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The reflection of monochromatic electromagnetic radiation from a cold uniform magnetized plasma
characterized by an arbitrary dielectric tensor is considered. The generalization of well-known Fresnel
formulas is obtained. Some limiting cases are studied. The dielectric tensor is constructed applying a
matrix generalization of the classical theory of moments.
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I. INTRODUCTION

The experimental investigation of magnetized strongly
coupled plasmas poses a problem of providing a theoreti-
cal basis for consistent interpretation of upcoming re-
sults.

The diagnostics of magnetized plasmas via scheduled
experiments on its reflectivity will certainly require the
implementation of exact relations between optical [the
dielectric tensor £(@)=1 +4mi&(w), the internal dynamic
conductivity tensor &(w), etc.] and thermodynamic
characteristics of magnetized dense plasmas.

The present paper contains two theoretical results
aimed at establishing such relations, at least in the experi-
mental sense.

First, a relatively methodological problem of calcula-
tion of reflection coefficients and other ellipsometry pa-
rameters of magnetized plasmas is treated. Second, the
internal conductivity tensor and the dielectric tensor of
strongly coupled cold plasmas are studied and construct-
ed on the basis of exact relations and sum rules.

II. REFLECTION
OF ELECTROMAGNETIC RADIATION
FROM A COLD MAGNETIZED PLASMA

Consider the problem of the interaction of a mono-
chromatic plane wave of electromagnetic (laser) radiation
with a cold uniform magnetized plasma. The orientation
of the magnetic field with respect to the medium surface
is presumed to be arbitrary, i.e., no assumption is made
about the orientation of main axes of the plasma dielec-
tric tensor. The magnetic permeability is neglected,
which is physically motivated [1,2]. Basically it is not
difficult to take it into account, but that would compli-
cate the formulas even more. Besides, since the plasma is
assumed to be cold, the space dispersion is not included
in our consideration.

The incident monochromatic plane electromagnetic
wave of arbitrary polarization and frequency w comes
from a transparent medium with a permittivity €, and
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falls onto a plasma magnetized by a constant and uniform
magnetic field B; the dielectric tensor of the plasma is €.
The Cartesian axes x and z are shown in Fig. 1; the in-
cidence plane coincides with the xz one. The xy plane is
the interface that is assumed to be flat and uniform. The
unit vectors é"(,' and Ef') (i=0,1,2,3) are parallel to the
components of the incident wave electric vector parallel
and orthogonal to the incidence plane, respectively. The
superscripts 0 and 1 denote the incident and reflected
waves, and 2 and 3 the refracted ones [2,3] (the plasma
birefringence).

Due to the complete homogeneity along the xy plane,
the dependence of the field equations’ solutions on these
coordinates should be universal. Thus the directions of
propagation of all waves should be parallel to the xz
plane, and within our system of coordinates that would
mean that the wave vectors are restricted by the condi-
tion
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FIG. 1. Geometric parameters of the incident, reflected, and
refracted waves; see the text.
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ko, =k, =k, ,=k;,=0. 2.1 Taking into account (2.3), Egs. (2.4) are easily
. simplified to
In addition, . . -
AE—grad div E+«}D=0, 2.5)

kix=ksyx=ks =Ko\/;05in‘Po ) (2.2)

where @, is the angle of incidence and ky=w/c. Now the
above dependence on coordinates and time can be set as

explilot —k,x—k,z)] . (2.3)

Some sufficiently general matrix methods are
developed in [4] to solve problems about the reflection
and propagation of electromagnetic waves through aniso-
tropic optically inhomogeneous media. Following [4],
consider Maxwell’s equations in the medium,

where A is the Laplace operator. Applying the relation
D, =£“VE Y (her.e €,y are the Cartesian.co.mponents of th‘e
plasma dielectric tensor €), one can eliminate the electri-
cal induction vector D to obtain the following expression

for the z component of the electric field vector E:

-11.2 2 o OE,
E,=—f ke E, +rie, E, ik, —— 1, (2.6)

v 3z

rotE= __ﬁ ~_ 13D 2.4) v;flith f=xke,, —k?. In the same manner, one arrives at
ot ’ FY : the system of equations
J

E, dE, dE, 5 5 _

€, ik (e, tE, )¥ —ik,e,, S F(60n f —Ko€xr €00 JEx (&4, f —KiE, €, )E, =0, (2.7a)
2

fa v ke B L i JE, +[(kge,, —ki)f — K )JE, =0 (2.7b)
azz ! xKOEyz 9z Ko nyf KOszsyx x KOEyy x f Koszyﬁyz ] y . .

The particular solutions are to be sought in the form of plane waves (2.3). Then appears the consistency condition for

Egs. (2.7a) and (2.7b), i.e., Fresnel’s equation

4 3 212 zée'vy € | 2>8
kzezz+kzkx8[xz]+kz kx(szz+8xx)—K0 — Ko

Ezy €z zx

+f_1[€xxf_K(2)€xzszx ][(K%Eyy—k)?)f_KgEyzezy]_fﬂ ]K(z)[syxf—'Kész yz][axyf_K(z)Ezy xz]:O .

In Eq. (2.8) g, =¢,, T€,,. One should now select two of
four roots of Eq. (2.8), i.e., those corresponding to the
waves decaying along its way inside the plasma. The fact
that such roots exist follows from the consideration that
within the frequency interval for which the medium is
transparent, i.e., when the tensor € is Hermitian, the
coefficients of Eq. (2.8) are real. Hence its roots are com-
plex pair conjugate or real. The non-Hermitian contribu-
tions to £ standing for the decay would only change the
decay rate (if it is not too large).

