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The electron velocity distribution function (EVDF) in the positive column of a helium gas dis-

charge is derived taking into account both the spatial electron diffusion as an electron loss and
associative ionization (AI) as an electron source. The latter is introduced into the kinetic equation
for the EVDF and takes into account the typical features of the energy spectrum of electrons ejected
during AI, i.e., the energetic structure of the electron source. The derived distribution function per-
mits one to avoid the otherwise very essential discrepancy between theory and experiment, featuring
agreement even in the fine details.

PACS Iiumber(s): 52.90.+z

INTRODUCTION

The interest in investigating gas discharges at low elec-
tron densities has several reasons. For example, one of
these is the interest in the electromagnetic properties of
atmosphere and ionosphere [1—3]. Of course, these is also
great interest in such plasmas because of their broad use
in industry and research and, in particular, because they
can provide fundamental data on basic processes neces-
sary for such applications. In order to investigate the en-
ergetic structures of electron sources in the energy spec-
trum one should deal with as small a number of these
sources as possible. Aiming at these investigations, both
for theory and experiment it is essential to go to as low
electron densities as feasible.

It is obvious &om the physical point of view that the
larger the electron swarm mean energy e the larger is
the probability to open new channels of &ee electron cre-
ation. In particular, the direct inelastic electron colli-
sion (DI) and stepwise inelastic electron collision (SI)
ionizations assume a significant role at comparatively
large magnitudes of the heating reduced electric field
E/N ) 2.5 x 10 is Vcmz, where N is the density of
neutral species [4]. Thus, keeping in mind the necessity
of reducing the number of such electron sources in the en-

ergy spectrum one has also to choose plasma conditions
of lower reduced electric field.

One of those experiments, with the positive column
of a helium glow discharge at room gas temperature,
which was carried out at low electron densities n,
10 —10 cm in heli»m at pressure p of about sev-
eral Torr and not large magnitudes of the electric field
E (E/N ( 7 x 10 7 Vcmz), is the experiment [5]. One
of the most important advantages of this experiment is
an application of the Thomson scattering technique to
electron velocity distribution function (EVDF) measure-
ments, which means that the in8uence of the measuring
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tools on the gas discharge was reduced practically to zero
as compared to Langmuir-probe measurements of EVDF.
Besides that, the Langmuir-probe measurements are very
questionable at such small electron densities and compar-
atively large gas pressure, since the electron Debye radius
becomes less than the ion mean free path and comparable
to that of the electron.

The measurements of EVDF [5] on the axis of a pos-
itive column indicate substantial discrepancies between
the theoretical pattern of such positive columns and the
experimental data. One of those contradictions becom-
ing obvious in [5] is the magnitude of the mean electron
energy e "I't which appears to be considerably less than
the value eD predicted by the conventional theory. The
measured value P"~ is about 1.3 eV while the measured
magnitude of the electric field E inside the positive col-
umn gives a theoretical value c of 2.7 eV [5]. Since the
gas temperature remained at room level and both P"~
and the density of electrons were comparatively small,
one can neglect the inelastic energy losses of electrons
during their collisions with excited helium atoms as com-
pared with electron energy losses during their elastic col-
lisions with all neutral species. At the comparatively
small electron energy c = mu /2 ( 4 eV (m is the elec-
tron mass) the electron mean &ee path for elastic colli-
sions in helium does not depend on electron velocity e
[6,7]. Just because of this the theoretical mean electron
energy i+ mentioned above was calculated with the help
of a Druyvesteyn EVDF [see (10) below] [5].

