electroneutral binary
mixtures. Thus we restrict the indices i,j to be + or —.
The electroneutrality condition implies that pb=0, so
that n+Z+ +n Z =0.

A solution of Eqs. (21) and (22) is given by [29] c++(q)

2(q)-
Ay

P a2+q'

P+ a~+
q

2 &++ a++
c (q)- — +

q2

with

D(q)=S++(q)S (q) —S+ (q) .

Accordingly, the long-wavelength limit of the direct
correlation functions can be written

P= [[(kg+) +(kp ) ]/2]
4X(n, n

(25)
y=[n+a +n a++ —2(n+n )' a+ ]P . (30)

These values of a;~ and pj give asymptotic partial struc-
ture factors which are consistent with those found in the
FHNC approximation [25,23].

The asymptotic long-range behavior of the direct
correlations in r space is obtained from the small-q
behavior of c,. (q), taking into account that they are
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2 1c+~(r)-
fiy 4mn+

2 1
c+ (r)-

&y 47r(n n )'

a+-
@

~+- 2 &+-+—
7T p~

2 1c (r)-—
Ay 4m.n

I +t 2 +++
77 p

D. Electron-positron-like mixtures

Fourier transforms of each other,

4m(n;n )'~
&~(q)= f sin(qr)rc; (r)dr .

0

This way, we have for r ~ 00:

(31)

(32)

S~e n
@Op-

al

k =(3m n)'

(39)

(40)

The asymptotic limits also simplify. The long-
wavelength behavior of the partial structure factors is
given by

So(q) ——3
0 8

S,(q) ——3

q os

with

q 1 q
kF 4 ks

q 1 q
4 ks'

(41)

(42)

where the plasma frequency co& and the Fermi momen-
tum k„are

S++ (q) =S (q) =So(q),

(q)=s +(q)—:s, (q),
(33)

For electroneutral binary mixtures where both species
have the same mass (m+ =m =m) and charge
(Z+ = —Z =1},namely, for electron-positron-like mix-
tures, the above formulas simplify even more. Because of
the symmetry between species we have

1/3

s
REop r ao

(43)

Here the dimensionless Wigner-Seitz radius r, is deSned
as r, ao=[3/4nn ]'~ and ao is the positronium Bohr ra-
dhus.

From the partial structure factors we can evaluate the
particle-particle and charge-charge structure factors
defined, for a binary mixture, by [26]

and equivalent relations for the pair distribution and
direct correlation functions. Thus Eqs. (10) and (27) and
(28) now read (n+ =n =n)

g++(r)=g (r)

=—go(r)
and

n+ n
S~~(q) = S+~ (q)+ S (q)n++n n++n

(n~n }'"
+2 S+ (q)n++n

(44)

and

=1+—f 3
e'~'[So(q) —1],1 d q

(2~)'

g+ (r) =g +(r)
—:g&(r}

1 d q=1+—J e's'S, (q),
(2m)'

So(q}
&++ (q) =—0' (q) =V'o(q) =1-

&(q)
S)(q)(q)—:v)(q)=
D(q) '

(34)

(35)

s&&(q)=Iz+Is++(q)+Iz Is (q)
—2lz, z I'"s, (q).

respectively. For 1:1mixtures, they reduce to

S„„(q)=S,(q)+ S,(q),

S&&(q)=2[So(q)—S,(q)],
whose long-wavelength behavior is

S~~(q) —
4 k
3

q 04 kF

Sgg(q)— q
k

(45)

(46)

(47)

(48)

(49)

where

D(q)=so(q) —S&(q) . (36}

a++ =a —= —a+ —=a=
26)p Nl

(37)

The parameters a;. and P; in the phonon-plasmon model
simplify to

We observe that the charge-charge structure factor,
like the jellium structure factor, is asymptotically dom-
inated by plasmonic modes. The particle-particle struc-
ture factor behaves as an ideal fermionic gas instead.