Further, using Egs. (2.7), one can find a relation be-
tween the x and y components of the electric field vector
of the wave [5]. In what follows, we will need

E=(fD7f§NEN, i=2,3. 2.9)
Here the following notations are introduced:
fi<i)=€xyeyz_(8yy _(k<i>)2/K5)(£n +kxkz(i>/K(2)) , .10

[37 =y e tho k(D /5) =€y (e — (kS /i3)

and (k) =k2+ (k) i=2,3.

From these formulas it stems that in the case of an ar-
bitrary direction of propagation both types of waves in-
side the plasma (ordinary and extraordinary) are polar-
ized, generally speaking, elliptically. Only when the

xx  Ex
€

N

] J+kz { k)?g[xz]+K%kx(8yz€xy +€zy€yx -Eyya{xz]”

zz

(2.8)

waves propagate along the magnetic field are they polar-
ized circularly.

Now consider the boundary conditions for the electric
and magnetic field vectors of the wave,

kz(O)(ES(O)_ES(I)):kZ(Z)Ey(?.)+kz(3)Ev(3} ;
’ (2.11)

— Vel E{O +Ef ) =B(EP +ES) + By EY +ESY)
‘—iB3(kz<2)E)§2)+kz<3>E)§3>) ,

where
- —1 — - — -
BI_Kkaszxf ’ BZ—Kkaszyf ! ’33—1K05zzf ! .
Thus one arrives at a system of four equations with six
unknown quantities ES<1 R Ep“), Ex(”, Ex<3>, Ey(Z), and
Ey<3>. Having resolved this system with two more equa-

tions of relation [using Egs. (2.9)], one can represent the
answer as

ED=RE (@
where E ¢ and E (° are matrices—columns of ampli-
tudes of components of the electric field vectors:

()
b
E§(]>

(2.12)

EW= , j=0,1, (2.13)
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and R is the reflection coefficients’ matrix:

RPP RPS
=|r, &, |- (2.14)
Its components are defined as
R,,=R; /R,, R,=Ry;/R,, 015
R, =Ry /Rg, Ry=Ry/R;.
Here
Ry =aly b, +y,b) (kS —ki?)
— (kSO kDb +k D b,)
X[Vegtaly,—v)],
R12=_2kz<0)(7’1b1+?’2b2) )
Ry =2Veqa(k}P—k!¥), (2.16)
Ry =a(yb;+7,0,) (kP —k$3)
—(—KkfO+ kb, +k P b,y)
X[Vegtaly, =121,
Ro=al[k{y1—1y)+y ik =1,k 2]
+V e kO + kb, + Kk b,)
and
a=cos@y/(c3—¢c;),
a=f77F10, (=23,
v1=Bytca(Bi—iBsk*) (2.17)

72=32+C3(31_i33kz(3)) ’
b1=C3/(C3—C2), b2=C2/(CZ_C3) .

The wave vector components kz(i) (i=2,3) are to be
determined from the solution of Fresnel’s Eq. (2.8), and
the z components of the vector k () of the incident wave,
k{9 =—ky\/eocosp, Formulas (2.12)-(2.17) together
with Eq. (2.8) provide the general solution of the problem
on reflection of a monochromatic plane electromagnetic
wave from an anisotropic medium characterized by the
dielectric tensor €(w). Along with magnetized plasmas
one can also treat anisotropic metals, dielectrics, etc., al-
ways when the spatial dispersion is insignificant.

As seen from Egs. (2.15) and (2.16), (R,.R;,70), the
reflection coefficient is generally a nondiagonal matrix.
In a system of coordinates with the z axis parallel to the
external magnetic field, the £(w) matrix simplifies to

g ig O
€= |—ig g O], (2.18)

0 0 g
where €, and ¢ are the transverse and longitudinal (with

respect to the external magnetic field) components of the
dielectric tensor, with g being the component of £(w) due
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to the plasma gyrotropy.

In the general case under consideration this is not true,
and the &(w) tensor should be obtained from Eq. (2.18)
by an orthogonal transformation to the initial coordinate
system (see, e.g., [S]). Thus the components of this tensor
will be expressed in terms of €|, g & and three angles of
Euler (in the case of plasmas) which define the magnetic
field orientation with respect to the selected system of
coordinates. o

The transition By—0 to the case when the plasma be-
comes nongyrotropic is treated in Appendix A.

For the case of oblique incidence onto the magnetized
plasma, the magnetic field B, being orthogonal to its sur-
face, the matrix of reflection coefficients is determined by
Egs. (2.15) and (A3). Still these expressions are too gen-
eral.

Now consider the case of normal incidence. Then
k,=0, and from Egs. (A1) and (A2) one obtains
ki =tk(e,£g)7? (i=2,3), cpe3=1. (2.19)

Upon quite cumbersome but simple transformations,
one derives corresponding reflection coefficients:

nyn;—¢g

80+n1n2+V—5:)(n1+n2) ’

Rypy=—Ry,=

(2.20)
n,—n,

Eo+n1n2+‘/;0(nl +n2) ’

where n,,=(¢ 1£g)"/? are the refraction coefficients for
ordinary and extraordinary waves propagating along the
external magnetic field. The transition By—0 in this case
is trivial, since in this limiting case n, =n,=Vs.

Notice that the components of the dielectric tensor
enter into Eq. (2.20) only through combinations €,+g.
This is caused by the fact that in this particular case the
problem can be resolved in a different, simpler way.