In the present article the positive column of a helium
glow discharge is investigated theoretically at compara-
tively small electric field E/N ( 2.5 x 10 is Vcmz and
gas discharge pressure p of several Torr. Referring to
the experiment [5] which manifests the small electron
mean energy e, we develop below a theory which explains
such a small value of e not by inelastic collisions between
electrons and neutral species but by the spatial diffusion
and energetic structure of the &ee electron source in the
gas discharge. It is shown that the most probable &ee
electron source in the positive column at the experimen-
'tal conditions of [5] Is associative lonlzaflo11 [8 9]. Tllis
conclusion has strong support in particular in Ref. [4].
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Nevertheless, in [4] the associative ionization (AI) is de-
scribed as the free electron source in continuity equations
only. This means that the energetic structure of this elec-
tron source is not resolved and is taken into account as
an integral contribution to the electron swarm. In the
present paper we take into account simultaneously the
AI and its energetic structure as the &ee electron source
and the spatial electron diffusion as the main electron
loss. This enables us to come to an agreement with ex-
periment [5] not only with respect to the magnitude of
the mean electron energy but even with respect to the
spectral shape of Thomson scattering. It should be noted
that the theory developed below predicts a peculiarity of
the EVDF in the region of e (see Fig. 1). The observation
of such a peculiar structure could still be a subject for
an experiment since it might have been that, because of
the wide preference for the electron energy distribution
function (EEDF), the effect was present in various mea-
surements but could not be recognized. Because of the
multiplication of the EVDF with v Qe (see a defini-
tion of the EEDF, for example, in [10]) the EEDF always
shows a peak at e P 0, and an additional contribution
such as AI in the vicinity of this peak does not become
so apparent as in the EVDF and a physical effect such
as AI is blurred. It is for this effect that one should mea-
sure the EVDF rather than the EEDF. Just in connection
with this task of discerning a broad spectral contribution
to an otherwise monotically decreasing function, like the
EVDF in most cases, attention should be drawn to an
alternative regularization procedure [11] as an appropri-
ate algorithm for the evaluation of Langmuir —probe and
Thomson scattering measurements. This algorithm en-

ables one to obtain just the EVDF &om real experimental
noisy data.
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In this section we discuss the sources and patterns of
free electron creation in a helium gas discharge under
the above conditions. It is well known that the ioniza-
tion potentials of helium atoms are comparatively large,
whereby DI and SI are not so significant at comparatively
small reduced electric fields E/N ( 2.5 x 10 is Vcm2

[4]. The experimental value appears to be suKciently
lower than this magnitude [5].

Under this condition the most important sources of free
electrons in the positive cob~mn of a helium gas discharge
are inelastic collisions between neutral species [8,9]. That
is, the main candidates are the following two reactions:
(1) the Penning reaction between all pairs of metastable
species and He(2sP) states and (2) the reaction of AI
between an excited helium atom He' and an atom in the
ground state He(1 iS):

(arb. units)—

0.5

(c)

He' + He(1 S) = He2+ + e.

As far as the experiment [5] is concerned, the gas dis-
charge pressure p is comparatively low (about several
Torr) and we can exclude the Penning reaction. Indeed,
the optimum magnitude of gas pressure for the Penning

I

vp

FIG. 1. The EVDF f (v) in arbitrary units at different
magnitudes of G: (a) G = 2.7, (b) G = 0.5, and (c) G = 1.
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reaction ranges at higher p ) 15 Torr (see, for example,
[»])

Thus, among the most probable ionization mechanisms
one should discuss only one, namely, the associative ion-
ization (1). The products of this reaction are a free elec-
tron and molecular ion He2+. The latter is rather sta-
ble, having a binding energy eb; ——2.23 eV. In turn, this
means that at present conditions the free positive charges
in helium are molecular ions He2+. This conclusion Gnds
its strong verification in experiments [13—15] carried out
in a broad He pressure diapason. They discovered that
the density of molecular ions He2+ was more than one or-
der of magnitude larger than the density of atomic ions
He+. Nevertheless, in these experiments another reac-
tion is considered as the molecular ion source. This is
the so-called three-body ionic conversion [16]

He+ + 2He(l S) = He2+ + He(1 S). (2)

Even if one neglects the facts that, first, it is impos-
sible to exclude at all the reaction (1) as a probable
source of He2+ in [13—15] and, secondly, the pressure
in experiment [5] is lower than in [13—15] and so the
probability of three-body reaction is lower than that of
[13—15], the theoretical article [4] strongly confirms AI
to be the dominant process of molecular ion creation.
This is valid for not very strong reduced heating fields
E/N & 2.5 x 10 ~s Vcm2 and in the broad region of
pressures 0.1 Torr & p & 30 Torr. In turn most of the
&ee electrons are created by the AI (1) (see [4]).

