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Wave-packet initial motion, spreading, and energy in the periodically kicked pendulum
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The initial quantum dynamics of an initially weil-localized, minimum-uncertainty Gaussian wave

packet is studied analytically for the periodically kicked pendulum. The general results presented here
include our earlier analytic result [Phys. Rev. A 41, 2952 (1990)] as a special case. We find that as long
as the packet remains localized, it remains approximately Gaussian, while its center and widths evolve in

time approximately according to, respectively, the classical map and a variance map which utilize the in-

stantaneous values of the classical Jacobi matrix. When the classical map is very strongly chaotic, we

predict that the average kinetic energy of the well-localized wave packet does not initially grow
diffusively (linearly with time). We show that, instead, in the presence of chaos, the deviations initially

grow, on the average, exponentially at a rate equal to the corresponding classical Liapunov exponent un-

der the appropriate conditions. The time scale (Ehrenfest time) on which the Ehrenfest-Hamilton
correspondence holds in the presence of chaos is estimated and is slightly different from a previous esti-
mate made by Chirikov, Israilev, and Shepelyansky [Sov. Sci. Rev. C 2, 209 (1981)]. Numerical evidence
in support of these analytical results is presented.

PACS number(s): 05.45.+b, 03.65.—w

I. INTRODUCTION

Introduced by Chirikov [1],the classical version of the
periodically kicked pendulum is a prototype for Hamil-
tonian chaos. Beginning with Casati et al. [2], the quan-
tum version has been intensely studied (see [3—7] for re-
views and references} to understand the quantum mani-
festations of classical chaos. The purpose of this paper is
to provide a general analytical framework from which the
effect of classical chaos on the initial motion, spreading,
and energy of an initially well-localized (in position and
momentum), minimum-uncertainty Gaussian wave pack-
et for the kicked pendulum can be understood. Our pre-
vious analytic study [8] was limited to the parameter re-
gime for which the classical map is weakly chaotic. The
present result is valid for all parameter values of the clas-
sical map and it includes our previous result [8] as a spe-
cial case.

Moreover, the wave-packet propagation method em-
ployed here is different from our approach in [8]. Here,
we analytically evolve an initially minimum-uncertainty
Gaussian wave packet in time by expanding the potential
about its instantaneous center and keeping only terms up
to the quadratic term. We find that the wave packet
remains Gaussian while its center (mean position and
momentum} evolves in time according to the classical
map, and its widths (variances) evolve in tiine according
to a simple two-dimensional map which utilizes the in-
stantaneous values of the classical Jacobi stability matrix
at each iteration [9]. The initial motion and spreading of
the exact wave packet, i.e., one which evolves in time ac-
cording to the full Hamiltonian, should be well described
by the classical and variance maps, respectively, while its
shape remains approximately Gaussian, provided that the
instantaneous quadratic approximation to the potential is
good which in turn implies that the wave packet should

be well localized in angle initially and remain so. These
expectations are verified by comparing our previous exact
wave-packet numerical results [10] to our present analyti-
cal results. We find that the quadratic approximation be-
comes invalid once the angular deviation (square root of
the variance) reaches a saturation value of order 1 rad.
Using the variance map, we will show that the wave
packet will not remain localized in angle (angular devia-
tion much less than order unity) if it is not also localized
in angular momentum.

Numerical quantum dynamical studies by other au-
thors [2,11,12] have shown that, when the classical map
is very strongly chaotic, the average kinetic energy grows
diffusively at approximately the corresponding classical
rate but saturates after some time. This behavior is

[2,11,12] typical for a variety of initial states, the ground
state of the free rotor being representative. On the other
hand, it was also realized [6,11] that special initial states
must exist for which diffusion is absent from the outset.
An example was given in [6] where the wave packet after
diffusion has been suppressed is taken as the initial state.
Here, we predict that the kinetic energy of our well-
localized wave packet will not grow diffusively initially„
but it could, for instance, grow exponentially initially.

In our previous numerical study [10], we found that
the initial growths of the deviations are, on the average,
exponential with very nearly identical rates in the pres-
ence of chaos; in contrast, the initial growths are slower
(e.g., linearly) without chaos. Using the variance map,
we will show that the rate of exponential growth is equal
to the classical Liapunov exponent under the appropriate
conditions. %'e then make an estimate of the time scale
(Ehrenfest time} on which the Ehrenfest-Hamilton
correspondence (i.e., correspondence between the quan-
tum mean values and the solutions to the classical map)
holds in the presence of chaos and find it to be slightly
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difFerent from a previous estimate obtained by Chirikov,
Israilev, and Shepelyansky [11].