Observe that the Hermitian matrix € in Eq. (2.18) is re-
ducible by simple unitary transformation to a diagonal
form [5] with eigenvalues ”%,2, g, Since in a collisional
plasma the dielectric tensor € of Eq. (2.18) is, generally,
non-Hermitian, it can always be represented as

R,=—R,=iV'g,

£=8,+i¢,,

where €, and €, are the Hermitian matrices of the same
type. It can easily be seen that they commute, which is
the necessary and sufficient condition of their simultane-
ous (in the same orthogonal basis and by the same unitary
transformation) diagonalization. Then one arrives at Eq.
(2.20) upon using the boundary conditions in the coordi-
nate system corresponding to the new basis, and Eq. (2.9)
for the x and y components of the electric field vector,
which is very simple in this particular case;

E,=*iE, .
Consider now [4] the relative reflection coefficients; the

latter characterize the variation of the state of polariza-
tion of the incident wave as a result of reflection,

P11=Rpp/Rss? p12=Rps/Rss? p21=Rsp/Rss . (2.21)
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One also introduces the angles of polarization, ¥,;; and
A;;, of the reflecting system:
tan(W,exp(iA))=py ,
tan( WV ,exp(iA ;) =py; (2.22)
tan(W,,exp(iA,;))=p,; .

The latter definitions form the system of basic equa-
tions of ellipsometry. In addition,
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tan¥o=|E{?|/|E[?|, Ag=arg(E;V/E!Y)  (2.23b)
and

E{V/E U =explif) /tan¥, (2.24a)
where
tanW,=|EV[/|ESV|, A=arg(E{V/ESY) . (2.24b)

The angles ¥, Ay, ¥, and A, determine the states of
polarization of both incident and reflected waves com-
pletely. That is, the ratios of Eqs. (2.23) or (2.24) are real

(2.25)

(0) (0) — ;
Epo /E;"" =exp(idg)/tan¥, , (2.232)  if both waves are linearly polarized Then A, and A,
are equal to 0 or 7. The final relation between the magni-
where tudes introduced beforehand,
J
exp(id;)  tan(W;;exp(iA;;))(exp(idy)/tan¥,) tan(W ,exp(iA;,))
tanV¥, 1+tan(W,,expliA,;))(exp(iA,) /tan¥Wy)  1+tan(W,,exp(iA,;))exp(iA,)/tan¥,) ’

is the theoretical basis of “zero” methods of experimental determination of angles of polarization of reflecting systems.
The angles of polarization ¥,;, A}, ¥,, A5, ¥,;, and A,; can be measured, and one can utilize Eq. (2.21) along with
Eqgs. (2.15)-(2.17) to determine optical and structural characteristics of a strongly coupled magnetized plasma with the
dielectric tensor € ([6], see Sec. III). This approach is thus suggested as an effective method of diagnostics of such plas-
mas.

In conclusion, the total (i.e., when IE(O)H—‘O |E{®?|50 longitudinal (\E(O) |#0, |E{®’|=0) and transverse
( IE <O)I =0, ]E (o} |0 reflection coefficients are determined. These traditional characterxstlcs are to be measured as the

ratxos of time averaged intensities of reflected and incident waves;

R=|E(1)l2/IE(O)!2, R|=lE<1)|2/|E,,<O>iZ,

Rl:|E“>}2/!ES<O>IZ .

(2.26)

Formulas (2.13) and (2.14) for R, R, and R can be used to obtain

_ IR,y + ¥R, [P+ IR, +R,, )
1+|y[?

=IR,, I+ IR, %

R, =R, [*+[R|*, 2.27)

where 7/=Es(°> /EP(O). In particular, when the magnetic field is orthogonal to the plasma surface, and in the case of

normal incidence, upon using Eq. (2.20), one obtains

_ lnyn,—

go—V Eolny—n )2+ n ny,—go+1 go(n

2

ny)l

2|n,ny etV gglny +n))l2

|n1n2—80|2+80|n1 —nz'z

In,n,y+eg+V egln, +n,)12

R,=R, =

In the first case the incident wave was presumed to be
circularly polarized (|E, (0| =|E{%]), and in both longi-
tudinal and transverse cases the polarization was arbi-
trary. If B,=0, the usual Fresnel’s reflection coefficients
follow from Egs. (2.28).

In Sec. III the dielectric tensor ¢,,(w) of cold magnet-
ized plasmas is constructed on the basis of exact relations
and sum rules.

III. CONDUCTIVITY AND DIELECTRIC
TENSOR OF STRONGLY COUPLED
MAGNETIZED PLASMAS

Consider the reflection of electromagnetic radiation of
frequency w by a strongly coupled magnetized plasma.

(2.28)

Let us suppose that the wavelength of both refracted
waves is much longer than the characteristic length of
the magnetized plasma system, i.e., [7],

vT’Alkﬁi>|/w<<l, vT,Alkf">|/|mH,A1<<l , (3.1
where k|<ii> and kfi) (i=2,3) are the projections of the
wave vector of the two refracted waves parallel and per-
pendicular to the external magnetic field direction, vy, 4
is the average velocity of particles of species A4, and
oy 4=Z eBy,/m 4c is the cyclotron frequency of species
A with charges Z ,e and masses m 4, B, being the field
strength of the external magnetic field, and ¢ the vacuum
light velocity.

