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Kinetics of two-species ballistic ss»ihilation
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We study the kinetics of two-species annihilation A +B~0, with dichotomic and continuous initial
velocity distributions in one dimension. For a discrete model, the concentration and the domain size are
found to change as c„(t)—t ' and U»(t) —t ",respectively; the decay of concentration is account-
ed for by a simple analysis. For a continuous model, a scaling relation for the exponents, which describe
the decay kinetics and spatial structure of the system, is found to hold in one dimension.

PACS number(s): 05.40.+j, 68.70.+w, 03.20.+i, 05.20.Dd

The dependence of chemical kinetics on the motion of
reacting particles has been studied in great detail in the
last ten years, with the discussion of geometrical and di-
mensional efFects on diffusion-limited [l—4] as well as on

ballistic reactions [5—7j. For irreversible difFusion-
limited reactions, it is found that the density decays more
slowly than the predictions of mean-Seld theory in spaces
whose dimensions are below the critical dimension. In
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10000 FIG. 1. Monte Carlo simulation results for
the discrete model with ten realizations on a
100000-site ring. (a) The concentration c„(0)
and the typical velocity U&~ (+) vs time, (b)
the interdomain spacing f qq (0) and the
domain size lD (+) vs time.

1 000 +

+

C 100 I
+++

++

4
oo

'v'

10

++++~+
+ +

+

oo
o

ooooo

10 100
time

1000 10000

1063-651X/94/50(1)/608(3)/$06. 00 50 608 1994 The American Physical Society



50 BRIEF REPORTS

1 I 1
I

T I f 1

0
0 0

T ' I ( I

0. 1

0.01,-

0.001 '

1 10 100
time

1000 10000 100000

r —
& q

— -.i ——
~

J

~ 0 ov~.~

0
O 0'

0 00

FIG. 2. Monte Carlo simulation results for
the continuous model with ten realizations on
a 100000-site ring. (a) The concentration c&
against time, (b) the typical velocity v» vs

time, (c) the interdomain spacing l„a (0) and
the domain size I& (+) vs time.
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two-species annihilation, the dynamic formation of
large-scale spatial heterogeneities is found in an initially
homogeneous system. For ballistic annihilation reaction,
A + A ~0, it is found that the concentration decays as
c(t}~t ~ for dichotomic initial velocity distribution
[5], while the concentration and the rms velocity decay as
c(t)~t and u, (t)~t ~, respectively, with a+P=1,
for continuous initial velocity distribution [7].

In this presentation, we study the decay kinetics and
the domain motion of the two-species annihilation pro-
cess A+8~0, for both discrete and continuous initial
velocity distributions. We consider an idealized model in
which two species, A and 8, are initially distributed on a
real line. Their velocities are distributed according to an
initial distribution P(v, t =0) with zero mean. We focus
on two special cases: the discrete model, in which the ve-
locity of the particle will assume +1 or —1 while its po-
sition will take on the integers only, and the continuous
model, in which a continuous initial velocity distribution
is considered. Particles move according to their initial
velocity until a collision between two unlike particles
occurs, which results in the removal of both colliding
particles. We are interested in determining the time
dependence of the concentration c„and the spatial struc-
ture characterized by the domain size lD and interdomain
spacing l„z [4]. Assume that the concentration c„, the
velocity difference between two neighboring unlike parti-
cles U„z, the interdomain spacing l„z, and the domain
size lz behave asymptotically as

(3)

respectively. First, let us consider the discrete model. In
this model, A's and 8's are initially distributed uniformly
on a periodic one-dimensional lattice chain. Their veloci-
ties take on either +1 or —1. The system may be divid-
ed into two groups: one consisting of A +'s (particles of
species A with velocity u„=+1) and 8 's, the other of
8+'s and A 's. Notice that there is no interaction be-
tween those two groups, due to the dichotomic initial ve-
locity distribution considered in this model. It is easily
seen that the subsystem is equivalent to the ballistic one-
species annihilation, A+A —+0, with discrete bimodal
velocity distribution,

P(v, t =0) ~p5(u —1)+(1—p)5(u+1) .

For p =
—,', one has [5]

(5)

This result has been confirmed by the Monte Carlo simu-
lations. In Figs. 1(a) and 1(b), we see that the concentra-
tion and the velocity difference decay according to some
power laws. However, the discrete model has pathologies
since the multiple pair reactions (at the same time} take
place with a finite probability. So we found numerically
that an initially homogeneous system does "coarsen" into
alterating A-rich and 8-rich domains, but the scaling is
not obvious for the domain and interdomain sizes [see
Fig. 1(c)].

For the continuous model, there will be typically a re-
action in each gap in a time interval ht —l„s/u„tt. This
leads to a change in concentration, which is proportional
to the inverse domain size, hence,

Ac„dc„ 1 /lD

At dt l ~~ /uq~
(7)

Substituting Eqs. (1)—(4) into Eq. (7), one obtains a rela-
tion for the scaling exponents,

1+a=P+y+6 .

We found numerically that a =0.4753, P=0.046,
y =0.7986, and 5=0.5995, showing that the scaling rela-
tion (8} is valid, at least in one dimension (see Fig. 2}. It
should be noticed that the scaling property for the mean-
square value of velocity difference of unlike particles, i.e.,
U~~-t, is not obvious. This implies that the U~~
(defined as the velocity difference of two neighboring un-
like particles) might not be the proper measure of two ap-
proaching adjacent domains. However, further investiga-
tion is required to clarify the situation.

In summary, the ballistic two-species annihilation with
general particle initial velocity distribution exhibits a rich
variety of decay kinetics and domain structure. Numeri-
cal results indicate nonuniversality in the exponents that
describe the decay of the concentration and the typical
velocity, as well as the domain motion. A simple analysis
accounted for the decay of the concentration for the
discrete model. Obviously, a general theory to account
for the kinetical behavior of the two-species ballistic an-
nihilation reaction is highly desirable.

[1]Ya. B.Zeldovich and A. A. Ovchinnikov, Chem. Phys. 28,
215 (1978); D. Toussaint and F. Wilczek, J. Chem. Phys.
78, 2642 (1983); G. Zumofen, A. Blumen, and J. Klafter,
ibid. 82, 3198 {1985).

[2] K. Kang and S. Redner, Phys. Rev. A 32, 435 (1985).
[3] M. Bramson and J. L. Lebowitz, J. Stat. Phys. 65, 941

(1991).
[4] F. Leyvraz and S. Redner, Phys. Rev. Lett. 66, 2168

(1991)~

[5] Yves Elskens and H. L. Frisch, Phys. Rev A 3&, 3812
(1985).

[6] W. S. Shen, C. Van den Broeck, and K. Lindenberg, Phys.
Rev. A 43, 4401 (1991).

[7] E. Ben-Naim, S. Redner, and F. Leyvraz, Phys. Rev. Lett.
70, 1890 (1993).