The velocity distribution function of electrons pro-
duced by the AI has some peculiarities (see [17,18])
namely, the energies e = eA~ + be of electrons which
are ejected during AI have very narrow dispersion be.
Here &A j 6bj GABE, where ~BE is the binding energy of
the electron in the excited atom He*. From the point of
view of electron energy scaling this leads to a bend of the
EVDF at the point v = VAy ——/2eAy/m, i.e., the first
EVDF derivative with respect to velocity v jumps at the
point v = vAy. Further, we will show that in the exper-
iment [5] the AI is in action under conditions which are
far away &om equilibrium. These conditions remove the
EVDF from the equilibrium distribution. In particular,
such a removal could be provided under nonstationary
conditions. If the typical time of the nonstationarity 7„

]

sufBciently exceeds the time of EVDF relaxation to the
equilibrium ~„, the AI leads to a negligible bend of the
EVDF at the point v = vAy and even the change in the
slope of the EVDF is small compared to the typical slope
in the vicinity of VA~ (see [18]).But if the conditions are
far away from equilibrium, such as T„&~„, the EVDF is
far from equilibrium, too, namely, the EVDF has a peak
at the point v = vga and the difference between EVDF
derivatives from both sides of v = vAp is just equal to the
EVDF derivative jump at v = v~p which was determined
in [17].

Thus, in Ref. [18] the nonstationarity is the reason to
drive the electron swarm far from equilibrium. In the
present work another reason plays the same role. This
reason is the spatial inhomogeneity of the positive column
in the radial direction. Below, we will show that the spa-
tial inhomogeneity leads the EVDF far away from equi-
librium. This point of view is in accordance with the con-
ventional assumption [19] that the electron losses in low

pressure discharges are connected with spatial difFusion
in the radial direction. In turn, as long as the electron
mean energy e is comparatively small (e & 1.5 eV) and
the gas temperature remains at room value, the transport
of the electrons in velocity space is guided by heating in
the electric field E and cooling in elastic collisions with
neutral species.

Thus we have in mind the following picture of EVDF
formation which consists of two main elements. First, AI
is the main distributed free electron source in the positive
column and secondly transversal electron diffusion is the
main electron loss. By the way, this picture is in strong
agreement with the results of the numerical model [4].
An electron created by AI diH'uses in space and, on one
hand, loses energy in elastic collisions and, on the other
hand, is gaining energy by acceleration in the electric
Geld E.

SOLUTIONS OF THE KINETIC EQUATION

The kinetic equation, which describes the isotropic
part of the EVDF f(v) in the presence of AI, was pro-
posed in Refs. [17,18]. At stationary conditions of inho-
mogeneous plasma this equation has the following form:

3v~ v 3v~ v m Bv Bv 3mv Ov v~ v

1 8 Of
D(V) + B(V)f + b,S'"(f) + "

2 b(V —VAg), (3)
&AI

2V OV 19v 4m vA)

where 4, = (V', )2 = Bz/8~x+ 82/Bzy + 82/Bzz, V, =
e 8/Bx + e&8/By + e,B/Bz is the spatial gradient, e =
—]e~ the electron charge, v, (v) = v,' (v) + v,'"(v) the mo-
mentum transfer collision frequency between electrons
and neutral species, and v,' (v) [v,'"(v)] is the elastic (in-
elastic) part of it.

2e E v 2 T~Dv = +v T'~
3m2v, (v) m '

where the last term in D(v) describes in the general case
the quantum electron energy loss of value hA (( mv /2,
T~ the effective temperature, and r~ the fraction of elec-
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tron energy loss per second to excite the quantum of
energy hO. b, S' (f) takes into account the inelastic
electron —neutral-species collisions with large electron en-

ergy change,

B(v) = P'v v,'(v) +me,
where P~ = 2m/M is the f'raction of energy trans-
ferred from electron to neutral species at the electron—
neutral-species elastic collisions and the h —function term
describes the AI source. n„* is the density of helium
atoms with excited electrons at binding energy @BE

eb; —mvA&/2, E is the local electrical field in the dis-
charge, and vAp is the frequency of AI.