Inequalities (3.1) are to be satisfied for all plasma
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species. In this case one can neglect the spatial disper-
sion in the plasma system, and the internal conductivity
tensor 0,,(w) describing the response of the system to the
Mazxwellian field perturbation is given by the Kubo linear
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where o, =(4nZ%e’n 4 /m 4)'/* is the plasma frequen-

cy of particles of species 4, n, being the number density
of species A. 8548 like GFV is the Kronecker delta,
z=w+in, >0,

fi la [8,9]: .
response formula [8,9] GAB:_wae‘z’([IA(t) 13(0)])dt (3.3)
g #iJo ponT

2
i
o, (2)=3 0= " l : 8,,82+G 22 (2) ] is the retarded current-current Green function, and I,/
4.8

4B is the current operator of species A4 in the Heisenberg
(3.2)  representation,
J
Z et
I:(t)=fdf’{i 2;‘" vh@n |V, W, (F,t)—H.c. | —[rotW! (f,1)5 ,¥ , ()], (3.4)
4

Here ‘PD (T,t) and ¥ (T’ t) are the creation and annihilation operators of a particle of species 4, 4 u is the vector poten-
tial of the external magnetic field, 4, =—Bgy, 4,= 4,=0, and [ 4 is the magnetic momentum operator of species A.
Hereafter our notations are as follows: 4,B,C, ... designate different plasma species; u,v=x,y,z are the Cartesian
indices. The matrix in the vector space &(w) [with the elements o ,,() from Eq. (3.2) where the summation over the
particle species is to be carried out] is called the conductivity tensor; the matrix &(w) in the species and vector space
[with the elements 0 23(w)] is termed the conductivity matrix.
In Eq. (3.3), [R,5]=RS—3R is the commutator of the Heisenberg operators R and S, the angular brackets { )

denote averaging over the Hamiltonian

v (@)

ﬁ2
A=- dt
§ 2m 4 f

Z,Zge?
+3 [ararvl @l E) 42
4B [r—7|

The dielectric tensor employed in Fresnel’s equations
of Sec. II is connected with the conductivity tensor by
the well-known relation

£,,(2)=5, +fl’a (2) .

(3.6)

The Green function G B(z) from Eq. (3.3) is analytic
in the upper complex half-plane On the imaginary axis
at frequencies z=Q,=2wnikgT (n=0,1,...; T being
the temperature) it coincides with the Matsubara version
of Green’s temperature function. There exists a well ela-
borated field perturbation theory for the temperature
Green’s function [10] bounded, by its very nature, to
weakly coupled plasmas.

In this paper we suggest an alternative a Eproach to the
determination of the Green’s function G ; 43(z) applicable
to strongly coupled plasmas. It is based on exact rela-
tions and sum rules, and uses the matrix version of the
Nevanlinna formula from the classical theory of mo-
ments.

Earlier we applied the approach based on exact rela-
tions and sum rules to the investigation of the conductivi-
ty tensor only. The longitudinal and transverse conduc-
tivity of strongly coupled unmagnetized plasmas were
studied in [11] and [12], respectively. The results of ap-
proach [11] were used to calculate the dynamical charac-
teristics of three-dimensional [13] and two-dimensional
[14] one-component plasmas (OCP’s), binary ionic mix-

V(O ()—3 [drvh (O, ByY (@) .
A

v, (F)

(3.5)

tures (BIM’s) [15], and two-component plasmas (TCP’s)
[16].

The dynamical properties of strongly coupled plasmas
have also been investigated within the quasilocalized
charges model [17] and the mean field theory (dynamical
[18] and static [19]), and the approach based on the rep-
resentation of the Green’s function as continued fractions
[20], but the implementation of the classical method of
moments [13] proved to produce the best overall agree-
ment with the OCP molecular dynamics (MD) data [21].
In the case of multicomponent plasmas, however, the
agreement of results based on the application of the
method of moments to the conductivity tensor [15,16]
with the corresponding MD data [22] is less satisfactory.

A first step in the investigation of the dielectric tensor
of strongly coupled magnetized plasmas was made else-
where [6].

The aim of this section is to extend the results of Refs.
[11] and [6] to the investigation of the conductivity ma-
trix of magnetized multicomponent plasmas. The matrix
generalization of the classical theory of moments will be
applied to express the conductivity matrix in terms of
static correlations.

In contrast to the earlier approach [11-16], where only
the frequency moments of the conductivity tensor were
considered, here the contributions of each of the plasma
species are taken into account. This should result in a
better description of multicomponent plasmas. In the
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case of OCP’s both approaches coincide.

One of the authors (J.0.) demonstrated recently [23]
that the inclusion of transverse photons into the system
Hamiltonian (first suggested by Kalman and Genga [24))
needs a careful application of the theory of moments in
order to avoid physically incorrect conclusions. There-
fore in Eq. (3.5) we have omitted contributions due to the
transverse photons, which were employed in our recent
papers [12,14].

Consider the frequency moments of the non-negative
Hermitian part __of the conductivity matrix
Tplo)=0 % w)+(of‘f(w)) (A being the complex conju-
gate of the complex number A),

M,=[7 o"Fylwido, n=0,1,2,3. (3.7)

J

q,
Q) =0p 40,5 3 ; S 45(@8%—

q,c

Zyn,

Here the prime at the summation sign indicates that
g#0, S 45(q)=(n 4npV?) )" (nZn® ) is the partial static
structure factor of particles 4 and B, V is the plasma
volume, and n4 is the Fourier transform of the operator
of number densit J of particles A4.

Note that detQ >=0.

It can be shown that higher order frequency moments
M, and n =4 diverge [11,25].

The matrix form of the Nevanlinna formula from the
classical theory of moments [26-28] expresses the con-
ductivity matrix &(z) [satlsfymg the sum rules Egs. (3.8)]
via the matrix function 7' (z)=T(z)(? , 7(z) being analyti-
cal in the upper complex half-plane and there having a
positive definite anti-Hermitian part. In addition, the
function 7(z) should satisfy the limiting condition
lim, {7 (F(z) /z)= with  the  Hermitian  part
lim,_ 7y =0 (0 bemg the zero matrix).