II. CLASSICAL MOTION, SMALI ERROR
PROPAGATION, AND LIAPUNOV EXPONENT

The Hamiltonian for the periodically kicked pendulum
is [2,8,10]

p2H= —5 (t/T)mL aP&cos8,
2m1. 2

on the average provided that dp is suSciently small and n

is suSciently large such that the linearized equation (3) is
valid and convergence has been reached in Eq. (6).

III. VVAVK-PACKET INITIAL MOTION
AND SPREADING

Quantum mechanically, the time-dependent
Schrodinger equation is also easily integrated to produce
a mapping of the wave function from just before the nth
kick to just before the (n + 1)th kick [8]:

where

5, (t/T)= g 5(j t/T—)
J= 00

4„+,(8)= 0» 0~4„(8),
where the operator

(8)

is a periodic 5 function, T is the kicking period, coo is the
small amplitude frequency, and I. and m are, respective-
ly, the length and mass of the pendulum. Classically,
Hamilton s equation of motion is easily integrated to pro-
duce a mapping of the angular momentum P and angle 8
from just before the nth kick to just before the (n +1)th
kick [2,8,10]:

P„+&=P„—a sin8„,

8„+)=(8„+PP„+,) (mod2n. ),
(2a)

(2b)

where the parameters a and P are a=mL tooT and
P=T/mL . The transition from weak (local) to strong
(global) chaos occurs at aP=0.9716 [13].

For the classical map [Eqs. (2a) and (2b)], small errors
propagate as

5P„~,
Jn 58 (3)

where

1 —a cos8„
J =

P 1 —aP cos8„ (4)

is the Jacobi linear stability matrix. Equation (3) implies
that

iL= lim ln[Tr(M„M„}],1

n~ oo 2n
(6)

where M„=J 1J 2 Jp and M„ is the adjoint of M„.
A positive Liapunov exponent means that the magnitude
of the error vector in phase space, defined as
d„= 1/ 58„+5P„,grows exponentially with n [15]:

d„=do exp(A, n )

5P„+,=5P„+(acos8„}58„—2(a cos8„)58„5P„,

(5a)

58„+,=(1 2aP cos8—„)58„+P5P„+,+2P58„5P„,

(5b)

wherein 5x =(5x) .
For maps in general, the largest Liapunov exponent is

given by [14]

0~=exp[i(a/R)cos8] (9)

describes the nth kick and the operator

0» =exp[ —i(P/2A')P ] (10)

describes the free rotation in between kicks. The Floquet
operator P=O»0~ depends on two dimensionless pa-
rameters: a/fi and Pfi. In the usual angular momentum
representation, the Floquet matrix is 4m periodic in PR.
Thus we can, following the authors in [2], let PA'E(0, 4n ]
without loss of generality.

The initial wave packet is chosen to be a series of iden-
tical, minimum-uncertainty Gaussians which are dis-
placed along the 8 axis by the integer multiples of 2~
[8,10]:

Vo(8)= g (2moo} '~ exp
—(8—8o —2@m }

4Crp

where I'I. denotes the Fourier transform of the quantity
in the inner curly bracket from coordinate space to
momentum space and I'& denotes the inverse Fourier
transform of the quantity in the outer curly bracket. If
the cosine function in the kick operator Oz [Eq. (9}]is re-

placed by the first three terms of its Taylor series expan-
sion about the center of the Gaussian which it acts on,

Xexp[iko(8 8o 2n—m }—],
where 8o& [0,2n ]. This series is a periodic function of 8
with period 2m., satisfying the required periodic boundary
condition. For ap«1, the initial wave packet is a very
narrow Gaussian in the interval [0,2n] with the follow-

ing mean values and variances for the angular momen-
tum and angle:

(P}o=hko EPo=A /4tro (8}o=8o b8o=ao

(12)

where, in general, M =((x ) —(x ) )' and
M —=(M).