Using Eqs. (35) and (36}, we also obtain the long-
wavelength dominant behavior of the direct correlation
function in 1:1mixtures:

0++=0 =8+ =nP= 1

4fikF
(38)

ks 2 kF
&o(q) ——

q~o q 3
(50)
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s' 2 kF
&)(q)—

q~o q 3 g
(51)

pie expressions for such potentials are
2

40(r) = [1—e '
]

k 4 kF+
3'7l f'

1 sco(r)—
r m 4mn r

(52)

The corresponding long-range behavior long-range
behavior in r space is 3 e'kF t+ —[1—e ' ], O~r(oo,

4~

2

4,(r)= — [1—e '
]

(58)

ks21c&(r)—
4mn r

4 kF

3K T

IV. PSEUDOCLASSICAL DESCRIPTION

A. Effective classical potential

In this section we consider the problem of constructing
effective pair potentials that allow the inclusion of the
previous long-range behavior into a pseudoclassical
description of the multicomponent plasma. It is known
that the classical direct correlation functions asymptoti-
cally behave as the pair potentials [33]:

c;,(r)- — 4,,(r) (r~ao) .
1

k~T
(54)

It is worthwhile to compare the small-q limit of the
partial structure factors we have obtained for degenerate
electron-positron-like mixtures [Eqs. (41) and (42)] to the
corresponding behavior found for liquid metals [29]. In
liquid metals a sharp distinction between the two species,
ions and electrons, exists. While the former can be taken
as classical objects, electrons are essentially quantum ob-
jects. The ion-ion structure factor at zero-moment
transfer determines the isothermal compressibility, so
that the dominant small-q term is a constant, as it is in
fully classical systems. From the work of Watanabe and
Hasegawa [31]and Chiara [32], we know that because of
the system electroneutrality, the ion-ion structure factor
constraints the small-q dominant term in electron-ion and
electron-electron structure factors to be proportional to
the compressibility also.

3 ekF &+ —[1—e ' ], O~r( oo,
4~ k' r'S

(59)

where A, ,p, (i =0, 1) are positive real numbers.
Besides the long range behavior, it is also interesting to

compare the short-range behavior of the effective poten-
tials with those corresponding to the bare Coulomb po-
tentials. At contact, these last potentials diverge (to + oo

for electron-electron and for positron-positron pairs and
to —~ for electron-positron pairs). Consequently, the
classical correlations for electron-electron and positron-
positron pairs are vanishingly small, whereas the
electron-positron correlation function is infinitely large.
The effective potentials 40, 4& are finite at r =0, giving
finite pair correlations as they should be from a quantum
point of view. Electrons (positrons) can overcome the
infinitely repulsive potential generated by another elec-
tron (positron) because of tunneling. In turn, the system
stability is guaranteed by an uncertainty principle (kinetic
effect) that prevents electron-positron pairs from collapse
[34]. These quantum effects are thus incorporated into a
classical description of the degenerate plasma through
the effective pair potentials.

Since by construction the effective potentials verify the
previous long-range asymptotic behavior, it still remains
to fit the parameters A, ,p, (i =0, 1) so that 40 and 4,
behave correctly at contact. If accurate values for the
contact values of the correlation functions are known,
namely, go(r =0)~;„~„, and g, (r =0)~;„z„„we can adjust
the k's and p's. To this end we use Kimball-Niklasson
relation [8,9]. For electron-positron-like mixtures it
reads [24]

Therefore, from Eqs. (52) and (53), we see that if an
effective temperature is defined as

4me n
k~ T— —

—,ficop,
S

(55)

then, in order for the classical relation (54) to hold, the
pair potential must asymptotically go as

@++(r)=4++(r)

r=0

San
g (r=O),

a 0

Bg, (r)
lim q $, (q)= —8m.n

q~ oo Br r=0

Bgo(r)
lim q (So(q) —1)=—8nn

q~ oo clT

(60)

e 3 ekF=@0(r)— + (r~&a),
r 4m k2 p2S

(r)=4 +(r)

(56)

San
g&(r =0) .

ap

Taking into account that [35,24]

e2 3 e kF—:@,(r)- — + (r~oo) .
r 4m k2 r2S

(57)
1 B@;j(r)

k~T Br

ag, (r)
Br

We can write parametrized pair potentials that verify
the above asymptotic forms in the long-range limit. Sim-

the Kimball-Niklasson relation can be written involving
the effective pair potentials,
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k,' ae (r)

4mne~ r=o

go(r =0)
ao

(63) 1.0-

ks 84,(r}
4m ne r=o

g, (r =0}
ao

(64)

Thus we find explicit expressions for the parameters
A,o, k, , in terms of the input contact correlation functions:

0
8mngo(r =0)l;„„,

2aoks 0.0

8n.ng, (r =0) I,„„,
aoks2

1 /2 (65)

The parameters p,o and p&, finall, can be adjusted so
that the resulting correlation functions coincide with the
input values:

e)1+, ~'[So(q po pl) —]de=go( =o)l;.p.t
2m

(66)
a1+

z q S,(q;iso, p, )dq=g, (r =0)l;„„,,
2m'

where So(q; po, p, , ) and S, ( q; }tso,p, ) are the partial struc-
ture factors for a binary mixture at the effective tempera-
ture and whose particles interact via the pair potentials
4o,4, [Eqs. (58) and (59)] with the parameters Ao, A, ,
given by Eq. (65).