This matrix version of the Nevanlinna formula is given
by (see Appendix B)

a(z)————fw

=LM? A B2 ' MY?
—wo W2 ™

(3.9)

(@)=L 5 (M)A PUB.
C,D,E

o, 40 i~ 5 = 1
= p4%p8 P" 2L S 284+ {N (2T —z20, . — i +2q. — @, §. 1 NP,
c

(&,)48=-

__ 0y 4Dy
41

4

T{ SC,D,E (Mq/})A°(4)P((B )" "PEM

3 (284C+7 N[ T -] +2g,] )P .
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On the basis of Kubo linear response theory, one obtains

=S 4c(q)8*®

(Mo)’“g‘l AS’“’S
Ml/z«» M1/2
M, =M} (@F+Q)M)"? 2
M,=M\*(&+3,0°+0 %) M),
where
1 = . .
() P=iwy 46% D D“‘,ZE—O—[[BOXeV]Xeu],
€, being the unit vector in direction v, and
f
Z(z)=z?+2f(z) ,
- (3.10)

B(z)=2T—23,— Q>+ (I —3,)q(z) ,
T being the unit matrix.

Equation (3.9) is the most general expression for the
analytical in the upper complex half-plane matrix func-
tion &(z) satisfying the sum rules Egs. (3.8).

Due to the Onsager principle, within the system of
coordinates with the z axis parallel to the external mag-
netic field, the dielectric tensor (and the conductivity ten-
sor) has the form (2.18). This is possible only if in this
system of coordinates the function g(z) verifies

(@)57=(q"3% (@)= —(q"F, .
(@& =(g"3P=(g"P=(g"3"=0. '

The prime at the matrix component designates that of the

matrix transformed in the new system of coordinates.
Keeping this in mind, one now regards the matrices

7 +(w) and & (@) in the particle space with the elements

AB ( AB+10,AB)

xx-’

(3.12)

(a,)B=g1B
With the analogous definitions for the matrices 4,, B,
MOa, 4,> @, ,, and Q2 (a=+ ,||), one finds from Eq (3. 9)
(T 4B=§48 being the unit matrix in the particle space)

)TIPE(M o2 )FE

(3.13a)

)EB

(3.13b)
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For the sake of simplicity we now examine a fully ion-
ized two-component plasma (TCP) consisting of electrons
with number density n,, and ions with charges Ze and
number density n;. Due to the neutrality condition,
Zn;=n,. In the case of the TCP the matrices {2
(@=1,||) simplify, and one has

(03) =0, 40,5L,, ON*P=0, 0,,L,, (3.14)
with
. k? k2
=1 3 Sak) 7, Lu=k§0Sei(k)k—g (3.15)
k=0

Sei(E) being the partial electron-ion static structure fac-
tor, and k, (and k) the projection of the vector K on the
direction perpendicular (parallel) to the external magnet-
ic field.

From Eq. (3.13a), for the transverse (with respect to
the external magnetic field) part of the conductivity ma-
trix (taking into account that detg ., =0), one now ob-
tains

2
iw; (zXoy;) ,
(5i)"e=mTBH"[Z+SP7J_r]_(5r)e’ )
+

(&i)ei=(~0-_:t)ie_ L.L p.e pl(Z+Qi) (3.16a)

4. B

2
io, (ztoy,)

o i
(@) 47B,

[z2+Spg.]—(a.)".
For the longitudinal part of the conductivity, from Eq.
(3.13b) we obtain

")

(& )ee= B [z+Spg, ]1—
I 4#3, Pq

(&u)ei ,

(a“)”’=(&")"e—4 B, Lo} ,0}(z+Q)) (3.16b)
~ \ii iwz
(@) =72 7B, [z+Spq"]—(cr“)
Here the following notations are used:
8P, =(3,)"+(q,)", (a=1,|),
(3.17)
— (e el i PP e
Q,=(g,)*— ) =(q,)" — (@, )°,
pii p.e
B, =(ztoy, Nztoy;(z+8Spg)—L 0i(z+Q,),
(3.18a)
B =z%z+Spg,)—L,0i(z+Q,) (3.18b)

cof, —w +co . The latter equation in (3.17) results from

the symmetry property of the conductivity matrix
(F)7=(F,)a=1,]).

From Egs. (3.16a), (3.16b), and (3.2), for the three in-
dependent components of the conductivity tensor
04(z)=0,,(2)tio},(2z) and o(z)=0,(2) [0,,(2) are
the components of the conductivity tensor in the system
of coordinates with the z axis parallel to the external
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magnetic field], one obtains
0 (2)=(F ) 2UT L) (5 L)
= iwz z[z+Spg.(2)], (3.19a)
4B,
o(z)=(F)*+2e )"+ )"
ico2
= z[z+Spg,(2)] . (3.19b)

4mB,

There is no phenomenological choice for the matrix
function g(z) which would give the unique conductivity
tensor &(z). As a first approximation, however, one can
set g(z) equal to its static value §(z) =g(0). The constant
matrix §(0) can be obtained from the components of the
static  conductivity tensor 0. ,=04(w=0) and
0,0=0,(0=0) only, since z=0 is a singular point for the
conductivity matrix, but a regular one for the conductivi-
ty tensor of a multicomponent plasma.