Starting with the initial series of Gaussians (11), the
quantum map (8}is iterated in the following way:

(13}
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cos8=cos(80+2am } —(8 —80 2nm )sin(80+2mm )

(8—80—2n.m )
cos(80+ 2+m )

and P in the free operator, Ox [Eq. (10)], is rewritten as

P =iri A:i+2irik, (P —Rk, }+(P Ak—, ) (15)

then the quantum map (8) yields, after the first iteration,

e, (8)= y. (2~S8f)

1
X exp i A, — (8—8, —2n.m )

468

Xexp[ik, (8—8, —2am }]exp(iII, ), (16)

where
' 1/2

and 0& is a phase which is independent of 8. Like the ini-

tial wave packet, the wave packet after one iteration is
also a series of shifted, identical Gaussians with k, and 8,
given by one iteration of the classical map [see Eqs. (2a)
and (2b)],

A'k
) =Rko —a sin80,

8i =(80+@%ki ) (mod2m ),
and new variances given by

hP, =bPO+(a cos80) b8O,

b 8i =(1 2aP cos8o)b 8—O+132b P2i .

(17a}

(17b)

(18a)

(18b)

Further iterations of the quantum map (8) according to
Eq. (13) with the same approximation as in Eq. (14)
preserve the form of the wave packet given by Eq. (16).
The phase Q„gets more complicated but remains in-

dependent of 8, k„and H„continue to evolve according
to the classical map [(2a) and (2b)], and the variances
evolve according to

hP„+, =b,P„+(a cos8) b,8„

Heisenberg's uncertainty principle, the term under the
square root in the variance map (19a) and (19b) is either
zero or positive. Note that, except for the square-root
terms, the variance map is identical in form to the
classical-error map (Sa) and (5b).

A careful analysis of the variance map (19a) and (19b)
reveals that, under certain conditions, the time depen-
dence of the variances is approximately that for a free ro-
tor Gaussian wave packet, in agreement with our previ-
ous analytic study [8] which was verified numerically in

[10]. Specifically, the angular momentum variance does
not change from its initial value A /4o. o and the angular
variance grows quadratically with n,

2+2/2
gg2 2+n ~

n +Q
O'O

for one iteration provided that up« —,
' and o'o «R/2o',

and for X& 1 iterations provided that O'.P« I/2(X —1),
oo2«A'/2a, and each of the (N 1) pre—ceding angular
variances given by Eq. (20) is also (&i}i/2a. The condi-
tion imposed on the product of the classical map parame-
ters aP corresponds to weak chaos in the classical map.

These wave-packet results are, however, approximates
because of the quadratic approximation made to the po-
tential at each iteration [see Eq. (14)j. In our previous
numerical study [10], initially well-localized (in position
and momentum) wave packets given by Eq. (11) were

propagated accurately utilizing the full Hamiltonian for
the Floquet operator in an angular momentum represen-
tation. The expectation values of the exact packet were
shown [10] to be well described by the classical map (2a)
and (2b). The variances of the exact packet are also well

approximated (see Table I for an example) by the iterates
of the variance map (19a) and (19b). The functional form
of the exact probability density (not presented here) is

also weil approximated by the series of Gaussians given

by Eq. (16) wherein the subscript 1 is replaced by n

These approximations are no longer valid once the angu-
lar deviation has reached a saturation value of order l

rad. From the variance map (19a) and (19b), we can easi-

ly deduce that

[ b,8„+,],„=( 1+aP) b,8„+Pb P„.

$2—2(a cos8„)b8„bP„ 1—
458„6P„

68„+,=(1—2aP cos8„)b8„

' 1/2

(19a)

Equation (21) implies that the wave packet must be local-
ized in both angle

59„« l

1+aP
and angular momentum

fi+P b,P„+,+2Pb 8„bP„ 1—
458„5P„

'
1 j2

(19b)

If 58„remains && j., then the wave packet remains a nar-
row, but not minimum-uncertainty, Gaussian in the in-
terval [0,2m] with mean values and variances which
evolve according to the classical map (2a) and (2b) and
the variance map (19a) and (19b), respectively. Due to

5P„«—
for n =0, 1,2, . . . in order that the (n +1)th angu»«e-
viation is much less than order unity. Note that the term
( I+aP) ' in Eq. (22a) is always less than 1 since aP& 0.
It follows from Eqs. (22a) and (22b) that the angular devi-

ation must satisfy

1((go ((
2 1+a@
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TAB1.E 1. A comparison of the exact deviations for case (D) in Ref. [10]and the corresponding ap-

proximates obtained from the variance map {19a) and (19b). The following values were used: for
Planck's constant, R= 10 6; for the classical map parameters, a =0.005, P=50; and for the wave-packet

initial conditions, Ho=~ kp =251 320, and oo=10 . Note that the agreement between the exact and

the approximate deviations diminishes as the angular deviation gets larger.