In the vicinity of the axis of the positive column, Eq.
(3) takes the form

4' v4
A„f dv = n'vAq,

3 o v. (v)

which corresponds to the stationary continuity equation
div,j = n„'vAp, where j is the electron Hux. Taking
into account that, first, the electron mean free path

v/v,'~(e) is independent of the velocity v at the
electron energy e = mv2/2 & 4 eV (see [6,7]), secondly,
Egg + 4 eV, and, thirdly, nearly all electrons are at ener-
gies e & 2 eV, Eq. (5) takes the form

Bf 3m t 47I' ao

Ov 4xe282vl, 3 'B2

(7)

f= . —D(v) + B(v)f

+ "
2 b(e —vAr). (4)

4mv~(

Here we take into account that f depends only on the
distance r from the axis, the radial component of the
electric field E is small in the vicinity of the axis, and
that the plasma is neutral there. The last assumption
is justified by experimental work [20], where the radial
component of E exibits a parabolic behavior as a func-
tion of r in the vicinity of the helium discharge axis.
Also, we neglected b,S' (f) since the mean electron ki-
netic energy e in the discharge of [5] is comparatively
small (e & 1.5 eV) and the gas temperature is equal to
room temperature. Further, we neglect also the quantum
energy losses rn in D(v) and B(v) since the density of
molecules He& is generally much smaller compared to the
density of atomic helium [21]. These simplifications are
completely in agreement with the above picture of the
EVDF formation.

Then, at the point r = 0, we substitute [ —(as/R )f]
for b„f. This substitution is obvious in the so-called
Schottky-difFusion theory [22], where the density of elec-
trons is proportional to the Bessel function Jo(aor/R),
with R the tube radius, and where ao —2.405 is the first
zero of the Bessel function Jo. The results of the experi-
mental EEDF measurements in the positive column cross
section [20] state the possibility for ao to be several times
larger than 2.4Q5. Then the multiplication of (4) by 4xv2
and integration from 0 to v lead to the equation

Bf 1 4ma " v' fd' —2 B f
Bv 2nD(v) f

3 R2 o v, (v')

—rr„'»»r8(» —»»r) ),
where e(u) is the Heaviside step function and

4~ a02 v4

R2 ( )
f dv=n„vAg

The last relation could be obtained from (5) by having v
tend to infinity or from (4) in the more general form

The EVDF derivative Bf/Bv is determined only by the
difFusion (4m/3)l, (ao/R2) fz

v's fdv' and elastic collision
2nP~l, ~v4f terms in the velocity interval (O, vAy). For
this interval it is convenient to rewrite Eq. (7) as

+4Gvo v v', dv' = 4(G —1) 4 f, —
BV BV vo

(8)

where

G = (a', /6) (b") (l./R)',

with vo ——[8e2E2l2/(3m~b'~)]~~4. One can see from Eq.
(8) that the sign of the EVDF derivative Bf/Be is guided

by the sign of G —1. That is, if the electron diff'usion is
comparatively fast, i.e.,

G)1,
Bf/Bv appears to be positive and f(v) rises in the veloc-

ity interval (O, vAg). Vice versa, slow diffusion (G & 1)
leads to negative Bf/Bv and decrease of f(v) in (0, vA~).
Then, while v goes &om (0, vAy) to v & vAg, AI manifests
itself by the term n„'vAI and the EVDF derivative be-
comes negative independent of the sign of G —1 [see (7),
(6)]. This means that the EVDF decreases at v & vA~

whether now G ) 1 or G ( 1. In accordance with the
above, the qualitative behavior of f(v) depends on the
value of G (see Fig. 1). In the critical case of G = 1
the solution of Eq. (8) which satisfies the conditions
f(v = oo) = 0 and f(v) bounded at the point v = 0
has the form

f '(v) = n„vAgl, b 'vo — exp
&AI

v —
vA& dv4 4

v4 v0

1P

—&(e —vAy) exp
&AI

v —VAg dvI4 4

v4 v'0

Relation (6) can be checked by the direct substitution of
(9) to the left hand side of (6). The function fA~(v) is
shown in Fig. 1(c).