From Egs. (3.18a) and (3.19a) there follows the ex-
istence of nonvanishing static values o ; , only if the fol-
lowing conditions are satisfied:

©g,05 ;5P +(@=0)—L 020, (0=0)=0 (3.20)

Further introducing the notations ih . =Spg, (0=0) we
obtain the following expressions for the conductivity ten-
sor components o (z):

0(2)=—a)(z+ihs)

X {(Zin,e )(Zin’,»)
—L,ol+ih,[zt(og, 4oy ,)]} 7" .
(3.21a)

In a similar way, for the longitudinal (with respect to the
external magnetic field) component of the conductivity
tensor [Q”(co 0)=0,ih;=Spg,(@=0)], one obtains

i w, 2(z+ih 1)
==t (3.21v)

The “constants” h, and h, are defined by the static
values of the conductivity components o,  and o0 In
the simple impact approximation with the free path time
7 4(By) for a particle of species 4 (depending generally
on the external magnetic field strength), the static values
of the conductivity components are given by

Gio= S w:,ATA(BO) 1

=0 A=c,i 4m 1toy 474(Bo) ’
) (B.) (3.22)
WDp 4T 4\ Dy

o= 3 ————— .

! A=e,i 4

In the first order of the ratio v/'m, /m; the static conduc-
tivity is given by the electron conductivity only. Omit-
ting the ion terms in Egs. (3.22) and comparing with Egs.
(3.21a) and (3.21b) (with z=0), within the same accuracy
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one obtains

hy=h =(L o, ~oy,0q,)7,(By)=~L 0}7,(B,) ,
(3.23)
h“ =L“w;7'e(Bo) s

where we took into account that wy; <<w), in strongly
coupled plasmas for all available experimental values of
the magnetic field strength.

Equations (3.21) together with Egs. (3.23) are the sim-
plest approximations giving an analytical expression in
the upper half-plane for the conductivity tensor 0,,(z),
and interpolating between the static value of the conduc-
tivity tensor g,,(z=0) and the high-frequency sum rules
of the conductivity matrix o,%(z) [Egs. (3.8)].

For B,=0, wy,=wg,;=0, and one obtains that the
conductivity tensor is described by the scalar function
o(z)=0,=0(z) and that o(z) coincides with the corre-
sponding result in [11].

Equations (3.21) and (3.5) ensure that for the com-
ponents of the dielectric tensor in the system of coordi-
nates with the z axis parallel to the external magnetic
field [see Eq. (2.18)], and within the first order of the ra-
tio V/'m, /m;, we have

(o)=1 o} (0+ih )o*+h io—7, "]

€ =1—— ,

0 () {[w2+hl(iw—‘r;1)]Z—a)fq,e(w*f-ihl)z]
() a),z, a)H,e(w+ihl)2

glw)= ’

0 ([0 +h Gio—1, NP~k (w+ih, )

wf, o+ih
glw)=1——

@ a)2+hH(iw~'r;1) '

(3.24)

Equation (3.24) together with Eqs. (2.28) are the main
results of our paper. They describe the reflectivity
coefficient of a magnetized strongly coupled plasma with
a magnetic field perpendicular to the plasma surface and
in the case of normal incidence of the electromagnetic ra-
diation.

In the case of inclined incidence (the magnetic field be-
ing perpendicular to the surface of the plasma) one uses
Eqgs. (2.15) and (A3) instead of Egs. (2.28).

If, in addition, the magnetic field is not normal to the
plasma surface, the dielectric tensor should be obtained
from (2.18) and (3.24) by an orthogonal transformation to
the initial coordinate system (with the z axis normal to
the plasma surface). After that one uses Egs. (2.15) and
(2.16) to obtain the reflectivity coefficients.

The quality of our approximation [Eqgs. (3.24)] for the
dielectric tensor is limited by our knowledge of the quan-
tities L |, L”, and 7,.

Parameters L, and L can be expressed by standard
methods of quantum field theory within the random
phase approximation (RPA) in terms of the polarization
operators II, and II; of electrons and ions. The electron-
ion structure factor S,;(k) is given by [10]

s (o dmeks T 1, (), (K)
o Va2 k2+ame[I,(K)+ZI,(K)]

(3.25)
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Equation (3.25) together with (3.15) define the parameters
L, and L, in terms of the electron and ion polarization
operators. The expression of the polarization operators
within the RPA is well known [29].

The parameters L, and L can also be investigated ex-
perimentally using the laser or the electron beam scatter-
ing experiments [30], or directly from the analysis of the
asymptotic behavior of the Hall coefficient.

Neglecting the ion cyclotron frequency, it follows from
Egs. (3.21) and (3.23) that in the system of coordinates
with the z axis parallel to the external magnetic field the
parameter

o (o, (w)
o¥w)=————

’

0y(o)

2 : 2 2 2 2
0, otit,Ljo, oo—L o,tior,L o,

- ; 2 2 24 ; 2
4roy,. o+ir,Liw, o'—Ljo,+ior,L o,

(3.26)
In particular,
o*(w<<T,0;)
0 L 1
~—Lf N -2 (L L s
droy, L, @),

2 2 ]

© (L,—L))w
o w>>T,0%)~ L 1+ =k ..

T dnwy, %

Knowing the relaxation time 7,, the relations in Egs.
(3.27) define the parameters L, and L, measuring the
Hall and longitudinal conductivities at high and low fre-
quencies of the perturbing electric field.

The relaxation time 7,(B) (or the static conductivity
tensor) is obtained by direct measurement. They can also
be calculated by a method described in [31].

IV. CONCLUSION

Two closely related problems are resolved in this pa-
per. The reflectivity and other ellipsometric characteris-
tics of cold magnetized plasmas (including the case of
magnetic field inclined with respect to the plasma sur-
face) are expressed in terms of the dielectric tensor. Vari-
ous limiting cases are considered.