Angular deviation
(units of 10 )

Angular momentum deviation
(units of 10 ')

Iteration Exact

1.0000
1.2747
1.8977
3.0048
4.8652
7.9411

12.996
21.273

Approximate

1.0000
1.2748
1.8978
3.0050
4.8659
7.9440

13.008
21.324

Exact

5.0000
7.0709

12.869
22.240
37.232
61.523

101.10
165.54

Approximate

5.0000
7.0711

12.870
22.242
37.242
61.566

101.28
166.32

initially. However, the two inequalities in Eq. (23) cannot
be simultaneously satisfied if PA'/2 & (1+aP)

IV. AVERAGE KINETIC ENERGY
OF A WELL-LOCALIZED WAVE PACKET

Next we consider the average kinetic energy of our
well-localized wave packet in the very strongly chaotic
regime (ap»1) of the classical map (2a) and (2b). The
average kinetic energy is given by

(P &'„+aP„'

2mL2 2mLt
(24)

Recall that the mean momentum (P )„of the packet
evolves according to the classical map ((P)„=P„)and
the time dependences of the angular momentum devia-
tion EP„are difFerent in the presence of chaos and
without chaos. The classical map can be treated as com-
pletely chaotic for ap& 5 [6]. For this parameter range,
the angular momentum deviation of our well-localized
wave packet grows exponentially initially [10], while the
angular momentum P„ofa single classical trajectory un-

dergoes a random motion which is difFusive in character
[6]. Thus the kinetic energy (24} is composed of an ex-
ponentially growing term plus a positive fluctuating part.
Therefore, the kinetic energy of our well-localized wave
packet does not grow diffusively (linearly) initially.

Equation (24) has two extreme limits. If the angular
momentum deviation is small compared to the
mean initially (1/ac«kc) and if it remains so, then
(E )„=(P )„/2mL . Conversely, if the angular momen-

tum deviation is large compared to the mean initially and
if it remains so, then (E )„=b,P„/2mL . A numerical
example of the second case for ap=10 is shown in Fig. 1,
where the wave packet is initially centered at zero angle
and zero angular momentum. As evident in Fig. 1, both
the angular and the angular momentum deviations ini-
tially grow exponentially. The deviations were generated
by the variance map (19a) and (19b) and they are in excel-
lent agreement with exact numerical results, reported re-
cently in [16],up to kick 13 before the exact angular devi-

ation reaches its saturation value ( —1.8} at kick 14.
Also, during the first 13 kicks, the exact mean values are
very close to zeros generated by the classical map.

The initially nondiff'usive behavior of the kinetic energy
of our wave packet is not in conflict with the diffusive
behavior observed by other authors [2,11,12] previously.
The apparent contradiction is due to (see also the discus-
sion in [16]) the fact that our wave packet is different
from those in [2,11,12]. Our wave packet is well localized
in both angle and angular momentum, i.e., the deviations
satisfy the inequalities in Eqs. (22a} and (22b), whereas
the initial wave packets in [2,11,12] are not well localized.
For instance, the ground state of the free rotor, which is

typical of the initial states considered in [2,11,12], is uni-

formly distributed in angle. We emphasize that our
present analytical analysis only indicates that the kinetic
energy does not grow diffusively as long as the wave

packet remains well localized. The question of whether
difFusive growth sets in after this initial nondiffusive re-

gime cannot be answered by our present analysis; one
must resort to numerical means.

I I I I I I I I I I

-5—
x
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x +
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FIG. 1. A plot of the natural logarithm of the angular ( X )
and angular momentum (+) deviations versus n generated by
the variance map (19a) and (19b). The following parameters
were used: a=5/n, P=2m, eo=ko=0, R=2X10 2, and
~ —10
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V. INITIAL EXPONENTIAL GROWTH
OF DEVIATIONS

In the presence of chaos, the product of the variances
is much greater than its initial minimum value of I /4
after the first few N iterations (typically one or two) be-
cause from numerical studies [10,16], we know that the
deviations grow rapidly initially, on the average, ex-
ponentially with n until the angular deviation reaches a
value of order unity:

58„=b, 80exp( J(n ) and AP„=b,Poexp( j(n ), (25)

where X is given by the average slope of the curve of the
natural logarithm of the deviation versus n. Therefore,
the square-root term in the variance map (19a) and (19b)
is, to a very good approximation, equal to 1 after the first
few N iterations. This means that the variance map has
the same form as the classical-error map (5a) and (5b), or,
in terms of the deviations,

hP„+ ) hP„
=J„&& for n =N, N+ 1, . . . ,

n+'i n
(26)

where J„ is the classical Jacobi matrix (4}. Because the
Jacobi matrix yields a positive Liapunov exponent I, [see
Eq. (6)], like the magnitude of the classical errors (7), the
magnitude of the quantum deviations, defined similarly as
D„=1/ 68„+hP„, also grows exponentially with n,

1 1

(1+a@}pro

NE =Np op &
2(1+aP)

(32a)

NE =Ng=NP ~aP=
2(1+aP}

1/2

(32b)

2(1+ P)
C, 32c3

Due to Eq. (23), the square-root term in each of the three
preceding equations satisfies

1/2
1

1+aP2 2( 1 +aP)

Of the three cases, case 2 [Eq. (32b)] gives the largest
Ehrenfest time:

is the time it takes for the angular deviation to grow to
(1+aP) ' and

1 1 1 2op

pbPO I, pA

is the time it takes for the momentum deviation to grow
to P . Three possibilities are implied by Eqs. (29)—(31):

]/2

D„=Doexp(A.n ), (27)
1 2

2A, PR(1+aP)

A, =ln
2

(28)

which is in close agreement with the exponent he deter-
mined numerically for aP &6. For aP=10, A, =1.609 is

quite close to the slopes, -2.0, of the curves (straight
lines} in Fig. 1. A better agreement is obtained [16] by
using a transient Liapunov exponent A,„rather than the
asymptotic value A, =A, of 1.609. Since the transient
Liapunov exponent is defined and discussed thoroughly
in [16],we will not repeat it here.

on the average, provided that Do is suSciently small and
n is suRciently large such that the variance map (19a}
and (19b) is valid and convergence has been reached in

Eq. (6}. In order for Eq. (25) to be consistent with Eq.
(27), we must evidently have J(=A,. For the very strongly
chaotic (aP»1) regime of the classical map, Chirikov

[1] has obtained an analytical estimate of the Liapunov
exponent as a function of the classical map parameters:

because in case 1 [Eq. (32a)], since cro is bounded from

above by the square-root term, NE is bounded from above

by Eq. (34), and in case 3 [Eq. (32c)], NF is also bounded

from above by Eq. (34), since o 0 is bounded from below

by the square-root term. The parameters used in Fig. 1

correspond to case 3 which predicts NE =15, very close
to 13 kicks which are observed.

Based on a semiclassical treatment of the kicked pen-
dulurn wave-packet dynamics, Chirikov, Israilev, and

Shepelyansky [11]had also concluded that the rate of ex-

ponential spreading of an initially well-localized wave

packet is determined by the Liapunov exponent, and also
estimated that the Ehrenfest time is given by Eq. (29) (see
also [6]). Their expression for Np is identical to Eq. (31};
however, their Ne does not have the I+aP term that we

have in Eq. (30). The discrepancy in the latter is due to
different treatments of the wave packet spreading: classi-

cally by Chirikov, Israilev, and Shepelyansky, but quan-

turn mechanically in this study.

UI. EHRENFEST TIME

NE =min[Ne, Np],
where

(29)

Using Eq. (25) and assuming the wave packet well-
localized conditions in Eqs. (22a) and (22b}, the Ehrenfest
time (measured in kicks) in the presence of classical chaos
can be easily estimated to be

VII. CONCLUDING REMARKS

%e mention an exception to our general results
presented here. %'ithout the quadratic approximation to
the potential in the Floquet operator in Eq. (8},it can be
shown that I' =I (identity operator) when PA=2m, and
thus any wave function is periodic in time with a period
of two kicks, independent of the value of the other Flo-
quet parameter 0./A. This means that, for instance, the
mean values are likewise periodic independent of their in-
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itial values, a behavior which is not exhibited by the clas-
sical map (2a) and (2b). This example is a special case of
the quantum resonance (i.e., PR is a rational multiple of
4m) studied in [2,17]. Finally, Berman, Rubaev, and
Zaslavsky [18] had previously stated that exponential
spreading in angle of an initially well-localized wave
packet at a rate given by the Liapunov exponent is to be
expected for a kicked quantum oscillator in general when
the classical limit yields chaotic motion. The analytical
approach we have adopted here for the kicked pendulum

can be applied to other kicked oscillators as well, and
similar results are expected.
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