The EVDF is the Druyvesteyn function [10]



484 M. V. CHEGOTOV 50

—3 4
A~vp V

f (v) = exp (10)

if one neglects electron diffusion and the energetic struc-
ture of the AI source in Eq. (7). Here n, is the elec-
tron density and r(u) = Jp e z" dz the Euler gamma
function. The Druyvesteyn function fD(v) gives the fol-

lowing mean electron energy:

AI—
/

D—

I'(5/4) mv(2) I'(5/4) /'2e'E2l2 )=
r(3/4) 2

=
r(3/4) ~ as.i

In accordance with the above, just the calculations by
formula (ll) with an accurately known electric field E
give a large systematic overestimation of e, compared to
the one obtained &om the EVDF of Thomson scattering
measurements. In contrast to this, the EVDF f+i(v)
gives the mean electron energy

0.6 /

0 0.6

FIG. 2. The ratio between electron mean energies
and P obtained with distribution functions f (v)

(9) and f (v) (10), respectively, as a function of
a = (vA)/vp) = [@~i/(mvp/2)] . Here G = l.

3 mv
f = F(s) — = F(s) &e~i,

5 2

where

z' exp( —sz') dz

F(a) =
z2 exp( —az4) dz

1

3 r(3/4).-D =
5 r(5/4)

(ia)

on the parameter s. In experiment [5] a « 1. If s tends
to zero, I'(a)+a tends to I'(5/4)/r(3/4). Thus the mean
electron energy &+i obtained with the EVDF f+ (v) (9)
remains less (5/3 = 1.67 times) than the mean electron

and s = (VAi/v()) . Figure 2 presents the dependence of
the ratio

energy eD obtained with the Druyvesteyn function f+(v)
(10), even if the energy mve2/2 goes to infinity.

Thus, accounting both for spatial electron diffusion
and the energetic structure of the AI source leads to a
mean electron energy which is smaller compared to that
obtained by ignoring these factors.

Aiming at the comparison with experiment [5], one
must take into account that the parameter G g 1. In-
deed, for the conditions mentioned in [5], i.e. , pressure

p = 2.26 Torr and gas discharge glass tube radius 8 = 1.1
cm, one has l, = 2 x 10 cm and G = 1.1. The last value
is obtained with the assumption ap = 2.405, i.e., exclud-
ing for now the observed difference between the measured
electron density profile n, (r) [20] and the Bessel function.
The solution of Eq. (7) which satisfies the above two
conditions f(v = oo) = 0 and f(v) bounded at the point
v = 0 has the following form for arbitrary magnitude of
the parameter G:

f (v) = —n„'vigil, (b' ) vp exp—
)'(G)U(G, l, s)M

~
G, 1, (

—„")
~

if 0 (U ( u&g,

M(G 1 s))'(G)U
~

G 1, (
—")

~

if a & var,
)

where U(a, 5, z) and M(a, b, z) are the confiuent hyperge-
ometric functions [23]. For the experimental parameters
p = 2.26 Torr, R = 1.1 cm, F/p = 1.7 Vcm Torr
[5], and @~i = 0.68 eV one has mv()/2 = 3.68 eV,
8 = 0.034, and G = 1.08 at ap ——2.405. At these val-
ues the EVDF (14) leads to the mean electron energy

(G = 1.08) = 1.7 eV, which is appreciably closer to
the experimental one P"~ = 1.3 eV than e = 2.7 eV,
calculated with the help of the Druyvesteyn function
(1o).

Further, we will take into account that in accordance
with experiment [20] one has to expect a more abrupt
decrease of the electron density as a function of the dis-
tance r &om the positive column axis. This means that
the value ap must be increased in calculations compared

to the magnitude of 2.405. This increase could be esti-
mated as a factor of v 2.5, since the increase of a2p is about
2.5 [20]. This leads to the increase of G from G = 1.08 to
G = 2.7. The EVDF (15) at the latter magnitude of G
is represented in Fig. 1(a). This EVDF determines the
mean electron energy of e (G = 2.7) = 1.3 eV, which is
in the best agreement with the experimental value [5].