The dielectric tensor is further constructed within the
method of moments to satisfy all known exact relations
and sum rules. The matrix generalization of the Nevan-
linna formula is employed to include into consideration
multicomponent plasmas. The interactions between
different plasma species (like electron-electron,
ion-ion, and electron-ion interactions in the case of a
two-component plasma) are included on an equal basis.

Notice that in the case of a one-component plasma the
application of the Nevanlinna formula is virtually
equivalent to the introduction of the dynamic, or static
local field correction (picked up to satisfy the sum rules)
within the mean field theory.

To our knowledge in the two-component plasma there
is no easy option for inclusion of electron-ion field correc-
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tions to the RPA polarization operators within the mean
field approach. On the other hand, the method of mo-
ments permits us to include electron-ion correlations as
well as electron-electron and ion-ion correlations.

The solution of the two problems considered in the pa-
per constitutes a basis for future experiments on
reflection of laser radiation by magnetized plasmas.

APPENDIX A

To consider the §0—>6 transition one should know the
behavior of solutions of the Fresnel’s equations (2.8) in
this limiting case. Though the latter are quite complicat-
ed, one can notice that, since generally the matrix €(w) is
determined by the orthogonal transformation (which cer-
tainly is independent of the field), it suffices to carry out
the proof of existence of the B,—0 limit for a matrix of
the type given by Eq. (2.18). Thus it will be valid in a

general case as well.
J
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Hence in Eq. (2.8) one can set ¢,, =¢,, =¢,, = —¢,, =0,
then the solution kzm (i=2,3) is found immediately:
kX e, +e
(Y2 — _ox
(k'Y =emo—— :
1 g te 2
+ | (22— —2ke,
2 [ g
4 172
—;i(el(xgsl—kf)—xzogz)] . (A1)
I

In this special case the coefficients ¢; (i=2,3) of Eq.
(2.17) are
e;=[e,— (kD /i31/ig (A2)
Further, upon carrying out all necessary transforma-
tions for the quantities determining the reflection
coefficient, one finds

=g28“K(5)0263COS¢0_ © kS P kS +k2e — k2 Ve —cosg Koey [PV =KD ke, —k2
1 f(kz(2)+kz(3))2 z kz(2)+kz(3) 0 0 f (kz<3))2_(kz(2))2 kz<2)+kz(3) ’
=_gzgixgczc3cos<po_ _k(o)+kz(2>kz(3)+xgsl—kf Voot cosp KoE| (KSR — (k33 K3e, —k?
22 f(kz(2)+kz(3))2 z kz(2)+kz<3) 0 0 f (kz(B))Z_(kz(Z))Z kz(2)+kz(3) >
8, (0, 3_ €263
R12—2—k EKOT5y 72y (A3)
f z If kz(2)+kz(3)
KO
Ru=—28k0 oy ooy
Z z
(2)1,.(3) 2. 1.2 (2)y3 _ (1, (33 12
Ro=1"g 1K+ ks s 7 Ko, — ks — cosgy LA il GO PSS el PRONRCITREN
0 z kz(2)+kz(3) 0 f (kz(3)_(kz(2))2 z kz(2)+kz(3) z z z ’

where k') and ¢, (i=2,3) are obtained from Egs. (A1)
and (A2).

Assume now that the following limiting relations are
valid for the dielectric tensor components (at least they
are applicable to ideal plasmas):

sn(ﬁo—>6)=e, £,(By—>0)=e+A, (Ad)

where A(B,—0) tends to zero as B2, and g(By—0) as B,.
In Eq. (A4) ¢ is the isotropic plasma permeability, and
only leading terms of the By—0 expansion are pointed
out. Then from Egs. (A1) and (A2) it follows that, when
By—0,

K

(k2 ~end—k2A/2e+ (ke —k2)\/2 (A5)
0 x ‘/;0 0
.k2
;= ———Ati(ie) "V Uude— k)2, i=2,3 . (A6)
2eKpg

Hence the product c,c; for small values of the magnetic
field behaves like

(cyc3)=1—k2 /(k2e)+O(B2) . (A7)

[

Now, utilizing Eqgs. (A5) and (A7), it is easy to carry
out the transition B;—0 in formulas (A3), also taking
into account that

lim k2 =1im k3 =k, = —(k2e—k2)!/? .
B—0 B—0

In this manner one derives well-known Fresnel’s formulas
[32,2].

APPENDIX B

Suppose that the non-negative Hermitian matrix func-
tion O'y(w) is uniformly continuous and possesses
sufficient smoothness (e.g., that it satisfies the Lipshitz
condition), and that additionally

ﬁ,=f°° 0T glw)do< o, r=0,1,2,3. (B1)
Inequalities (B1) are substantiated by Egs. (3.8).

Due to the Riesz-Herglotz theorem [26] the matrix
function &(z), being analytical in the upper complex
half-plane Imz >0 and there having a non-negative
definite Hermitian part &y (z) is representable as
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o(z)=d,— zalz+-—f°° do , (B2)

—w W—Z
where @, has a non-negative Hermitian part, and @, is a
non-negative Hermitian matrix.