The input contact correlation functions must be ob-
tained from an independent theory. For example, we can
generalize to many components [25] Yasuhara's formula
for the degenerate electron gas [10—12]. It should be not-
ed that the influence of the spin of the particles on the
correlations functions is essentially contained in
go(r =0).

where erf(x) denotes the error function.
Using these expressions for the direct correlation func-

tions, we obtain, via the Ornstein-Zernike relations (26},
the partial structure factors

1 —0'o(q)

h(q)

S,(q}=
~(

with

h(q) = [1—2'o(q) ] —
[&~(q) ]

(71)

(72)

The correlation functions go(r) and g&(r) can be evalu-

0 1 2 3 4 5

/ F

FIG. l. Partial structure factors So(q) [=S++(q)=S (q)]
and $&(q} [=$+ (q)=$+ (q)] for an electron-posttr'on-like

mixture at r, =1.

B. Debye-Huckel approximation

In order to classically evaluate the partial structure
factors and the pair correlation functions using the previ-
ous effective potentials, some approximated theory is
needed. The simplest one we can think of is the Debye-
Hiickel approximation [30].

In this approximation the relation (54} between the
direct correlation function and the pair potentials is as-
sumed to hold not just asymptotically but also for all r:

1.0-
0.8

go(r) 0.6

0.4
g

0.2-
0.0 !

HA

c;(r)= — 4,.(r) (i =0, 1), 0&r( oo .1

B
(67)

,
/ RPA

-0.4

-0.6

co(q)=—

ks 2 kF q~)(q)=, , —— 1 —erf
q+A, , 3 q 2pi

0~ q ( 00, (68}

0 ~ q ( ae, (69)

Therefore we have, in q space

ks Ao 2 kF q1 —erf
q2 q2+P2 3 q 2po

0 1 2 3 4 5

kFr

FIG. 2. The pair correlation function go(r)
[=g++(r}=g (r}] for an electron-positron-like mixture at
r, = 1. The solid line shows the result of the present work. The
dashed curves represent the result obtained from several
theories: RPA (random-phase approximation); HA (Hubbard
approximation); FSC (fully self-consistent approximation); and
SPH (self-consistent particle-hole approximation) as read from
Fig. 2 in Ref. [20(b}].
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SPH

FSC

HA

RPA

0
0

FI

FIG. 3. The pair correlation function g & ( r)
[=g+ (r)=g+ (r)] for an electron-positron-like mixture at
r, = 1. The lines and abbreviations have the same meaning as in
Fig. 2.

ated by Fourier transforming the partial structure factors
[see Eqs. (34)].

Partial structure factors for an electron-positron mix-
ture as obtained by the previous procedure are shown in
Fig. 1. They correspond to a Wigner-Seitz radius r, =1.
The input correlation functions at contact were calculat-
ed using the generalized Yasuhara's formula, as described
in Ref. [25]. Figures 2 and 3 show the corresponding pair
correlation functions for like and unlike species, respec-
tively. A series of curves obtained from several full quan-
tal theories are also included, although a comparison of
diverse approaches is not the aim of this paper.

V. CONCLUDING REMARKS

We have presented a simple pseudoclassical approach
to the description of degenerate multicornponent systems
of charged fermions. The basic idea of the method is to
interpolate, via a classical theory, between the short- and
long-range limits of the correlation functions. These
asymptotic behaviors being independently obtained from
quantum considerations.

To this end, we construct effective pair potentials that
classically describe the same asymptotic behavior as the
quantum plasma. In this work we have chosen a very
simple form for these effective potentials, but more ela-
borate analytical forms that also yield the desired asymp-
totic limits can be found. Also, in our calculations, we
have closed the Ornstein-Zernike relations with the sim-
plest approximation available, namely, the Debye-Huckel
closure. However, it is well known that better closures
(e.g. , the hypernetted-chain approximation) [30], which
incorporate many of the diagrams that the Debye-Huckel
theory ignores, exist.

The small-momentum behavior of the partial structure
factors was found from a simple model of plasmons and
phonons that satis5es the f-sum rule and gives asymptotic
particle-particle and charge-charge mean density Lctua-
tions corresponding to an ideal fermionic gas and the one
component jellium, respectively.
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