It should be noted that in accordance with formula
(14) the absolute value of the EVDF is determined by
the density of excited atoms suitable for AI. This den-
sity is not determined in the above theory and thus the
electron density appears to be a &ee parameter as in the
Druyvesteyn theory [24] and many others (see, for exam-
ple, [10]). Nevertheless, in addition to the above mean
electron energy e, the formula (14) enables one to carry
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FIG. 3. Logarithm of Thomson scattering light intensi-
ties log, a[I (4A)] and logio[I (b,A)] as functions of scat-
tered light wavelength shift EA, obtained from (15) with

f(v) = f (v) (curve AI), f(v) = f (v) (curve D), respec-
tively, and error bars of logts(An, /EA) [5] at p = 2.26 Torr,
R = 1.1 cm, 8/p = 1.7 Vcm ' Torr, and ss, q

= 0.68 eV,
which correspond to s = 0.034 and t = 2.7.

0.5

FIG. 4. EEDF in arbitrary units, which corresponds to the
EVDF f (v) (14) at G = 2.7 and s = 0.034, as a function of
electron energy s in units of the energy mvo/2.

out a much better comparison with experiment [5]. In-
deed, the Thomson light scattering intensity I(AA) is
proportional to the integral of f (v),

I(EA) f (v) vdv,
V(EA)

(15)

CONCLUSIONS

where V(b, A) = b,Ac/[2Ao sin(8/2)], b, A is the Thom-
son scattering wavelength shift, Ao the wavelength of the
probe laser beam, c the speed of light, and 8 the an-
gle between incident and scattered laser waves [25]. The
last was equal to 90 in [5]. So by getting the integral
of f+i(v) in accordance with formula (15) one can com-
pare the result I+ (b, A) with the experimental function
b,n, /6A [5], implying the equality of electron densities
4n fz fA1(v)v2dv and the measured one [5]. Figure 3
presents IA1(b A) at p = 2.26 Torr, R = 1.1 cm, G = 2.7,
E/p = 1.7 Vcm i Torr i, s = 0.034, and the error bars
of [5]. Besides, Fig. 3 represents ID(b, A) which is ob-
tained from (15) with the Druyvesteyn function (10) at
the parameters mentioned above. It is obvious &om the
figure that the theoretical curve I (b,A) is in fine agree-
ment with the experimental bars, in contrast to I+(b,A).

structure of the electron source, the theory of the present
paper is in fine agreement with experiment, not only in
the average characteristics such as mean electron energy
but even in the functional behavior of scattered light (see
Fig. 3).

The derived distribution function (14) demonstrates
the peculiarity in the point v = vAi (see Fig. 1), where

vAi = /2&A&/m is the velocity of electrons ejected dur-
ing the AI with kinetic energy eAI. The last is strongly
determined by the di8'erence 6~) = 6b; —E'BE between the
molecular ion binding energy eb; and the electron binding
energy eBE in the excited helium atom He' [see reaction
(1)]. The peculiarity mentioned above could be observed
in experiment. Unfortunately, at the present time, the
most popular are measurements of the electron energy
distribution function (EEDF) (see, for example, [26]),
which divers &om the EVDF by the additional factor

Just the appearance of this factor makes observa-
tions of the peculiarity at E' = E~i difficult (see Fig. 4),
because this factor introduces a comparatively sharp be-
havior of the EEDF in the interval (0, e) and eAi just falls
into this range. The appropriate algorithm to determine
the EVDF &om Langmuir —probe and Thomson scatter-
ing measurements was developed in [ll]. It enables one
to extract the EVDF &om experimental noisy data.

Thus, the EVDF measurements [5] at low electron den-
sities of 10 cm with helium gas pressures about sev-
eral Torr are in striking contradiction with the conven-
tional point of view when a comparatively small mean
electron energy leads to the Druyvesteyn EVDF [10,24].
Apart from this, taking into consideration the natural
circ»~stances of spatial electron diffusion and energetic
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