The constant matrices @, and @, are to be determined
from the asymptotic behavior of the matrix function
&(w) at |w|—> . They describe a possible polarization
of atoms and ions in nonhydrogen plasmas at |w|— .
The “infinite” value of the frequency must be understood
as a value much greater than the plasma frequency but
much less than the excitation frequency of atoms and
ions. Since only the long-wavelength limiting case is in-
vestigated, the plasma species can be regarded as point-
like partlcles, and hence the polarlzab111ty at high fre-
quencies decreases as » 2 and both @,=&, =0. Thus the
conductivity matrix satisfies the Kramers-Kronig relation

o© U H

) f—oo w—2zZ

The problem is to establish the matrix function &'(z)

satisfying the sum rules (3.8), and specifying the represen-

tation (B3). The explicit expression can be obtained by

the Nevanlinna-type formula of the matrix problem of
moments [28).

The latter one makes it possible to construct the matrix

function ¢(z) (being analytical in the upper complex
half-plane and there having a non-negative definite Her-

(B3)

mitian part) in terms of its first 2v+1 (v=0,1, . ..) fre-
quency moments. -
Denote by {Pk(w } and {Qy(w)}, k=0,1,...,v, the

system of orthogonal matrix polynomials with the weight
function Gp(w). The polynomials {Py(w)} (and
{Ox(@)}) are defined by the first 2v+1 moments as fol-
lows [28]:

Py(z)=M;'"?,
f;k(z)z(ﬁzk —ﬁ:§

BT VH—BES LD
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L
bvk"l— ZEI ’
k7
0 0 00
M, 0 - 0 0]
1= | : : co bk (B6)
My _, M _; M, O
Fo=—(My_+zMy _,+ - +2F"'My) ,
M,
5 My 1
k :
My,

In formulas (B4)-(B6), (A,B) is the block-matrix line
and ( ) the block-matrix column, where A and B are, in
general block matrices as well; A * is the Hermitian con-
jugate of A. Note that the matrices in (B4)—(B6) are gen-
erally not commutable.

Let R, be the set of all non-negative definite matrix
functions of limited variation ${w) such that

foc a)’ars_'(co)=fac 0T ylw)do=M,
— oC — (B7)
r=0,1,...,2v .

Kovalishina proved [28] that there is a univalent
correspondence between the R, matrix functions and the
matrix functions 7,(z) being analytical in the upper com-
plex half-plane, and there having a positive anti-
Hermitian part such that the matrix z ~'7,(z) for z
converges to zero.

5 This correspondence is set up by the generalization of
X "_Il , (B4)  the Nevanlinna formula [26-28]:
z
- ® ﬂw — e >
0(2)=0, J7 EE ~lE-Ba ) 2)]
0, (2)=—(My —BES;  \B) " VA—BES 1) X [¥ A2)—8(2),(2)] " (B8)
&y In particular, among the functigns T,(z) there (for a given
X i (BS) 4) is only one matrix function 7T,(z) satisfying the equali-
t
and Y
. « dodglw) -
M, M, M, _, f ———=[d(2)—B2)T (2)]
P P - —% 0~z
P Mi X7~ 8T ()] . (B
i Ii—’l i ’ The matrices @,, £ Bv, ¥,, and 8 are defined by the polyno-
k=1 Tk 2k =2 mials P, (z) and Q, (z) as follows:
|
af2) Bu2)) [T§ . | QF@PL0)  0F (=)0, (0) 1
v.(z) 82)| |0 z k§0 —B*2)B,(0) —P}z)0,(0)
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Here Z is the complex conjugate of z.
In our case v=1; and from Egs. (3.8), (B4)-(B6), and
(B10) one obtains

G(2)=T—zMy*Q ~
Bi(z)=2zM?Q 2M*

Fiz)=—My 'z +2(zT— &My 2 QM * B, ,
gl(z)=?—z(z?—'c31)ﬁo—l/zn—zﬁo—l/z ]

> _
ZMO 1/2;3

t>

(B11)

Using Eq. (B9) for v=1 and taking into account the
Kramers-Kronig relation Eq. (B3), one arrives at the fol-
lowing representation of the conductivity matrix:

5(z)= —i‘[‘&’l(z)-“ﬁl(z)ﬁ(z)]

X [71(2)—8,(2) T ()] 7" . (B12)

Note, however, that in our, case, the matrix Q& ~2=(32)"!
does not exist, since det2=0. This is due to the fact
that representation (B9) [with the particular case (B12)] is
given for strongly positive definite sequences of frequency
moments [M }, r=0,1,...,2v only, ie., the sequences
for which for all kK <v the matrices (Mzk B Sk_lBk)
are strongly posmve definite. In our case for k=1 we
define (M,—B*S;'B,=M)*Q*M}*) a non-negative
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matrix only. In order to obtain a representation for our
case as well, one rewrites Eq. (B12) in the following
manner:

I <

F(2)=LMY* [T +72)0 2]

3 |

X [ZZT_ZZ;I _52+(ZT—5] )*,,‘_'(2)62]_1&(1)/2 ’
(B13)

where  we _intrgduced the matrix function
Rz)=—[MY*T,(z)M}? —&,1"", which is analytical in
the upper complex half-plane and there having a positive
definite anti-Hermitian part such that in the upper half-
plane the matrix z ~¥7(z) for z— converges to zero.

Taking into account that the matrices M, and @, are
commutable, one easﬂy proves that for all positive
definite matrices 0 2 the right-hand side of Egs. (B12) and
(B13) coincide. The right-hand side of Eq. (B13), howev-
er, also exists for non-negative matrices with detQ 2=0.
Therefore, Eq. (B13) is the general solution for the con-
ductivity matrix satisfying the frequency moments {M, },
r=0,1,2. If, in addition, the Hermitian part of the ma-
trix 7(z) for z— o converges to zero, the conductivity
matrix defined by Eq. (B13) also satisfies the frequency
moment M.
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